Taylor Series For Functions of One Variable

f(x)=f(a)+ f (a)(x—a) +W+ ) f (0D E?\‘)E);)_I a)"t

Taylor Series For Functions of Two Variables
f(x,y)= f(a,b)+(x-2a)f,(a,b)+(y-b)f, (a,b)

+%{(X—3)2 f(a,b)+2(x-a)(y—b)f, (a,b)+(y—b)? f, (ab)}+..

For the functions of two variables f(x+hcosé,y+hsin®)
Let’s consider Taylor Series for f(x+hcos@d,y+hsing) about (X,Yy)

f(x+hcosé,y+hsing) =
2>  f(xy)+(hcosd)f (x,y)+(hsind)f (X, y)

1 [(hcos@)* f  (x,y)+2(hcos&)(hsinO) fy (X, y)
2' +(hsing)* f (x,y)

f(x+hcosé,y+hsing)—f(x,y)=
> h[(cos&) f (X, y)+(sind) f, (x, y)]

h2 (cos@)? f, (X, y)+2(cosH)(sin O) fy (X Y) Lot
2' +(sin@)* £, (x,y) )

where O(h®) denotes the remainder with degree >3.

The Gradient of a function

We define a vector valued function called the gradient as
of of -
VT (X, rad f =—i+—j=(f, f
(xy)=g x Tyl (f,.1,);

oF . oF . OF -
VF(x,y,z)=grad F=—i+—j+—k=(f,f
Oy, )= grad F= 2o+ o+ k= (011

Definition 9.5 Directional Derivative
The directional derivative of z = f(x,y) in the direction of a unit vector

G=cosdi+sin@ ] is D,f(x, y):Li”(] f(x+hcosd,y+hsingd)—f(x,y)

h



Theorem 9.6 Computing a Directional Derivative

If z=f(x,y) isadifferentiable functionof x and y and G=coséi +siné j,then

f(x+hcosé,y+hsind)— f(x,y)
h

D, f(x,y)= Ihmg
=Vi(x,y)-U
Proof:

f(x+hcosé,y+hsing)— f(x,y)
h

|(cos &) £, (x, y) +(5in &), (x, y)|
) h|(cos®)’ f (X, y) +2(cosd)(sind) f, (X, y)
=lim{+—
-0 21 +(sin¢9)2fyy(x,y)
+0(h?)

D, f(x,y) =1im

= (cosO) f, (x,y)+(sind) f,(x,y)

= [fx(x, i+ £, (x, y)]J.(cosef+sin 07)

Similarly,
For a function w=F(x,y,z) the directional derivative is defined by

D,F(x,y,2) = Ih'”J F(x+hcosa, y+hcosﬁ,z+hcos;/)—F(x, Y,2)

=VF(X,y,2)-0

where «, 3,y are the direction angles of the vector U relative to the positive X, Y, z axes,
respectively.

Maximum Value of the Directional Derivative

D, f =[Vt] [a|cosg =[Vf[coss, (Juf=1)

where ¢ isthe angle between Vf and 0
20<¢g<7 ==>-1<cos¢<1

> —[F] <[V eosg <[
> _|vf| <D, f <[]

D, f =|Vf| € 0 has the same direction as Vf .
D, f =—|Vf| €U and Vf have opposite direction.
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slope fy(x0,y0)

S

X x =x0 plane
(From http://omega.albany.edu:8008/calc3/directional-derivatives-dir/define-m2h.html)

The partial derivative f,(X,,Y,) is a special case of a directional derivative.

Consider a smooth function of two variables: z = f(x,y)
the partial derivative of z = f (x,y) with respectto y atthe point (x,,Y,) isdenoted by

f, (X, Y,) - Geometrically the number f (x,,Y,) is the slope of the tangent line at the point

(X, Yo, 2,) toacurveon the surfacez = f(x,y). This curve is the intersection of the plane
X =X, withthe surfacez = f(x,y).

fy(XOI Yo) = D] f (%o, Yo) = VI (X, yo)'i

Also,

fx(XO! yo): DTf(XO! yo) = Vf (Xo’yo)'r



