QuIZ-2™ 2B
Oct. 20, 2004

1) Verity the given function is a solution of the differential equation

(10 scores)

y'=l+1; ¢(X) =XIn(X)+Cx forall X >0
X

o (X)=In(x)+1+C,

¢(X) _ XIn(x)+Cx
X X

-)%X)+1:1n(x)+C+1:cp'(x)

=In(x)+C

2) Verify by implicit differentiation that the given equation implicitly defines a

solution of the differential equation (10 scores)

Yy + Xy —2x*—=3x-2y=C; y—4x-3+(x+2y-2)y =0
d(y’+xy—2x>-3x-2y)/dx=d(C)/dx
==>2yy +Y+Xy —4x-3-2y =0
==>Yy—4X-3+Xxy +2yy -2y =0
==>Yy—-4X-3+(X+2y-2)y =0
3) Solve the differential equation 3y =4X/Yy* (15 scores)

= 3y’dy = 4xdx, the differential equation is separable.

By direct integration, I 3y*dy = I 4xdx =Dy =2x"+C

4) Solve the differential equation Yy + Y =sin(X) (20 scores)
Compare to the general form of linear DE Y + P(X)Y = q(X)

=2 p(x)=1, q(x)=sin(X), the first-order differential equation is linear.



=> An integrating factor is gl P — gl & — g

> ye* + ye* =e*sin(X), di(ye*): e*sin(x)
X
>d(ye) = j e*sin(x)dx, ye* = j & sin(X)dx = %e* [sin(x) — cos(x)]+ C

lp.
The general solutionis Y = E[Sln(x) — COS(X)] + Ce™

Note: Integration by parts

D,[f(0g0(0]=f(0g'(x) + g0 f ()
f00g00=[ £00g' 00 dx+ [ 90000 x
[ 100900 dx=t0900-[ 900t (0 ox

. . . 2xy .
5) Solve the differential equation - y =0 (15 scores)

-)y—_ldy:2xdx,y¢0, I (l—l]dyzj 2xdx, y—In|y|=x"+C
y y

The general solution is Y — ln‘ y\ =x'+C

But Yy =0 is still a solution of the DE (try it by substitution), though it cannot be

contained in the expression for the general solution for any choice of C.

6) For the differential equation 1+ (3X—e7)y =0, (a)show that it is not exact, (b)

find an integrating factor, (c)find the general solution (20 scores)

a)Compareto M(X,yY)+N(X,y)y =0,2>M =1, N =3x-e™

%:O, @23, OM /0y # ON / OX, it is not exact.
oy OX

0 (uN)=C O ax—emel
b) &(MN)—W(MM)a')aX[H(?’X e™)] ay(“)



0
Try to find p as just a function of Yy, =» @, _ 0

OX

0 oL ou du du
2u—@Bx)=—, —=3u, —=3dy,>| —=| 3d
e e i e I

> ln‘u‘ =3V, note: here we set the integration constant C =0. > p=¢e"

c)> e”[l +(3x— e*”)y'] =0, e¥ +(3xe” —e’)y =0 (now it is exact)

=>The general solution is Xe”’ —e’ =C

7) For a first-order differential equation, Yy = , check if it is homogeneous,

X+Yy

then find its general solution. (20 scores)
See page 40 of the textbook !

: — : ol 12 .
8) Consider the Riccati equation, Y =—Y*+—Y ——, with asolution S(X)=1.
X X X
Try to get its general solution. Hint: Define a new variable Z by setting

y=S(X)+ 1 (20 scores)
z

See page 45 of the textbook !



