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1. Solve the Green’s function in terms of closed-form solution for

d2y(x)
dx2 +π2y(x) = δ(x− s)

subject to y(0) = y(1) and y′(0) = y′(1).

2. Solve the particular solution for

d2y(x)
dx2 +π2y(x) = cos(πx).

Sol.
(ø). Method of variation of parameters.

yn = a cos (πx)+b sin (πx), yp = u1 cos (πx)+u2 sin (πx)

u′1 cos (πx)+u′2 sin (πx) = 0

−u′1 sin (πx)+u′2 cos (πx) = cos (πx)

u′1 =
− sin (πx) cos (πx)

π
, u′2 =

cos2 (πx)
π

u1 =
cos (2πx)

4π2 , u2 =
x
2π

+
sin (2πx)

4π2

∴ yp = a cos (πx)+b sin (πx)+u1 cos (πx)+u2 sin (πx)

= a cos (πx)+b sin (πx)+
x sin (πx)

2π
+

cos (πx)
4π2

Hp y(0) = y(1), y′(0) = y′(1), a = −1
4π2 , b = −1

4π2

yp =
x sin (πx)

2π
− sin (πx)

4π

(ù). }¨¶ closed-form solution

y1 = a cos (πx)+ b sin (πx)

y2 = c cos (πx)+d sin (πx)

y′1 = −aπ sin (πx)+ bπ cos (πx)

y′2 = −cπ sin (πx)+dπ cos (πx)

Hp‘K: y1(0) = y2(1), y′1(0) = y′2(1), y′(x)|x=s+

x=s− = 1, y1(s−) = y2(s+)

a =
sin (πs)

2π
, b = −cos (πs)

2π
, c = −sin (πs)

2π
, d =

cos (πs)
2π

G(x, s) =

{

sin (πs)
2π cos (πx)− cos (πs)

2π sin (πx), x < s
− sin (πs)

2π cos (πx) + cos (πs)
2π sin (πx), x > s



yp =
∫ 1

0
G(x, s)f(s)ds

=
∫ x

0
y2 cos (πs)ds+

∫ 1

x
y1 cos (πs)ds

=
x sin (πx)

2π
− sin (πx)

4π
(ú). series-form solution

y′′(x)+π2y(x) = cos (πx), y(0) = y(1), y′(0) = y′(1)

yp =
∑

Cnyn(x), L(yn) = y′′n(x)+π2yn(x) = λnyn(x)

y′′n(x)+ (π2−λn)yn(x) = 0

(1). π2−λn = 0 (×)

(2). π2−λn < 0, π2−λn = −ω2, y′′n−ω2yn = 0, yn = c1eωx+c2e−ωx

Hp y(0) = y(1), y′(0) = y′(1), ω = 0 (×)

(3). π2− λn > 0

π2−λn = ω2, y′′n+ω2yn = 0, yn = a cos (ωx) + b sin (ωx)

Hp y(0) = y(1), y′(0) = y′(1)

a(cos (ω)−1)+ b sin (ω) = 0

−a sin (ω)+b(cos (ω)−1) = 0, ∵ a, b 6= 0
∣

∣

∣

∣

cos (ω)− 1 sin (ω)
− sin (ω) cos (ω)− 1

∣

∣

∣

∣

= 0, ω = 2nπ, n = 0, 1, 2, ...

λn = π2(1−4n2), yn = a cos (2nπx)+b sin (2nπx), n = 0, 1, 2, ...

G(x, s) =
∞

∑

n=0

sin (2nπx) sin (2nπs) + cos (2nπx) cos (2nπs)
π2(1− 4n2)

yp =
∞

∑

n=0

Cnyn =
∞

∑

n=0

dn

λn
yn

dn =

∫ 1
0 yn(x)f(x)dx
‖yn(x)‖2 =

4nb
(4n2−1)π

1
2(a

2 + b2)
=

8nb
π(4n2 − 1)(a2 + b2)

I‖yn‖2 = 1
2(a

2 + b2) = 1, use a = 0, b =
√

2

yp =
∞

∑

n=0

(
4n
√

2
(4n2 − 1)π

· 1
π2(1− 4n2)

)
√

2 sin (2nπx)

=
∞

∑

n=0

−8n sin (2nπx)
π3(4n2 − 1)2
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