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Dual Integral Equations by Hong and Chen(1984-1986)
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• Finite element method                            Boundary element method

What Is Boundary Element Method ?
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• Boundary element method                     Dual boundary element method

What Is Dual Boundary Element Method ?
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Artifical boundary introduced ! Dual integral equations needed !



• Boundary element method                     Dual boundary element method

Theory of Dual Integral Equations
Dual Boundary Element Method
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• Dual integral equations for domain point

Theory of Dual Integral Equations
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• Dual integral equations for boundary point 

Theory of Dual Integral Equations
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• R.P.V.

• C.P.V.

• H.P.V.

Definitions of R.P.V., C.P.V. and H.P.V.
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Regularization methods for hypersingularity

use of simple
solutions
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Applications of Dual Integral Equations
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Work in CSIST (1986-1990)
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Analysis, Design and Experiment  for Solid Rocket Motor



Research in CSIST (1986-1990)
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Solid mechanics Aerodynamics

Hadamard principal value Mangler principal value

Boundary element method Panel method

Crack problem Thin-airfoil Aerodynamics



Two Books in CSIST (1986-1990)

Ó

NTUCE

Book for academic research Book for industry applications

BEM FEM
with MSC/NASTRAN



Research in NTUCE (1990-present)
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Roles of hypersingularity in boundary element method

complementary constraints

higher order
element

degenerate
boundary

corner
problem

fictitious
eigenvalue

secondary
field

calculation
condition
number

symmetry
formulation

1. Hermite
element

1. cutoff wall
2. sheet pile
3. crack
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5. thin airfoil
6. antenna

1. 

2.

3.

1. kernel
function

2. region of
singularity

3. boundary 
condition

1. hoop
stress on
boundary

2. tangent 
flux along
boundary

3. regularized
version for
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boundary

1. pseudo-
differential
operator

2.       is more
stable than

1. double
boundary
integration
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Why Dual Series Representations ?
Support Motion Problems
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History of The Research on Divergent Series

(1975, 1991)
Quasi-static merging

technique
(Eringen and Suhubi)

(Yeh and Liaw)

(1988)
Dual integral equations 

(Hong and Chen)

(1992)
Divergent series

(Yeh, Hong and Chen)

(1994)
Stokes’ transformation

(1993)
Cesaro  sum



Methods of Solution

• Quasi-static decomposition method (Mindlin and Goodman, 1950)
Accelerate the convergence rate 

• Series representation (Eringen and Suhubi, 1975, Yeh and Liaw, 1991)
Quasi-static solution is not necessary to be determined

• Low convergence and divergence will occur using series representation
proposed by Pilkey

• Two goals
Omit the calculation of quasi-static solution
Accelerate the convergence rate



Dual Integral Equations and Dual Series Representation

• Dual Integral Equations:

• Series :
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Cesaro Regularization Technique

• Series Solution(Partial Sum)
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Stokes’ Transformation --- Summation by Parts

• Term by Term Differentiation Is Not Always Legal
• Boundary Term  Is Present for Some Cases

if 

• Term by Term Differentiation Is  Legal 

if
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Regularization  Techniques for Derivative of Double Layer Potential 
Different Points of View

• Divergent Integral (Hypersingular kernel) :

• Divergent Series (Dual series representation) :

• Cesaro Sum (Arithmetic mean) :

• Reproducing Kernel (Fejer kernel) :

• Moving Average (MA model) :

• Stokes’ Transformation (Summation by parts) :
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Applications of Dual Series Representations
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Modal dynamics

Reproducing Techniques for Solutions

Fourier integral
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• The theory of dual integral equation has been reviewed
• The role of hypersingularity is examined
• The dual series representations are introduced
• The applications to seepage flow with sheet piles, crack problem and 

thin airfoil aerodynamics have been demonstrated.
• The applications of dual series representations to multi-support motions

is demonstrated.

Hypersingularity                                  Divergent series 

Conclusions
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Dual representation model

Dual integral equations

Elasticity Laplace equation Multi-support
motion problems

Dual series representationsSpectral
decomposition

Regularization of hypersingularity Summability of divergent series 

Crack 
problems

corner
problem

Cutoff wall
sheetpile

Treatment of
of boundary

effect

Time-dependent essential B.C.

Heat 
conduction

Transient 
response

Random
response

Active
control

Modal
reaction
method

Decon-
volution
problem

Heat
conduction

Thin
airfoil

1. Subtraction and addition technique  
2. Trace process                     3. Stokes’ theorem

1. Quasi-static decomposition 
2. Cesaro sum  3. Stokes’ transf.

Boundary value problem

Degenerate kernel

Jump 
by Wronskian

Symmetry matrix
by single integral

Natural frequency &
Fictitious frequency

Time-harmonic
Helmholtz equation

Internal stiffness
& external stiffness



Why Dual Representation Model ?
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Boundary value
problem

Initial-boundary 
value problem

Time harmonic
problem

Physical
problem

Flow with  corners
or sheetpiles

Multi-support
motions

exterior
radiation

Mathematical
tools

H.P.V.
hypersingularity
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Numerical
improvement
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boundary effect

avoid quasi-static 
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convergence

Avoid fictitious 
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site response
deconvolution

divergence



How to Simulate the Discontinuity ?
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Motiv1.ppt

CPV + jump term

HPV

Gibbs phenomenon

divergent series
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