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MESHLESS METHOD

What is meshless method ?
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The developments of radial basis functions
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b. Scattered data interpolation (Software: Surfer, Grapher…)
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Introduction of Radial Basis Functions
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a. Globally Supported Radial Basis Functions (GSRBF)
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Globally Supported Radial Basis Functions
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Influence matrices

L’Hôpital’s rule

2
),(lim

0),(lim

0),(lim

1),(lim

2kxsM

xsL

xsT

xsU

xs

xs

xs

xs

=

=

=

=

→

→

→

→

Invariant method

Indeterminate forms (    )0
0

The derivation of indeterminate forms

RBF for )(0 krJ



MM
SS

15

VV

海洋大學力學聲響振動實驗室

MSVLAB HRE NTOU

)],([ xsU

.)()(22

. ),1( ,,1 ,0   ),()(2

0 ∑
∞=

−∞=

=

−±±==
l

l
ll

lll

ll

Llll

kJkJNNa

NNkJkNJλ

.)(2)(1 22
0 ∑

∞

−∞=

+=
m

m kJkJ ll
Addition theorem of
Bessel function 

)]),(([  xsUdiag .10 =a

The diagonal elements of U kernel



MM
SS

16

VV

海洋大學力學聲響振動實驗室

MSVLAB HRE NTOU

)],([ xsT

.)()( 22

. ),1( ,,1 ,0   ),()(2

0 ∑
∞=

−∞=

′=

−±±=′=
l

l
ll

lll

ll

Llll

kJkJkNNb

NNkJkJNµ

.)()(2)()(0 00 ∑
∞

−∞=

′+′=
m

mm kJkJkJkJ llll Addition theorem of
Bessel function 

)]),(([  xsTdiag .00 =b

The diagonal elements of T kernel



MM
SS

17

VV

海洋大學力學聲響振動實驗室

MSVLAB HRE NTOU

Two-dimensional acoustic eigenproblem

Influence matrices
U(s,x), L(s,x), T(s,x), M(s,x)

+
Indirect method

RBF for )(0 krJ

Eigenvalues

Eigenmodes
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SVD (Singular Value Decomposition)
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J. T. Chen, C. F. Lee and S. Y. Lin. 

A new point of view for the polar decomposition using singular value 
decomposition.

International Journal of Computational and Numerical Analysis and 
Applications.

Vol.2, No.3, 257-264 , 2002.
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To extract the true eigenvalues

Deficient constraints

Spurious eigensolutions

SVD
updating terms

To extract the true eigensolutions

Additional constraints
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Direct method for Dirichlet B. C. :

SVD updating terms

SVD 
updating terms

Singular equation
(UT method)

Hypersingular equation
(LM method)
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SVD 
updating terms

To extract the true eigenfrequencies
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The degenerate kernels for interior and exterior problems:
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Indirect method for Dirichlet B. C. :

SVD 
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Double-layer
potential approach
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Single-layer
potential approach

SVD
updating-terms

For Neumann B.C.
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4. SVD updating documents
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Deficient constraints

Spurious eigensolutions

Mathematically explaining

Fredholm alternative theorem

Numerical technique

SVD updating documents

To filter out the spurious solutions
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Fredholm’s alternative theorem:

For solving an algebraic system:  

Fredholm alternative theorem

bAx =

bAx=
Alternative 

theorem

0 det =A
Infinite solution

bAx 1−= Solutionx =

0}{ * =φb

No solution{ } 0* ≠φb
: the transpose conjugate matrix of A*A

real is   if   * AAA T=
where satisfies { } 0* =φA
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For double-layer potential approach:

}{ )],([)(
}{ )],([)(

ψ
ψ

xsMxt
xsTxu

=
=

[ ] 0][][}{ or     0}{
][
][

==⎥
⎦

⎤
⎢
⎣

⎡
MT

M
T T

T

T

φφ

SVD updating documents

A
b x

0}{or      0}{ == AA TT φφ
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SVD 
updating documents

Dirichlet problem:

