
ø<êà�bí°¸¶

3d�

¿b: Ê¥Æƒ2, Bbø*�Ì�b Sm(N) =
∑N−1

k=1 km 5°¸t�£j¶2�Ü

+›‚b Bn(n = 0, 1, 2, . . .) Dêà�b°¸íj¶; Ô�u‡ú×ðF�øí¼� zeta ƒb

ζ(x) =
∑∞

n=1 n−s, ¥ƒbÊXb£cbDŠcbí¦Mªêrà+›‚b[Û|V:

ζ(2m) =
(−1)m−1(2π)2mB2m

2(2m)!
,

ζ(1 − 2m) = −B2m

2m
�

ÇøjÞ, â‘ïüìÜ ap−1 ≡ 1(mod p) ù|b,Ý�½bíé/°ì�:

Bm

m
≡ Bm+p−1

m + p − 1
(mod p)�

¥°ì�àk„p.d†”b�Ì¤Ö_, 6Ãy7é/„p‘ï|(ìÜí1E�

|(Bb‚àø<êà�bí°¸û|ø<�É+›‚bí0���

1� ©/cbí4Ÿ¸

q m, N u£cb, 5?*1ƒ N − 1

©/ N − 1 _£cbí m Ÿjí¸

Sm(N) =
N−1∑
k=1

km�

ú m = 1, 2, 3, 'ÖA·ø−, Sm(N) ªŸ

A N í m+1 ŸÖá, íá[bÑ 1
m+1

,

7�báÑÉ:

S1(N) =
N(N − 1)

2
,

S2(N) =
N(N − 1)(2N − 1)

6
,

S3(N) =
N2(N − 1)2

4
�

ÛúL<í m, Sm(N) u´�péí

[Ûá? ��çÍu�, /'oÿ\êÛ,

Û·Hwû|¬˙�q e uAÍúbí!�,

wì2Ñ

e = lim
n→∞

(
1 +

1

n

)n
=

∞∑
n=0

1

n!
�

Nbƒb et í4�b�ÇÑ

et = 1 + t +
t2

2!
+ · · ·+ tn

n!
+ · · · �

Ä7úL<b k,

ekt = 1 + kt +
k2

2!
t2 + · · ·+ kn

n!
tn + · · · �

I k = 0, 1, 2, . . . , N − 1 7ó‹)

N−1∑
k=1

ekt = N + S1(N)t +
S2(N)

2!
t2

43
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+ · · ·+ Sn(N)

n!
tn + · · · �

O,Þ�í˝iuø�ª�b,

N−1∑
k=1

ekt =
eNt − 1

et − 1
=

eNt

et − 1
− 1

et − 1
�

Ä7F)ƒí�¥!‹u

Sm(N) = m! ×
{
ƒb

eNt

et − 1
− 1

et − 1

Êt = 0 �Ç2 tm í[b
}
�

Û”-í½æuàS�Çƒb eNt

et−1
D 1

et−1
,

¥6uç Ä®+›‚F•¬í˜�

2� +›‚b

aj1735 , «…êÛ7£cbíJb

'j¸ ∞∑
n=1

1

n2
=

π2

6
�

Fàíj¶u£ýƒb5;D[bíÉ[�

ƒb sinx
x
íÉPÊ x = ±nπ (n �= 0),

7ª[ýÑÌ¤��

sin x

x
=

∞∏
n=1

[
1 − x2

n2π2

]
�

7ÇøjÞ, ¥ƒbí4�b�ÇÑ

sin x

x
=1−x2

3!
+

x4

5!
+· · ·+(−1)nx2n

(2n + 1)!
+· · · �

ªœí[b)|

−
∞∑

n=1

1

n2π2
= − 1

3!
,

] ∞∑
n=1

1

n2
=

π2

6
�

FM/l!ƒ
ùŸjíJb¸/ªø

¥Ri

∞∑
n=1

1

n2m
=

(−1)m−1(2π)2mB2m

2(2m)!
�

¥ B2m uø�Üb, ˚Ñ+›‚b, í1

\Ä®+›‚ (Jacques Bernoulli,1654 ∼
1705) ùàk[ý Sm(N), wì2Ñ

t

et − 1
=

∞∑
n=0

Bntn

n!
, |t| < 2π�

ªœ0�

t =
∞∑

n=0

Bntn

n!

