
BEM H.W  .014 M93520010
陳柏源 @file : HW014s.nbD

Ui = ln@RD − ‚
m=1

∞ 1

m
 J ρ

R
N

m
 Cos@m Hθ − φLD, R > ρ

Ue = ln@ρD − ‚
m=1

∞ 1

m
 J R

ρ
N

m

 Cos@m Hθ − φLD, R < ρ

Ti =
1

R
+ ‚

m=1

∞ ρm

Rm+1
 Cos@m Hθ − φLD, R > ρ

Te = −„
m=1

∞
Rm−1

ρm
 Cos@m Hθ − φLD, R < ρ

Li = −„
m=1

∞
ρm−1

Rm
 Cos@m Hθ − φLD, R > ρ

Le =
1

ρ
+ ‚

m=1

∞ Rm

ρm+1
 Cos@m Hθ − φLD, R < ρ

Mi = „
m=1

∞
ρm−1

Rm+1
m Cos@m Hθ − φLD, R > ρ

Me = „
m=1

∞
Rm−1

ρm+1
m Cos@m Hθ − φLD, R < ρ

ANS.
Ê ‡

0

2 π

M Iρ, φ; ρ
−
, φ

−M ‡
0

2 π

M HR, θ; ρ, φL∗ Sin@nθD θ φ

HiL

‡
0

2 π

M HR, θ; ρ, φL θ

= ·
0

2 πi

k

jjjjjjjj„
m=1

∞
Rm−1

ρm+1
m Cos@m Hθ − φLD

y

{

zzzzzzzz∗ Sin@n θD θ

= ·
0

2 πi

k

jjjjjjjj„
m=1

∞
Rm−1

ρm+1
m HCos@m θD Cos@m φD + Sin@m θD Sin@m φDL

y

{

zzzzzzzz∗ Sin@n θD θ

= ‡
0

2 π Rn−1

ρn+1
n Sin2@n θD Sin@n φD θ

=
Rn−1

ρn+1
n i
k
jj θ

2
−

Sin@2 n θD
4 n

y
{
zz Sin@n φD

ƒƒƒƒƒƒƒƒƒƒ
2 π
0

=
Rn−1

ρn+1
n π Sin@n φD

HiiL

‡
0

2 π

M Iρ, φ; ρ
−
, φ

−M ‡
0

2 π

M HR, θ; ρ, φL∗ Sin@n θD θ φ

= ·
0

2 πi

k

jjjjjjjj„
m=1

∞
ρm−1

Hρ
−Lm+1

m CosAm Iφ − φ
−ME

y

{

zzzzzzzz∗
i
k
jjjj

Rn−1

ρn+1
n π Sin@nφDy

{
zzzz φ

HW014.nb 1



= ·
0

2 πi

k

jjjjjjjj„
m=1

∞
ρm−1

Hρ
−Lm+1

m ICos@m φD CosAm φ
−E + Sin@m φD SinAm φ

−EM
y

{

zzzzzzzz∗
i
k
jjjj

Rn−1

ρn+1
n π Sin@n φDy

{
zzzz φ

= ‡
0

2 π Rn−1

Hρ
−Ln+1

 ρ2
n2 π Sin2@n φD SinAn φ

−E φ

=
Rn−1

Hρ
−Ln+1

 ρ2
n2 π i

k
jj θ

2
−

Sin@2 n θD
4 n

y
{
zz SinAn φ

−E
ƒƒƒƒƒƒƒƒƒƒƒƒ

2 π
0

=
Rn−1

Hρ
−Ln+1

 ρ2
n2 π2 SinAn φ

−E

Hρ = ρ
−

= R = 1L

= n2 π2 SinAn φ
−E

Ê ‡
0

2 π

U Iρ, φ; ρ
−
, φ

−M ‡
0

2 π

U HR, θ; ρ, φL∗ Cos@n θD θ φ

