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• Introduction to BEM

• Introduction to dual BEM

• Theory of dual integral equations

• The role of dual integral equations
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1. fictitious frequency (Helmholtz equation)

2. spurious eigenvalue (Helmholtz equation)

3. degenerate boundary (Laplace and Helmholtz)

4. corner problem (Laplace and Helmholtz)

5. adaptive BEM (Laplace and Helmholtz)

6. degenerate scale(Laplace equation)

• Conclusions
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What Is Boundary Element Method ?
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What Is Dual Boundary Element Method ?
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Artificial boundary introduced ! Dual integral equations needed !

• Boundary element method                     Dual boundary element method
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Theory of dual integral equations

The constraint equation is not enough to determine the 
coefficient p and  q,

Another constraint equation is required
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Dual Integral Equations by Hong and Chen(1984-1986)

Singular integral equation Hypersingular integral equation

Cauchy principal value Hadamard principal value

Boundary element method Dual boundary element method

degenerate
boundary

normal
boundary
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Singular integral equation

Hypersingular integral equation

where U(s,x) is the fundamental solution .
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Roles of hypersingularity in boundary element method

complementary constraints

1. 
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adaptive
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fictitious
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degenerate
boundary

corner
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spurious
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1. exterior 
radiation

2. scattering

1. Real-part BEM
2. Imaginary-part 

BEM
3. MRM
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Helmholtz equation

ck /ω=

ω

u : acoustic potential

k : wave number,         

: angular frequency

c : sound speed              

D : domain of interest

D

D
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Four pitfalls in rank-deficiency problems using BEM 
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Mathematical tools
1. Degenerate kernels

2. Circulants 

3. Fredholm alternative theorem

4. SVD updating term and updating document
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Degenerate kernels
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Choice of Ui and Ue for interior problems
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Direct method Indirect method
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Choice of Ui or Ue for exterior problems 
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Circulants
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Discretizing 2N constant elements for a circular 
boundary

G can be                                           or
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，

[G] is the circulants.
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The eigenvalue for the circulants is the root for
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Fredholm alternative theorem

For solving an algebraic system:

“+” denotes transpose conjugate 

}0{}{}]{[ ≠= bxA {x} has a unique solution,

Alternatively 

{x} has at least one solution,

0}{}{ =+ φb

}0{}{][ =+ φA

If and only if
}0{}]{[ =xA }0{}{ =x

}{φ : Nontrivial solution
if
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Singular value decomposition (SVD)
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SVD updating term and updating document
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Four pitfalls in rank-deficiency problems using BEM

1. Fictitious frequency

2. Spurious eigenvalue

3. Degenerate boundary

4. Corner problem

24
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Fictitious frequency (exterior problem)
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Radiation problem with Neumann B. C.,
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2.Hypersingular equation (LM)

Radiation problem with Neumann B. C.,

0)())()(( ''' =+− ρρρ kJkYkiJ lll

0)(' =ρkJ l

},{][}{

},{}]{[}]{[

2
1

2

pMu

ptLuM
i

ii

−=

==

)())()(( ''22 ρρρρπ kJkYkiJkk llll ′+−=

0)()( '' ≠+− ρρ kYkiJ llQ

0 2 4 6 8

-0.8

-0.4

0.0

0.4

0.8

1.2
UT method

LM method

Burton & Miller method

Analytical solution

ka

u(a,0)

∞Γ

θ 1),( =θat
0),( =θat

Drruk ∈θ=θ+∇ ),(  ,0),()( 22

9
πα =

∞Γ

θ 1),( =θat
0),( =θat

Drruk ∈θ=θ+∇ ),(  ,0),()( 22

9
πα =

27



海大河工力學聲響振動實驗室
MSV LAB HRE NTOU

Occurrence of fictitious frequency

Direct
method

Indirect
method

UT LM UL TM

Dirichlet
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Neumann 
B.C. )( ρkJ n )( ρkJ n′

)( ρkJ n′)( ρkJ n )( ρkJ n

)( ρkJ n )( ρkJ n′

)( ρkJ n′
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Spurious eigenvalue (interior problem)
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Interior problem with Dirichlet B.C. 0=u
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The eigenequation is derived

The true eigenvalues are the roots of

a. Complex-valued BEM UT equation
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Interior problem with Dirichlet B.C. 0=u
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Real-part BEM

a. The UT equation
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Interior problem with Dirichlet B.C. 0=u

R denotes the real part.

