Review exercise 2s

1) A real-valued function f is said to be periodic with period T
if f(x+T)="f(x) . For example, 4x is a period of sinx since
sin(x+4zx)=sinx. The smallest value of T for which f(x+T)= f(x) holds
is called the fundamental period of f . For example, the fundamental period of
f(x)=sinx is T =2x.What is the fundamental period of each of the following
functions ? (Exercise 12.1, problem 21)

(@) f(x)=cos2zx (b) f(x):sin%x
(c) f(x)=sinx+sin2x (d) f(x)=sin2x+cos4x
() f(x)=sin3x+cos2x ) f(x):A)+i(A1cos%[x+anin%[x),

A, and B, dependonlyon n
(a) The fundamental period is 27 /27 =1

(b) The fundamental period is 2z /(4/L) = %ﬂ'L

(c) The fundamental period of sinx-+sin2x is 2z

(d) The fundamental period of sin2x+cos4x is 2z/2=x
(e) The fundamental period of sin3x+cos2x is 27z

(f) The fundamental period of f(x) is 2z/(nz/p)=2p/n

2) Inthis problem, find the Fourier series of f on the given interval

0, -2<x<-1
f(x)= -2 —1<x<0 (Exercise 12.2, Problem 11)
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3) In this problem, expand the given function in an appropriate cosine or sine series



f(x)=|x|, —r<x<z (Exercise 12.3, Problem 13)

Since f(x) isan even function, we expand in a cosine series:

a, :gjoﬁxdx:ﬁ

anzgj”xcosnxdx: 22 [(-D"-1]
790 n°rz
Thus
2 2
fx)=2+ —1)" —1]cos nx
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4) In this problem, expand the given function in an appropriate cosine or sine series
f(x)=x*, —1<x<1 (Exercise 12.3, Problem 15)
Since f(x) isan even function, we expand in a cosine series:
a,=2 IO X“dx = N

4

n’z?

D"

1, x° . . 2 .
a, :ZJ' X° cosnzxdx = 2(—sin n;rx‘o——j xsinnzxdx) =
0 nz Nz <0

Thus

1 & 4
f(X)==+> ——(-1"cosnzx
(X) 3 ;nzﬂz( ) r

5) In this problem, find the half-range cosine and sine expansions of the given

function
f(x)=x*+x, 0<x<1 (Exercise 12.3, Problem 33)

a, :Zfol(x2 +x)dx:%
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a = ZJ'l(x2 +X) cos nzxdx = Msin nzrx‘%J —ijl(2x+1)sin nzxdx
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b, = Zfl(x2 +X)sinnzxdx = —Mcos n;zx‘%, +i_[l(2x +1) cos nzxdx
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6) In this problem, expand the given function in a Fourier series
f(x)=x*, 0<x<2r (Exercise 12.3, Problem 35)
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7) Find the frequency spectrum of the periodic wave that is the periodic extension
of the function f in Problem 1 (Exercise 12.4, problem 7)
In Problem 1, find the complex Fourier series of f on the given interval

-1, —-2<x<0
f(x)=
1, O<x<?2

The fundamental periodis T=4,50 w=27/4=7/2 and the values of nw
are0, £7/2, tx, £37/2,---. From Problem 1, c,=0

and |c,|=(1—(-1)")/nz . The table shows some values of n with

corresponding

values of |cn| . The graph is a portion of the frequency spectrum.

n -5 -4 -3 -2 -1 0 1 2 3 4 5

C 0.1273 | 0.0000 | 0.2122 | 0.0000 | 0.6366 | 0.0000 | 0.6366 | 0.0000 | 0.2122 | 0.0000 | 0.1273
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8) Suppose the function f(x)=x*+1, 0<x<3, is expanded in a Fourier series , a




cosine series, and a sine series. Give the value to which each series will converge
at x=0 (Chapter 12 Review Exercises, problem 7)
The Fourier series will converge to 1, the cosine series to 1, and the sine series
to 0 at x=0. Respectively, this is because the rule (x*+1) defining
f (x) determines a continuous function on (-3,3), the even expansion of f
to (-3,0) iscontinuous at 0, and the odd extension of f to (-3,0)
approaches —1 as x approaches 0 from the left.



