
1, Find the general solution using the method of variation of parameters
y'' + 9 y = 12 sec H3 xL

Sol︰
H1L 求 yh :

y'' + 9 y = 0
set y = sx

s2 st + 9 st = 0
s = ±3 

yh = c1 cos@3 xD + c2 sin@3 xD
H2L 求 yp :

set y1 = cos@3 xD , y2 = sin@3 xD

» w » = J cos@3 xD sin@3 xD
−3 sin@3 xD 3 cos@3 xD N = 3 Hcos2@3 xD + sin2@3 xDL = 3

v' =
y1 ∗ f@xD
» w » =

cos@3 xD ∗ 12 sec@3 xD
3

= 4

u' = −
y2 ∗ f@xD

» w » =
sin@3 xD∗ 12 sec@3 xD

3
= −4 tan@3 xD

u =
4

3
 ln@cos@3 xDD

v = 4 x

yp = u y1 + v y2 =
4

3
 cos@3 xD∗ ln@cos@3 xDD + 4 x ∗ sin@3 xD

y = yh + yp = c1 cos@3 xD + c2 sin@3 xD +
4

3
 cos@3 xD∗ ln@cos@3 xDD + 4 x ∗ sin@3 xD

= i
k
jjc1 +

4

3
 ln@cos@3 xDDy

{
zz cos@3 xD + Hc2 + 4 xL sin@3 xD

2, Find the general solution using the method of undetermined coefficients
y'' + 4 y' + 4 y = 7 x − 3 cos H2 xL + 5 x −2 x

Sol :
H1L 求yh :

y'' + 4 y' + 4 y = 0
set y = sx

s2 sx + 4 s sx + 4 sx = 0
s = −2 H重根L
yh = c1 −2 x + c2 x −2 x

H2L 求yp

PART HAL :
y'' + 4 y' + 4 y = 7 x
set yp1 = a x + b , Hyp1L' = a , Hyp1L'' = 0
4 a + 4 ax + 4 b = 7 x

9 4 a = 7 x
4 a + 4 b = 0

= 9
a = 7

4

b = −7
4

yp1 =
7

4
x −

7

4
PART HBL :
y'' + 4 y' + 4 y = −3 cos H2 xL
set yp2 = c ∗ cos@2 xD + d ∗ sin@2 xD , Hyp2L' = −2 c ∗ sin@2 xD + 2 d ∗ cos@2 xD

Hyp2L'' = −4 c ∗ cos@2 xD − 4 d ∗ sin@2 xD
−4 c ∗ cos@2 xD − 4 d ∗ sin@2 xD − 8 c ∗ sin@2 xD +

8 d ∗ cos@2 xD + 4 c ∗ cos@2 xD + 4 d ∗ sin@2 xD = −3 cos H2 xL
−8 c ∗ sin@2 xD + 8 d ∗ cos@2 xD = −3 cos H2 xL
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9 8 d = −3
−8 c = 0

= 9
c = 0

d = −3
8

yp2 =
−3

8
 sin@2 xD

PART HCL :
y'' + 4 y' + 4 y = 5 x −2 x

set yp3 = Hfx3 + g x2L −2 x , Hyp3L' = H3 f x2 + 2 g xL −2 x − 2 Hfx3 + g x2L −2 x ,
Hyp3L'' =

H6 f x + 2 g L −2 x − 2 H3 f x2 + 2 g xL −2 x − 2 H3 fx2 + 2 g xL −2 x + 4 Hfx3 + g x2L −2 x

= H6 f x + 2 g L −2 x − 4 H3 f x2 + 2 g xL −2 x + 4 Hfx3 + g x2L −2 x

Hyp3L'' + 4 Hyp3L' + 4 yp3 = H6 f x + 2 g L −2 x = 5 x −2 x

9 6 f = 5
2 g = 0

= 9 f = 5
6

g = 0

yp3 =
5

6
 x3 −2 x

y = yh + yp1 + yp2 + yp3

= c1 −2 x + c2 x −2 x −
3

8
 sin@2 xD +

5

6
 x3 −2 x

3, Show that y1 HxL = x2 and y2 HxL = x − 1 are solutions of Hx2 − 2 xL y'' + 2 H1 − xL y' + 2 y = 0,

use this to find the general solution of Hx2 − 2 xL y'' + 2 H1 − xL y' + 2 y = 6 Hx2 − 2 xL2

Sol :
Hx2 − 2 xL y1 '' + 2 H1 − xL y1 ' + 2 y1 = 2 Hx2 − 2 xL + 2 H1 − xL H2 xL + 2 Hx2L = 0
Hx2 − 2 xL y2 '' + 2 H1 − xL y2 ' + 2 y2 = Hx2 − 2 xL∗ 0 + 2 H1 − xL H1L + 2 Hx − 1L = 0
yh = c1 y1 + c2 y2 = c1 x2 + c2 Hx − 1 L
set yp = ax7 + bx6 + cx5 + dx4 + ex3

yp ' = 7 ax6 + 6 bx5 + 5 cx4 + 4 dx3 + 3 ex2

yp '' = 42 ax5 + 30 bx4 + 20 cx3 + 12 dx2 + 6 ex
Hx2 − 2 xL yp '' + 2 H1 − xL yp ' + 2 yp =

Hx2 − 2 xL H42 ax5 + 30 bx4 + 20 cx3 + 12 dx2 + 6 exL +

2 H1 − xL H7 ax6 + 6 bx5 + 5 cx4 + 4 dx3 + 3 ex2L + 2 Hax7 + bx6 + cx5 + dx4 + ex3L
30 a x7 − H70 a − 20 bL x6 − H48 b − 12 cL x5 − H30 c − 6 dL x4 − H16 d − 2 e L x3 − 6 e x2 =

6 Hx2 − 2 xL2
= 6 x4 − 24 x3 + 24 x2

30 a = 0 a = 0
70 a − 20 b = 0 b = 0
48 b − 12 c = 0 c = 0
30 c − 6 d = −6 d = 1
16 d − 2 e = 24 e = −4
6 e = −24
yp = x4 − 4 x3

y = yh + yp = c1 x2 + c2 Hx − 1 L + x4 − 4 x3

4, Find the general solution of the differential
equation or the solution of the initial value problem

yy'' − 2 Hy'L2 = 0
Sol :

set y' = u , y'' =
du

dx
=

du

dy
 

dy

dx
= u

du

dy

y u 
du

dy
− 2 u2 = 0

2 u = y 
du

dy

‡
1

2 u
 du = ‡

1

y
 dy
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1

2
 ln@uD + c = ln@yD

u = y' = a y2

‡
1

a y2
 dy = ‡ dx

x + b =
−1

a
 y−1

y =
1

−ax − ab
=

1

c1 x + c2
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