
Solve PDE by Taylor’s expansion

I. For simplicity, we set

auxx +2buxy + cuyy = t(x, y)

II. Differentiating with respect to x, we have

auxxx+2buxxy +cuxyy +axuxx+2bxuxy +cxuyy = tx(x, y)

III. Differentiating with respect to y, we have

auxxy +2buxyy +cuyyy +ayuxx+2byuxy +cyuyy = ty(x, y)

VI. Cauchy data

u(f(s), g(s)) = h(s)

ux(f(s), g(s)) = l(s)

uy(f(s), g(s)) = m(s) =
h′(s)− l(s)f ′(s)

g′(s)
V. Differentiating ux with respect to x, we have

uxxf ′(s)+uxyg′(s) = l′(s)

Differentiating with respect to x again, we have

[uxxxf ′(s)+uxxyg′(s)]f ′(s)+[uxxyf ′(s)+uxyyg′(s)]g′(s)+uxxf ′′(s)+uxyg′′(s) = l′′(s)

The above equation can be reduced to

uxxxf ′2(s)+2uxxyf ′(s)g′(s)+uxyyg′2(s) = l′′(s)−uxxf ′′(s)−uxyg′′(s)

Similarly, we have

uyxxf ′2(s)+2uyyxf ′(s)g′(s)+uyyyg′2(s) = m′′(s)−uxyf ′′(s)−uyyg′′(s)

Reformulate in the matrix form for the unknow vector

det









a(x, y) b(x, y) c(x, y) 0
0 a(x, y) b(x, y) c(x, y)

f ′2 2f ′g′ g′2 0
0 f ′2 2f ′g′ g′2









= 0

Find the solvability condition for the unknown vector








uxxx

uxxy

uxyy

uyyy









u(x, y) = u(x(s), y(s))+ux(x−x(s))+uy(x(s), y(s))(y−y(s))+· · ·
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