
Cayley-Hamilton Theorem 

An n×n matrix A  satisfies its own characteristic equation 

Every square matrix satisfies its own characteristic equation. 

Example: Verify the Cayley-Hamilton theorem for the given matrix A  

 ⎥
⎦

⎤
⎢
⎣

⎡
=

dc
ba

A  

We get the characteristic equation 

0)()()det()( 2 =−++−=
−

−
=−= cbadda

dc
ba

IAp λλ
λ

λ
λλ  

and find 

0

0
0

10
01

)()(

)()()(

22

22

2

2

2

2

2

2

=

⎥
⎦

⎤
⎢
⎣

⎡

−+−−+−−+
−−+−+−−+

=

⎥
⎦

⎤
⎢
⎣

⎡
−

−
+⎥

⎦

⎤
⎢
⎣

⎡

++
++

−⎥
⎦

⎤
⎢
⎣

⎡

++
++

=

⎥
⎦

⎤
⎢
⎣

⎡
−+⎥

⎦

⎤
⎢
⎣

⎡
+−⎥

⎦

⎤
⎢
⎣

⎡
=

−++−=

bcaddaddbccdaccdac
bdabbdabbcadadabca

bcad
bcad

dadcdac
bdabada

dbccdac
bdabbca

bcad
dc
ba

da
dc
ba

IbcadAdaAAp

 

Example: 

⎥
⎦

⎤
⎢
⎣

⎡
=

11
12

A   

characteristic equation 013
11

12
)det( 2 =+−=

−
−

=− λλ
λ

λ
λIA  

By Cayley-Hamilton theorem 032 =+− IAA  
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Example: 
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Moreover, AcIcAm
10 +=   and λλ 10 ccm += , for the same pair of constants 10 , cc  
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Example: 
Show that the given matrix has an eigenvalue 1λ  of multiplicity two. As a consequence, the 

equations λλ 10 ccm +=  does not yield enough independent equations to form a system for 

determining the coefficients 10 , cc . Use the derivative (with respect toλ ) of the equation 
evaluated at 1λ  as the extra needed equation to form a system. Compute mA and use this 
result to compute the indicated power of the matrix A  
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01682 =+− IAA  
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For 4=λ 44 10 ccm +=  

On the other hand, take the derivative (with respect toλ ) of the equation evaluated at 1λ  
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Note that, you should extend this example to (page 403, Problem 12) for the Final. 
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Proof of Cayley-Hamilton Theorem 
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and column 2 is equal to 
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Thus, we can rewrite  
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In general, for nnA × , nnB ×  
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where nXXX ,...,, 21  are the columns of nnB × . 
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For nnA × , can we find an n×n nonsingular matrix P  such that  

DPAP nn =×
−1  is a diagonal matrix ? 

If such a matrix P  can be found, then we say that the matrix nnA ×  can be diagonalized, or is 

diagonalizable, and that P  diagonalizes nnA × . 

For simplicity, let us assume that 33×A  is a diagonalizable matrix. Then there exists a 3×3 
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