∞∑
m=1

tm

m!
,

)| Bn(n = 0, 1, 2, . . .) FÅ—í]cì

2Ñ
B0 = 1,(

n
1

)
Bn−1+

(
n
2

)
Bn−2+· · ·+

(
n
n

)
B0, n≥2�

à

B1 =
1

2
, B2 =

1

6
, B3 = 0, B4 = − 1

30
�

,Þí]cì2ªŸA (B + 1)n =

Bn, àùáìÜ�Ç (B + 1)n, ¾  Bn

)(
n

1

)
Bn−1+

(
n

2

)
Bn−2+· · ·+

(
n

n

)
B0 = 0,

z,Þä2 B í,™²A-™¹u,Þí

ì2� ¥&²,™Ñ-™íG¶6àkÌ

¤�b,, Ô*uàk

eBt =
∞∑

n=0

Bntn

n!
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,™²A-™(¹u+›‚bíì2� U

à¥&pU, †

t

et − 1
= eBt

à¤ t = e(B+1)t − eBt, Ä7 (B + 1)n =

Bn, n ≥ 2�

Û�ƒ Sm(N) í°¸½æ,�

eNt

et − 1
− 1

et − 1
=

1

t

{ teNt

et − 1
− t

et − 1

}

=
1

t
{eNteBt − eBt}

=
1

t
{e(B+N)t − eBt}

]¥ƒbÊ t = 0 �Ç2 tm í[bÑ

1

(m + 1)!
{(B + n)m+1 − Bm+1}

¹

Sm(N)=
1

m+1

m∑
k=0

(
m+1

k

)
BkN

m+1−k�

·<ƒ Bm |ÛÊ Sm(N) 2í|(øá,

ªpéõ|

Bm = lim
N→0

Sm(N)

N
�

3� ¼� zeta ƒb

ú s > 1, ¼� zeta ƒbíì2Ñ

ζ(s) =
∞∑

n=1

n−s�

«…F)ƒíäwõ�ßÿu ζ(s) Ê£

Xbí¦M� ¥ƒbª%âj&ôˆ7ì2

Êµb'Þ,� ÛBb½Çø½æ: ¥ƒb

ÊŠcbí¦MÑS? ÛBb«à‡Þíé

NG¶, â

e−kt=1−kt+
k2t2

2!
+· · ·+(−1)nkn

n!
tn+· · · ,

I k = 1, 2, . . . , N − 1, 1ó‹)

N−1∑
k=1

e−kt=(N − 1) − S1(N)t+
S2(N)

2!
t2

+ · · ·+ (−1)nSn(N)

n!
tn + · · · �

Oç t > 0 v,
∑∞

k=1 e−kt uøY¹í�ª

�b, w¸u

e−t

1− e−t
=

1

et − 1
�

Ä7

ζ(−m) = (−1)mm!×
{ 1

et − 1
Êt = 0

�Ç2 tm í[b
}

= (−1)mm! · Bm+1

(m + 1)!

= (−1)m Bm+1

m + 1
�

·<ƒ

F (t) =
t

et − 1
+

t

2

uøXƒb, w4�b�Ç2.}|ÛJb

á, ¥[ý B2k+1 = 0,k = 1, 2, 3, . . ., Ä7

ζ(−2k) =
B2k+1

2k + 1
= 0�

¥<ŠXbíÉõ˚Ñ ζ(s) íéÍÉõ� ¢

ζ(s) Å—˜ƒj˙

π−s/2Γ
(s

2

)
ζ(s)