Neumann problem: sum) no (     ,0)()( ikJkJ ii =′′ ρρ
sum) no (     ,0)()( ikJkJ ii =′ ρρ

}0{}{      }0{}{}}{{
}{

=⎯⎯⎯⎯ →⎯=
=⋅∑ T

j
T
ji

TT
j

T
j

j

T
j

ijj
TT

j
ψσφφψσ

δφφ

}0{}{      }0{}{}}{{
}{

=⎯⎯⎯⎯ →⎯=
=⋅∑ M

j
M
ji

TM
j

M
j

j

M
j

ijj
TM

j
ψσφφψσ

δφφ

For double-layer potential approach:

SVD updating documents

0== M
i

T
i σσ

Spurious modes

TΦΣΨ
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Double-layer
potential approach

SVD
updating documents
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Double-layer
potential approach

SVD
updating documents

For Dirichlet B.C.
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0 2 4 6

k

-40

-30

-20

-10

0

Log σ1

S

   K1
2.405

   K2
3.830
    J1

(1)

(3.832)

    J0
(1)

(2.405)

   K3
5.135
    J2

(1)

(5.136)
   K4
5.520
    J0

(2)

(5.520)

   K5
6.367
    J3

(1)

(6.380)

T: True eigenvalue
S: Spurious eigenvalue
(): Analytical solution

S S S S

Number of  nodes : 12
∆k : 0.001

0 2 4 6

k

-50

-40

-30

-20

-10

0

10

Log σ1

T: True eigenvalue
S: Spurious eigenvalue
(): Analytical solution

T
S

T

   K1
3.055

    J'2(1)

(3.054)

   K3
4.205
    J'3(1)

(4.201)

   K
5.135

    J2
(1)

(5.136)

   K5
6.295
    J'5(1)

(6.416)

   K4

5.340
    J'4(1)

(5.318)

S

   K2
3.830

    J'0(1)

(3.832)

TT

   K
2.405

    J0
(1)

(2.404)

S S S T

Number of  nodes : 10
∆k : 0.005

Spurious eigenvalues ][ II LU



MM
SS

39

VV

海洋大學力學聲響振動實驗室

MSVLAB HRE NTOU

The interior modes of a circular acoustics

Single-layer 
protential approach

Double-layer 
protential approach Analytical solution
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Single-layer 
protential approach
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Outlines

6. Conclusions

3. SVD updating terms

1. Introduction
2. 2-D acoustic eigenproblem

4. SVD updating documents
5. 3-D cavity
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Three-dimensional spherical cavity

Indirect method

RBF for 
r
kr)sin( Continuous system

Degenerate kernel
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Eigenvalues
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Eigenfrequencies for Dirichlet B.C.
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Single-layer 
protential approach
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protential approach
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Outlines

6. Conclusions

3. SVD updating terms
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2. 2-D acoustic eigenproblem

4. SVD updating documents
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I. Only the boundary nodes are required such that the 
influence matrices can be determinated by the two-point 
function.

II. The diagonal elements can be derived by invariant 
method.

III. Based on the imaginary-part formulations, the deficient 
constraints cause the spurious eigensolutions.

IV. The SVD techniques can solve the true or spurious 
eigensolutions well. 

Conclusions
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To overcome the ill-posed problems

克服 病 態問題分析步驟

三 維 球 形 聲場二維 圓 形 聲場

病 態指標-條件數 病 態指標-條件數

病 態問題

SVD 補 充行
SVD 補 充列

Tikhonov 正規化法

GSVD

克服病態

Preconditioner
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Distributed & concentrated type

Double-layer
potential approach

Single-layer
potential approach
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* NDIF method by Kang is the special case
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One-dimensional duct --- Dirichlet problem

Single-layer
potential approach
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One-dimensional duct --- Dirichlet problem
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One-dimensional duct ---

Single-layer
potential approach

Double-layer
potential approach

Neumann problem
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One-dimensional duct --- Neumann problem

Single-layer
potential approach

Double-layer
potential approach

Analytical mode
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