HiL

‡
0

2 π

U HR, θ; ρ, φL θ

= ‡
0

2 πi
k
jjjjjln@ρD − ‚

m=1

∞ 1

m
 J R

ρ
N

m

 Cos@m Hθ − φLD
y
{
zzzzz∗ Cos@n θD θ

= ‡
0

2 πi
k
jjjjjln@ρD∗ Cos@n θD −

i
k
jjjjj‚

m=1

∞ 1

m
 J R

ρ
N

m

 Cos@m Hθ − φLD
y
{
zzzzz∗ Cos@n θD

y
{
zzzzz θ

= ‡
0

2 πi
k
jjjjjln@ρD∗ Cos@n θD −

i
k
jjjjj‚

m=1

∞ 1

m
 J R

ρ
N

m

 HCos@m θD Cos@m φD + Sin@m θD Sin@mφ DL
y
{
zzzzz∗ Cos@n θD

y
{
zzzzz θ

= ‡
0

2 πi
k
jjjln@ρD∗ Cos@n θD − i

k
jjj

1

n
 J R

ρ
N

n

 Cos2@n θD Cos@n φDy
{
zzzy{
zzz θ

= ln@ρD∗
1

n
∗ Sin@n θD

ƒƒƒƒƒƒƒƒƒ
2 π
0

−
1

n
 J R

ρ
N

n

 i
k
jj θ

2
+

Sin@2 n θD
4 n

y
{
zz Cos@n φD

ƒƒƒƒƒƒƒƒƒ
2 π
0

= −
1

n
 J R

ρ
N

n

π Cos@n φD

HiiL

‡
0

2 π

U Iρ, φ; ρ
−
, φ

−M ‡
0

2 π

U HR, θ; ρ, φL∗ Cos@n θD θ φ

= ·
0

2 πi

k

jjjjjjjjln@ρ
−D − „

m=1

∞
1

m
 
i
k
jjjj

ρ

ρ
−

y
{
zzzz

m

 CosAm Iφ − φ
−ME

y

{

zzzzzzzz∗i
k
jjj−

1

n
 J R

ρ
N

n

π Cos@n φDy
{
zzz φ

= ·
0

2 π

9i
k
jjjln@ρ

−D∗i
k
jjj−

1

n
 J R

ρ
N

n

π Cos@n φDy
{
zzzy{
zzz +

i

k

jjjjjjjj−„
m=1

∞
1

m
 
i
k
jjjj

ρ

ρ
−

y
{
zzzz

m

 CosAm Iφ − φ
−ME

y

{

zzzzzzzz∗i
k
jjj−

1

n
 J R

ρ
N

n

π Cos@n φDy
{
zzz= φ

= ·
0

2 π

9i
k
jjjln@ρ

−D∗i
k
jjj−

1

n
 J R

ρ
N

n

π Cos@n φDy
{
zzzy{
zzz +

i

k

jjjjjjjj−„
m=1

∞
1

m
 
i
k
jjjj

ρ

ρ
−

y
{
zzzz

m

 ICos@m φD CosAm φ
−E + Sin@m φD SinAm φ

−EM
y

{

zzzzzzzz∗i
k
jjj−

1

n
 J R

ρ
N

n

π Cos@n φDy
{
zzz= φ

HW014.nb 2



= ‡
0

2 π

9ln@ρ
−D∗ i

k
jj−

1

n
y
{
zz J R

ρ
N

n

π i
k
jj 1

n
y
{
zz Cos@n φD +

1

n2
 
i
k
jjjj

ρ

ρ
−

y
{
zzzz

n

 π Cos2@n φD CosAn φ
−E= φ

= −ln@ρ
−D∗J R

ρ
N

n

π Sin@n φD
ƒƒƒƒƒƒƒƒƒƒ

2 π
0

+
1

n2
 
i
k
jjjj

ρ