= π−(1−s)/2Γ
(1− s

2

)
ζ(1− s)�
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Ô*u

ζ(1− 2m) = −B2m

2m
⇔

ζ(2m) =
(−1)m−1(2π)2mB2m

2(2m)!
�

�±í¼�cq (þ„)„) ¹ik: ζ(s)í

wFÝéÍÉõøìrÊò( Re s = 1
2
,�

4� ‘ïíìÜ

‘ï (Pierre Fermat,1601 ∼ 1665)

ub6,ù–�‡|ÖíAÓ, FÊií°

p,Ÿ-7‘ï|(ìÜ: úL<£cb

n > 2, .ìj˙ xn + yn = zn ³�r

.ÑÉícbj� aj1993 , 1Å�Šg

â×çbçÍ`¤n�gT|ø'Åí„p,

$ÇÊF40u5‡øÔ“-bçäí|òÝ

á-Fields Medal� O9.*Aè, Fí„p

2\êÛ�¡j; òƒs (, F�FíçÞ

ÜŒœ nT|êcí„p� O¥vF˛¬

40uíÞnùÜ)Ýí’P�

‘ïÊb6,íø�±ìÜ, \ÑpH

b`>z2, ¦˚Ñ‘ïüìÜ�

‘ïüìÜ: q p u”b,a uD p 	

”ícb, †

ap−1 ≡ 1(mod p)�

ìÜ„p: a, 2a, . . . , (p − 1)a Î

J p íìbssóæ, /Ì.Ñ0, Ä7u

1, 2, . . . , p − 1 �²ŸåíÇø§H, ]

a ·2a · · · (p−1)a≡1 ·2 · · · (p−1) (mod p)

¹

ap−1(p − 1)! ≡ (p − 1)!(mod p)�

(p − 1)! D p �”, ª*�2¾ 7)|

ap−1 ≡ 1(mod p)�

¥ìÜ\«…½h„p1‹JRT: J

a uD£cb n �”ícb, † aϕ(n) ≡
1(modn), w2

ϕ(n) = n
∏
p|n

(
1 − 1

p

)

¹u�±í«…ƒb, [ý 1, 2, . . . , n 2D

n �”ícb_b, uø�4ƒb:

(m, n) = 1 ⇒ ϕ(mn) = ϕ(m)ϕ(n)

¥4”í„paŒk�±í2ÅìbìÜ:

2ÅìbìÜ: q m1, m2, . . . , mk u

k _ss�”í£cb, úL< k _cb

a1, a2, . . . , ak, �-í°ì�j

x ≡ a1(modm1), x ≡ a2(modm2),

. . . , x ≡ ak(modmk)�

ç k = 2 v, j°ì

x ≡ a1(modm1), x ≡ a2(modm2)

óçk°cb u, v, U) x = a1 + m1u =

a2 + m2v ¹

m1u − m2v = a1 − a2
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Ä m1, m2 �”, ¥.ìj˙�j� úøO

í8$, l}*j|
y ≡ 1(modm1)

y ≡ 0(modm2 · · ·mk)
y ≡ 1(modm2)

y ≡ 0(modm1m3 · · ·mk)
· · ·


y ≡ 1(modmk)

y ≡ 0(modm1m2 · · ·mk−1)

JF)j}*Ñ y1, y2, . . . , yk † x =

a1y1 + a2y2 + · · ·akyk uF°íj�

é/ (E. Kummer,1810 ∼ 1893) X

˛zøÞêr�Ê‘ïí|(ìÜ,, Fê

ÛHbcb2íÄ}jÜ6, 7“|>²

=2íÜ;(ideal), wñ™êr6ÖÊ¥ì

Üí„p� Fwõ„p7¶MíìÜ�

“J p ud†”b, † xp + yp =

zp ³�éÍícbj”�

7ƒ�àS‡ìø”bud†C.d†á?

