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I. By using the auxilliary system U(x, s; t, τ), which is a solution of

∂2U(x, s; t, τ)
∂t2

− c2 ∂2U(x, s; t, τ)
∂x2 = δ(x− s)δ(t− τ),−∞ < x < ∞, t > 0

with initial conditions
lim
t→τ

U(x, s; t, τ) = 0

lim
t→τ

U̇(x, s; t, τ) = 0

and no boundary condition since −∞ < x < ∞,
Solve the problem

utt = c2uxx, for 0 < x < 1, t > 0

with initial conditions
u(x, 0) = 0, ut(x, 0) = 0

and boundary conditions
u(0, t) = a(t), u(1, t) = b(t)

u(x, t) =
∫ t

0

∫

B

U(s,x; t, τ) · t(s, τ)dB(s)dτ −
∫ t

0

∫

B

T(s,x; t, τ) · u(s, τ)dB(s)dτ,

= −
∫ t

0

T(s,x; t, τ) · u(s, τ) |s=l
s=0 dτ, (1)

t(x, t) =
∫ t

0

∫

B

L(s,x; t, τ) · t(s, τ)dB(s)dτ −
∫ t

0

∫

B

M(s,x; t, τ) · u(s, τ)dB(s)dτ

= −
∫ t

0

M(s,x; t, τ) · u(s, τ) |s=l
s=0 dτ, (2)

where t(x, t) = u′(x, t) and U(s,x; t, τ),T(s,x; t, τ),L(s,x; t, τ) and M(s,x; t, τ) are four kernel functions which can
be expressed in terms of series solution

U(s,x; t, τ) =
∞

∑

m=1

1
Nmωm

sin(ωm(t− τ)) um(x)um(s), (3)

T(s,x; t, τ) =
∞

∑

m=1

1
Nmωm

sin(ωm(t− τ)) um(x)tm(s), (4)

L(s,x; t, τ) =
∞

∑

m=1

1
Nmωm

sin(ωm(t− τ)) tm(x)um(s), (5)

M(s,x; t, τ) =
∞

∑

m=1

1
Nmωm

sin(ωm(t− τ)) tm(x)tm(s), (6)

in which um(x) = sin(mπx/l), tm(x) = mπcos(mπx/l)/l, Nm = l/2, ωm = mπc/l, D is (0, l) and B is 0, and l.

U(x, s; t, τ) = 0, if t < τ

U(s, x; τ, t) = 0, if τ < t

U(x, s; t, τ) = U(s, x; t, τ)

U(x, s; t, τ) 6= U(x, s; τ, t)

U(x, s; t, τ) 6= U(s, x; τ, t)

However, both U(x, s; t, τ) and U(s, x; τ, t) satisfy the governing equation

∂2U(x, s; t, τ)
∂t2

− c2 ∂2U(x, s; t, τ)
∂x2 = δ(x− s)δ(t− τ),−∞ < x < ∞, t > 0

∂2U(s, x; τ, t)
∂t2

− c2 ∂2U(s, x; τ, t)
∂x2 = δ(x− s)δ(t− τ),−∞ < x < ∞, t > 0
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δ(x− s) =
∞

∑

m=1

2
l
sin(mπx/l)sin(mπs/l)

Exact form:
U(x, s; t, τ) =

1
2c

H(x− s + c(t− τ))− 1
2c

H(x− s− c(t− τ))

Series form:

U(s,x; t, τ) =
∞

∑

m=1

1
Nmωm

sin(ωm(t− τ)) sin(mπx/l)sin(mπs/l)

Choosing u = u(x, t) and v(x, t) = U(s, x; τ, t),

u(s, τ) =
∫ τ+

0

∫

V

u(x, t)(δ(x− s)δ(t− τ))dV (x)dt

=
∫

V

[u(x, t)U̇(s, x; τ, t)− U(s, x; τ, t)u̇(x, t)] |t=τ+

t=0 dV (x)

−c2

∫ τ+

0

∫

S

[u(x, t)
∂U(s, x; τ, t)

∂n(x)
− U(s, x; τ, t)t(x, t)]dS(x)dt

=
∫

V

[U(s, x; τ, 0)u̇(x, 0)− u(x, 0)U̇(s, x; τ, 0)]dV (x)

−c2

∫ τ+

0

∫

S

[u(x, t)
∂U(s, x; τ, t)

∂n(x)
− U(s, x; τ, t)t(x, t)]dS(x)dt (7)

After using the casuality conditions
U(s, x; τ, τ+) = 0

U̇(s, x; τ, τ+) = 0

u(x, t) =
∫ τ+

0

∫

V

u(s, τ)(δ(x− s)δ(t− τ))dV (s)dτ

=
∫

V

[u(s, τ)U̇(x, s; t, τ)− U(x, s; t, τ)u̇(s, τ)] |τ=τ+

τ=0 dV (s)

−c2

∫ τ+

0

∫

S

[u(s, τ)
∂U(x, s; t, τ)

∂n(s)
− U(x, s; t, τ)t(s, τ)]dS(s)dτ

=
∫

V

[U(x, s; t, 0)u̇(s, 0)− u(s, 0)U̇(x, s; t, 0)]dV (s)

−c2

∫ τ+

0

∫

S

[u(s, τ)
∂U(x, s; t, τ)

∂n(s)
− U(x, s; t, τ)t(s, τ)]dS(s)dτ (8)

Since U(s, x; t, τ) = U(x, s; t, τ), we have

u(x, t) =
∫ τ+

0

∫

V

u(s, τ)(δ(x− s)δ(t− τ))dV (s)dτ

=
∫

V

[u(s, τ)U̇(s, x; t, τ)− U(s, x; t, τ)u̇(s, τ)] |τ=τ+

τ=0 dV (s)

−c2

∫ τ+

0

∫

S

[u(s, τ)
∂U(s, x; t, τ)

∂n(s)
− U(s, x; t, τ)t(s, τ)]dS(s)dτ

=
∫

V

[U(s, x; t, 0)u̇(s, 0)− u(s, 0)U̇(s, x; t, 0)]dV (s)

−c2

∫ τ+

0

∫

S

[u(s, τ)
∂U(s, x; t, τ)

∂n(s)
− U(s, x; t, τ)t(s, τ)]dS(s)dτ (9)

Derivation of D’Alembert’ solution by U, T, L, M kernels.

u(x, t) =
1
2
φ(x + ct) +

1
2
φ(x− ct) +

1
2c

∫ x+ct

x−ct

ψ(s)ds

where
u(x, 0) = φ(x)
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u̇(x, 0) = ψ(x)

U(s, x; t, τ) = U(x, s; t, τ)

T (s, x; t, τ) =
∂U(s, x; t, τ)

∂n(s)

L(s, x; t, τ) =
∂U(s, x; t, τ)

∂n(x)

M(s, x; t, τ) =
∂2U(s, x; t, τ)
∂n(x)∂n(s)

(10)
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