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Definition
The derivative of afunction f is denoted asf’ and defined as following:

f(mzﬂﬂfay-um

X-a
D f(x) = f'(X):'ng f(x+h)- f(X)

Example
If f(xX)=x*find f(X)and f (2)

f () =lim L - 100

=lim(2x+ h)

h® 0

= 2X

f'(2)=2"2=4

D.[f (x)g(¥)]=f(x)g (X +g(X)f (X)

f(x+h)g(x+h)- f(x)g(x)
h
_ i J X+ g(x+h) - T(x+h)g(x) + f(x+h)g(x) - T(X)9(x)
h® 0 h
(X+h) g(X+ hr)]' g(X)

D,[f()g(]=lim

'ﬂmM@fu+2_”@

=lim f
h®0

=T(x)9() +g(x)  (x)



Example

Find D (X®- X)(X*+ X)
f(X)=x*- X, g(x)=x*+x

D (x*- x)(X* +X)=(X*- X)(3x*+1 + (xX* +x)(3x* - 1)
=6X° - 2X

i FE RO - 90X+ h) F()
0 hg(x+ g

i LEOHN) - £(0]g(9 - [90x+h) - g(0]f (¥
hg(x+h)g(x)

i (0909~ 99 F(9)
0 g(x+h)g(x)

i (0909~ 99 F(9)

heo g*(x)
Example
2
Find D, —
X -4

f(X)=x*,g(X)=x*-4

D X2 D (X*)(x*- 4)- D, (x*- 4)x?

X - 4 (x* - 4)?
_2X(x% - 4) - (2x)x?
SRS

- 8x

¢ - 4



The Chain Rule

D, f(g(x) =1 (9(x)g (x)
Set F(x)=1(9(x))

" (4 =iy 100t 1(G60

_ i £(00+ ) - £(909) 90X+ ) - 909
"9 g(x+h)- g(¥ h

=T (a(x))g (%)

f =Df first derivative of f
f"=(f") =D?f second derivative of  f
f"=(f") =D°f third derivativeof f

fl=(f") =D*f fourth derivative of  f



?X (read deltax): achangeof ?X in X
y=1(x)

?2y=f(x+7?x)- f(X)

i
£ x)=lim Y
dx 7x®0 DX

d

Yooy d7Y
, ' (x)=
" (x)

dx®

f'(x):%, £(x) =

i(u+v):%+$/’ i(uv):uﬂ+v%
dx dx dx dx dx dx

y=1(2) and z=9g(x) sotha y=f(g(X))

dy _dydz dy_

. dz _ .
ol E_f (9(x)), &—Q(X)

differential: dx, dy
y=1(x)

dy = £ (x)dx =2 Ox
ngz

DX(‘ f (x)dx = f (X)

(‘Dxf(x)dx= f(x)+C

f[”l(x):%
X



Definition

A function is called 1-1 (one-to-one) function if and only if f(x)?* f(x,) for any

two differential elements X, and X, of the domainof f.

If {(X, y)|y= f(X)} is a 1-1 function, then itsinverse, designated by f ** is
{(y9ly=100}.

y=f(x) x=1"(y)

If f and Q areinverse functions which are differentiable, then

g(x)= ,whenever f'(g(x))1 0.

1
f(g(x))

f(g(x)) =x
By implicit differentiation

D, f(g(x)) = D,x
by the chain rule

F(g(x))g (=1 ad

o
T



Definition

For any positivenumber a, a?t 1, theexponential function withbase a is
defined by

f(X)=a*,domain f =(-¥,¥)

a*a’ =a*

(a) =a”

st f(X)=a

By definition, for any number X

h® 0

f (= lim + 0 L0

x+h X
=lim
h® 0 h
. a.xah ax
=lim
h® 0 h
. aa"-10
=lima =
h®0 e ﬂ
. . aa"-10
f (x)=a*lim¢ -
h®oe h g
a'-1
D a =k»>a* k=Iim



Theinverse of the exponential function f (X) = a* is called the logarithmto the

base a, abbreviated log, domain log, =(0,¥)

Thus log, X =Y if and only if a* =X

DxlogaX:i foral x>0
kx

X

~ 1 N
O dt=log,t|'=log, x- log,1

131 _oa'-1
Iogax—Epf dt k—IA(grg ™
a=2, k€0.693

a=3, k€1.099



The Natural L ogarithm

In X:ox %dt domain In =(0,¥)

| Lo
Inx=log,x, €€2.71828 e=lim&+=2
n®¥e ng
DXInx:1
X
D?Inx=- =
X

In(ab) =Ina+Inb
n2=ina- Inb
b

Ina" =rlna

The natural exponential function

exp X =€ domain exp=(-¥,¥)

Definition
The hyperbolic sine designated by sinh

X - X

snh =

,domain Sinh =(-¥,¥)

The hyperbolic cosine designated by cosh
X + - X

cosh=

,domain cosh=(-¥,¥)

e* =9nh x + cosh x



Periodic function

sin(x + 2p) =9n X, cos(X + 2p) = cosx
sn(x +h) =g9n xcosht+ cosxsinh

sn(x+h)- danx

D, sn(x) = IAQ?,

_lim sn xcosht cosxsinh- sn x

h®0 h
—lim sin x(cosh- 1) + cosxsinh
- h®0 h
= (sin x)lim €25 L4 (cosx)lim SN
h®0 h® 0 h
im cosh- 1:0’ im sinh _1
h® 0 h h® 0 h
= COSX
D cos(x) = Im cos(X + h) - cosx
cosh- 1 sinh

= (cosx) Iggg

- (Sn x)lim=——
heo |

=(cosx)>0- (dnx)>1

=-4dn X

(‘ snx dx=- cosx +C

(‘ cosx dx=s9n x+C

Integration by parts

D.[f ()g(¥)]=f(x)g (X +g(X)f (X)
FO)9()=¢ F(0g () dx+¢ g(x)f(x) dx

¢ F(¥)g'(¥) dx=f(x)g(x)- ¢ 90 (x) dx