The true and spurious
eigenvalues are the roots of

0)( =ρkJl

0)( =ρkYl

, true eigenvalue

, spurious eigenvalue

0.00 1.00 2.00 3.00 4.00 5.00

0.00

0.00

0.01

0.10

1.00

k

(S) (S) (S) (S)(S)

(T) (T)
(T): true
(S): spurious

1σ
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Real-part BEM

b. The LM equation

0}]{[}]{[ == uMtL e
R

e
R

Interior problem with Dirichlet B.C. 0=u

The true and spurious eigenvalues

are the roots of

0)()(' =ρρ kJkY ll

0)( =ρkJl

0)(' =ρkY l

, true eigenvalue

, spurious eigenvalue

0 1 2 3 4 5

0.0001

0.001

0.01

0.1

1

10

01J
11J

01Y ′ 11Y ′ 21Y ′

1σ

k
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Direct
method

UT formulation LM formulation

Comp.
valued
BEM

Real-
part
BEM

Imag.-
part
BEM

Comp.
valued
BEM

Real-
part
BEM

Imag.-
part
BEM

Dirichlet
B.C.

True

Spurious

Neumann
B.C.

True

Spurious

nJ nJ nJ nJ nJ nJ

nJ ′ nJ ′ nJ ′ nJ ′ nJ ′ nJ ′

nY

nY

nY ′

nY ′

nJ

nJ

nJ ′

nJ ′ *

*

* Denote the spurious multiplicity
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{ } { } }{][][ buTtU e
R

e
R ==UT formulation :

Neumann problem Dirichlet problem)( tt = )( uu =
{ } { }btU e

R =⇒ ][

{ }{ } 0=s
Tb φ

{ } { }0][ =s
TU φ

{ }{ } 0}{}}{{ == s
TT

s
T Tub φφ

: spurious mode{ }sφ

{ } { }buT e
R =⇒ ][

0}{]}[{}}{{ == s
Te

R
T

s
T Utb φφ

{ }{ } 0=s
Tb φ

{ } { }0][ =s
TT φ

{ } { }0=⎥
⎦

⎤
⎢
⎣

⎡
⇒ sT

T

T
U

φ { } { }0=⎥
⎦

⎤
⎢
⎣

⎡
⇒ sT

T

T
U

φ

e
RUTU is transpose matrix of

Filter out the spurious eigenvalue

: spurious eigenvaluesk

Fredholm
Alternative

therrem
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[U] [T]

[L] [M]

[ ] [ ]TULUT ↓↓
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

×
×↓↓ 11

0
ψφ [ ] [ ]TTMUT ↓↓

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

×
×↓↓ 11

0
ψφ

[ ] [ ]TULLM ↓↓
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

×
×↓↓ 11

0
ψφ [ ] [ ]TTMLM ↓↓

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

×
×↓↓ 11

0
ψφ

SVD structure in U,  T,  L and M matrices
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Degenerate boundary

}{}]{[ t
UUU
UUU
UUU

tK

jCiCjCiCjSiC
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iSjCiSjCiSjS
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⎥
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⎦
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⎢
⎢
⎢

⎣

⎡

=

−−+−−

−++++

−+
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jCiCjCiCjSiC
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⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
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−++++

−+

S
+C −C

}{}]{[ t
LLL
UUU
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⎣

⎡
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L

L

L

Adding constraintsAdding constraints

37



海大河工力學聲響振動實驗室
MSV LAB HRE NTOU

Dynamic stress intensity factor

∫ ′′
′

=
π

θθφθπ 2

0
),()

2
sin(

)sin(
2/ dR

kR
RkKw

R :the radius enclosing the singularity

a a

b

a

b
R R

a

R

38



海大河工力學聲響振動實驗室
MSV LAB HRE NTOU

Numerical examples

Dual BEM DtN method
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Laplace equation

Dxx ∈=∇ ,0)(2

: Laplace operator

D : domain of interest

2∇
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1. cutoff wall

2. sheet pile

3. crack

4. baffle

5. thin airfoil

6. antenna

Treatment for degenerate boundary problems

41



海大河工力學聲響振動實驗室
MSV LAB HRE NTOU

a

0.00 0.50 1.00 1.50 2.00
a

0.00

0.20

0.40

σ 1

Fig.2-5 The minimum singular value σ1 of [U] versus radius a 
           for the interior potential problem  with a circular domain.

The degenerate scales for different geometry shapes
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• The theory of dual integral equation has been reviewed
• The role of hypersingularity is examined
• The applications of dual BEM to Helmholtz equation 

have been demonstrated.
• The applications of dual BEM to Laplace equation have 

been demonstrated.

Conclusions
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