ρ
−

y
{
zzzz

n

π i
k
jj φ

2
+

Sin@2 n φD
4 n

y
{
zz CosAn φ

−E
ƒƒƒƒƒƒƒƒƒƒ

2 π
0

Hρ = ρ
−

= R = 1L

=
1

n2
π2 CosAn φ

−E

Ê ‡
0

2 π

Ti Iρ, φ; ρ
−
, φ

−M ‡
0

2 π

Te HR, θ; ρ, φL∗ Cos@n θD θ φ

HiL

‡
0

2 π

Te HR, θ; ρ, φL∗ Cos@n θD θ

= ·
0

2 πi

k

jjjjjjjj−„
m=1

∞
Rm−1

ρm
 Cos@m Hθ − φLD

y

{

zzzzzzzz∗ Cos@n θD θ

= ·
0

2 πi

k

jjjjjjjj−„
m=1

∞
Rm−1

ρm
 HCos@m θD Cos@m φD + Sin@m θD Sin@m φDL

y

{

zzzzzzzz∗ Cos@n θD θ

= ‡
0

2 π

−
Rn−1

ρn
 Cos2@n θD Cos@n φD θ

= −
Rn−1

ρn
 i
k
jj θ

2
+

Sin@2 n θD
4 n

y
{
zz Cos@n φD

ƒƒƒƒƒƒƒƒƒƒ
2 π
0

= −
Rn−1

ρn
π Cos@n φD

HiiL

‡
0

2 π

Ti Iρ, φ; ρ
−
, φ

−M ‡
0

2 π

Te HR, θ; ρ, φL∗ Cos@n θD θ φ

= ‡
0

2 π 1

ρ
+ „

m=1

∞ Hρ
−Lm

ρm+1
 CosAm Iφ − φ

−ME∗
i
k
jjjj−

Rn−1

ρn
π Cos@n φDy

{
zzzz φ

= ‡
0

2 π 1

ρ
+ 9„

m=1

∞ Hρ
−Lm

ρm+1
 ICos@m φD CosAm φ

−E + Sin@m φD SinAm φ
−EM=∗

i
k
jjjj−

Rn−1

ρn
π Cos@n φDy

{
zzzz φ

= ‡
0

2 πi

k
jjjjj−

Rn−1

ρn+1
π Cos@n φD +

Hρ
−Ln

ρn+1
∗
i
k
jjjj−

Rn−1

ρn

y
{
zzzz π Cos2@n φD CosAn φ

−E
y

{
zzzzz φ

= −
Rn−1

ρn+1
π i
k
jj 1

n
y
{
zz Sin@n φD

ƒƒƒƒƒƒƒƒƒƒƒƒ
2 π
0

−
Hρ

−Ln

ρn+1

Rn−1

ρn
 π i
k
jj φ

2
+

Sin@2 n φD
4 n

y
{
zz CosAn φ

−E
ƒƒƒƒƒƒƒƒƒƒƒƒ

2 π
0

= −
Hρ

−Ln
Rn−1

ρ2 n+1
π2 Cos@n φD

Hρ = ρ
−

= R = 1L
= − π2 Cos@n φD

Ê ‡
0

2 π

Li Iρ, φ; ρ
−
, φ

−M ‡
0

2 π

Le HR, θ; ρ, φL∗ Cos@n θD θ φ

HiL

‡
0

2 π

Le HR, θ; ρ, φL∗ Cos@n θD θ

= ‡
0

2 πi
k
jjjjj

1

ρ
+ ‚

m=1

∞ Rm

ρm+1
 Cos@m Hθ − φLDy

{
zzzzz∗ Cos@n θD θ

HW014.nb 3



=

‡
0

2 π

9 1

ρ
∗ Cos@n θD +

i
k
jjjjj‚

m=1

∞ Rm

ρm+1
 HCos@m θD Cos@m φD + Sin@m θD Sin@m φDL∗ Cos@n θDy

{
zzzzz= θ

= ‡
0

2 π

