Mid-term Exam 1

Nov. 2004
1) Verify the given function is a solution of the differential equation (10 scores)
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2) Verify by implicit differentiation that the given equation implicitly defines a
solution of the differential equation (5 scores)

Y2+ Xy —2%x*=3x-2y=C; y—4x-3+(x+2y-2)y' =0

d(y*+xy—2x*-3x-2y)/dx=d(C)/dx
==>2yy +y+Xy —4x-3-2y =0
==>y—4X-3+Xy +2yy -2y =0
=>Yy—4X-3+(X+2y-2)y =0

3) Consider y = Y +1 forall x>0 (20 scores)
X

a) get the particular solution corresponding to the initial solution y(1)=0 (15 scores)

b) draw a direction field of the differential equation and the integral curve through
(1,0)  hint: In(2)=0.69 (10 scores)
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=2 y(X) =xIn(x)+Cx, y(1)=In1)+C=0, C=0
= y(X) = xIn(x)
b)omitted (see p. Section 1.1.5 of the textbook)



4) Given a family F of curves Xx*>—Ky? =1 (25 scores)
a) describe the definition of orthogonal trajectories of a given family of curves (5
scores)
b) find the family of orthogonal trajectories of the given family F of curves (15
scores)
¢) plot the orthogonal families together on the x-y plane (5 scores)
a) Two families of curves, or trajectories, are orthogonal if each curve of the first
family is orthogonal to each curve of the second family wherever an intersection
occurs. Namely, their slopes are negative reciprocals. (p. 55~56 of the textbook)
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b) x*—Ky?=1=>2x-2Kyy =0, y :K_y = the differential equation of

the family F .
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c)omitted

5)Solve y +Yy/x=cos(X), X>0 (15 scores)

> um=¢
S (Xy) = xcos(X)
Xy = j X cos(X)dx

=" =x, Xy +y=Xcos(X)

= Xsin(X) —j sin(X)dx
= Xsin(X) + cos(X)

cos(X)

= Yy =sin(X) +

6) Solve x—xy*>—y =0 (15 scores)
y =—Xxy? +X itis a Riccati equation with a solution S(X)=1
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IT)Approach II
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y =211 are solutions, too. y=-1 can be obtained from (2) with C=0. BUT,
y =1 CAN NOT be obtained from (2).

Note: (1) and (2) are equivalent. If we have k=-C.

7) Solve Y T
X_
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Also, y=0 is asolution, and can not be obtained from the general solution
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