9 1

ρ
∗ Cos@n θD +

Rn

ρn+1
 Cos2@n θD Cos@n φD= θ

=
1

ρ
∗i
k
jj 1

n
y
{
zz∗ Sin@n θD

ƒƒƒƒƒƒƒƒƒ
2 π
0

+
Rn

ρn+1
 i
k
jj θ

2
+

Sin@2 n θD
4 n

y
{
zz Cos@nφD

ƒƒƒƒƒƒƒƒƒ
2 π
0

=
Rn

ρn+1
π Cos@n φD

HiiL

‡
0

2 π

Li Iρ, φ; ρ
−
, φ

−M ‡
0

2 π

Le HR, θ; ρ, φL∗ Cos@n θD θ φ

= ·
0

2 πi

k

jjjjjjjj−„
m=1

∞ Hρ
−Lm−1

ρm
 CosAm Iφ − φ

−ME
y

{

zzzzzzzz i
k
jj

Rn

ρn+1
π Cos@n φDy

{
zz φ

= ·
0

2 πi

k

jjjjjjjj−„
m=1

∞ Hρ
−Lm−1

ρm
 ICos@m φD CosAm φ

−E + Sin@m φD SinAm φ
−EM

y

{

zzzzzzzz i
k
jj

Rn

ρn+1
π Cos@n φDy

{
zz φ

= ‡
0

2 π

−
Hρ

−Ln−1

ρn
 

Rn

ρn+1
 π Cos2@n φD CosAn φ

−E φ

= −
Hρ

−Ln−1
 Rn

ρ2 n+1
 π i
k
jj φ

2
+

Sin@2 n φD
4 n

y
{
zz CosAn φ

−E
ƒƒƒƒƒƒƒƒƒƒƒƒƒ

2 π
0

= −
Hρ

−Ln−1
 Rn

ρ2 n+1
π2 CosAn φ

−E

Hρ = ρ
−

= R = 1L

= −π2 CosAn φ
−E

Ê ‡
0

2 π

U Iρ, φ; ρ
−
, φ

−M ‡
0

2 π

M HR, θ; ρ, φL∗ Cos@nθD θ φ

HiL

‡
0

2 π

M HR, θ; ρ, φL θ

= ·
0

2 πi

k

jjjjjjjj„
m=1

∞
Rm−1

ρm+1
m Cos@m Hθ − φLD

y

{

zzzzzzzz∗ Cos@n θD θ

= ·
0

2 πi

k

jjjjjjjj„
m=1

∞
Rm−1

ρm+1
m HCos@m θD Cos@m φD + Sin@m θD Sin@m φDL

y

{

zzzzzzzz∗ Cos@n θD θ

= ‡
0

2 π Rn−1

ρn+1
n Cos2@n θD Cos@n φD θ

=
Rn−1

ρn+1
n i
k
jj θ

2
+

Sin@2 n θD
4 n

y
{
zz Cos@n φD

ƒƒƒƒƒƒƒƒƒƒ
2 π
0

=
Rn−1

ρn+1
n π Cos@n φD

HiiL

‡
0

2 π

U Iρ, φ; ρ
−
, φ

−M ‡
0

2 π

M HR, θ; ρ, φL∗ Cos@n θD θ φ

HW014.nb 4



= ·
0

2 πi

k

jjjjjjjjln@ρD − „
m=1

∞
1

m
 
i
k
jjjjj

ρ
−

ρ

y
{
zzzzz

m

 CosAm Iφ − φ
−ME

y

{

zzzzzzzz∗
i
k
jjjj

Rn−1

ρn+1
n π Cos@nφDy

{
zzzz φ

= ·
0

2 πi

k

jjjjjjjjln@ρD ∗
i
k
jjjj

Rn−1

ρn+1
n π Cos@nφDy

{
zzzz − „

m=1

∞
1

m
 
i
k
jjjjj

ρ
−

ρ

y
{
zzzzz

m

 CosAm Iφ − φ
−ME ∗

i
k
jjjj

Rn−1

ρn+1
n π Cos@nφDy

{
zzzz
y

{

zzzzzzzz φ

= ln@ρD Rn−1

ρn+1
π n i

k
jj 1

n
y
{
zz Sin@nφD

ƒƒƒƒƒƒƒƒƒƒƒƒƒ

2 π
0

− ‡
0

2 π HρL− n
 Rn−1

ρ2 n+1
π Cos2@n φD CosAn φ

−E φ

= −
HρL− n

 Rn−1

ρ2 n+1
π i
k
jj θ

2
+

Sin@2 n θD
4 n

y
{
zz CosAn φ

−E
ƒƒƒƒƒƒƒƒƒƒƒƒƒ

2 π
0

= −
HρL− n

 Rn−1

ρ2 n+1
π2 CosAn φ

−E

Hρ = ρ
−

= R = 1L

= − π2 CosAn φ
−E

Ê ‡
0

2 π

M Iρ, φ; ρ
−
, φ

−M ‡
0

2 π

U HR, θ; ρ, φL∗ Cos@n θD θ φ

HiL

‡
0

2 π

U HR, θ; ρ, φL θ

= ‡
0

2 πi
k
jjjjjln@ρD − ‚

m=1

∞ 1

m
 J R

ρ
N

m

 Cos@m Hθ − φLDy
{
zzzzz∗ Cos@n θD θ

= ‡
0

2 πi
k
jjjjjln@ρD∗ Cos@n θD −

i
k
jjjjj‚

m=1

∞ 1

m
 J R

ρ
N

m

 Cos@m Hθ − φLD
y
{
zzzzz∗ Cos@n θD

y
{
zzzzz θ

= ‡
0

2 πi
k
jjjjjln@ρD∗ Cos@n θD −

i
k
jjjjj‚

m=1

∞ 1

m
 J R

ρ
N

m

 HCos@m θD Cos@m φD + Sin@m θD Sin@mφ DL
y
{
zzzzz∗ Cos@n θD

y
{
zzzzz θ

= ‡
0

2 πi
k
jjjln@ρD∗ Cos@n θD − i

k
jjj 1

n
 J R

ρ
N

n

 Cos2@n θD Cos@n φDy
{
zzzy{
zzz θ

= ln@ρD∗
1

n
∗ Sin@n θD

ƒƒƒƒƒƒƒƒƒ
2 π
0

−
1

n
 J R

ρ
N

n

 i
k
jj θ

2
+

Sin@2 n θD
4 n

y
{
zz Cos@n φD

ƒƒƒƒƒƒƒƒƒ
2 π
0

= −
1

n
 J R

ρ
N

n

π Cos@n φD

HiiL

‡
0

2 π

M Iρ, φ; ρ
−
, φ

−M ‡
0

2 π

U HR, θ; ρ, φL∗ Cos@n θD θ φ

= ·
0

2 πi

k

jjjjjjjj„
m=1

∞ Hρ
−Lm−1

ρm+1
m CosAm Iφ − φ

−ME i
k
jjj−

1

n
 J R

ρ
N

n

π Cos@n φDy
{
zzz
y

{

zzzzzzzz φ

= ‡
0

2 πi

k
jjjjjj
Hρ

−Ln−1

ρn+1
 n Cos2@nφD CosAn φ

−E i
k
jj −1

n
y
{
zz J R

ρ
N

n

π
y

{
zzzzzz φ

= −
Hρ

−Ln−1
 Rn

ρ2 n+1
 i
k
jj θ

2
+

Sin@2 n θD
4 n

y
{
zz CosAn φ

−E π

ƒƒƒƒƒƒƒƒƒƒƒƒƒ

2 π
0

= −
Hρ

−Ln−1
 Rn

ρ2 n+1
π2 CosAn φ

−E

Hρ = ρ
−

= R = 1L

= − π2 CosAn φ
−E

HW014.nb 5