F6“|Ö¥í‡*j¶:

p ud†”b ⇔ p .?cÎ

B2, B4, . . . , Bp−3 5øí}ä�

Fí:�ul„pd†”bAG, J�

Ÿ¶„p.d†”bu�Ì_, y__Uú;

O'.^Ë, FÌ<2hôƒ+›‚b5È

í°ì:

Bm

m
≡ Bm+p−1

m + p − 1
(mod p)�

‚à¥°ìª'0„|.d†”bÌ¤Ö

_� ¥6U)FíıaúÊ,O¥°ìºU

FÊb6,2O'×íËP�

5� Í®ÔìÜDé/°ì�

hôƒúL<”b p, £Xbm J£L

<cb a

am+p−2 ≡ am−1(mod p)

J?z a *1‹ƒÌ¤×, í.)|

ζ(2− m − p) ≡ ζ(1− m) (mod p)�

O

ζ(2− m − p) =− Bm+p−1

m + p − 1
,

ζ(1− m) =−Bm

m
�

]é/FêÛí°ìuç p−1 .um í

Äbv,

Bm

m
≡ Bm+p−1

p − 1
(mod p)�

·<ƒ Bm kw¾Éuø�Üb, 7ª

[Ñ}äU }‚�”í|O}b, Í®Ôì

ÜµsBb|Ûk Bm }‚í”ÄbuÅ—

p − 1 ªcÎ m í”b, /

Bm = − ∑
(p−1)|m

1

p
+cb,

¥6[ý Bm }‚í”Äb.}½º�

é/í°ì†Ñ

J p uJ”b,mu£Xb/ p−
1 .u m íÄb, †

Bm+p−1

m + p − 1
=

Bm

m
(mod p)�
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Û‚à¥°ì„p.d†”bÌ¤

Ö�

ìÜ: .d†”bí_bÌ¤Ö�

„p q p1, p2, . . . , pN uø �ÌÖ

_.d†”b, ÛBbbv|øæk¥<”

bí.d†”b, ¦

n = r(p1 − 1)(p2 − 1) · · · (pN − 1)

w2 r uø&ìí£cb, Ä

lim
k→∞

∣∣∣B2k

2k

∣∣∣ = ∞,

æÊø—D×í£cb r, U) |Bn

n
| > 1,

Ä7 Bn

n
í}ä�ø”Äb p, p − 1 øì

.u n íÄb, ´† p |ÛÊ Bn í}‚

7\T}¥, ] p æk p1, p2, . . . , pN� I

n = m + a(p − 1), â

Bm

m
≡ Bn

n
(mod p),

ø p 6cÎ Bm í}ä, O m ≤ p − 3, ]

p .ud†”b�

Û�A¥½: ƒ�d†”bí_bu�

ÌCÌ¤Ö_? ¥¢uÇøtÇí½æ�

6� êà�bí^£¦M

ÛBb^kzp)ƒ¼� zeta ƒb

ζ(s) ÊŠcb¦MíÌW¬˙, úL<ÝŠ

cb m, �b
∞∑

n=1

nm

uøêà�b/êàƒ£Ì¤×� Ûz¥ê

à�bíX n á�, e−nt(t > 0) 7AÑ
∞∑

n=1

nme−nt

ú¥^£¬í�b, øìY¹/w¡NMÑ

∫ ∞

0
xme−xtdx =

m!

tm+1
�

7”ÌM

lim
t→0

{ ∞∑
n=1

nme−nt − m!

tm+1

}

øìæÊ, ¥M¹ìÑ ζ(−m)�

ÇøjÞ, â

∞∑
n=1

e−nt =
1

et − 1
=

1

t
+

∞∑
n=1

Bntn−1

n!

äsi°vú t �} m Ÿ)

∞∑
n=1

nme−m =
m!

tm+1
+ (−1)m

∞∑
n=1

Bn

n

· tn−m+1

(n − m − 1)!

]

ζ(−m)=(−1)m Bm+1

m + 1

=
{
ƒb

∞∑
n=1

nme−ntÊt = 05Ú¡

�Çí�bá
}

=
{
ƒb

∞∑
n=1

e−ntÊt = 05Ú¡�

Çítm�bá
}
×{(−1)mm!}

,ÞíTÜG¶6_àkøOí zeta

ƒb, Ô*uâÖáFì|í zeta ƒb,

à

∞∑
n1=1

· · ·
∞∑

nr=1

(n1 + n2 + · · ·+ nr)
−s
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ÊŠcbí¦MÑ

(−1)nm!×
{ ∞∑

n1=1

· · ·
∞∑

nr=1

e−(n1+n2+···+nr)t

=
( 1

et−1

)r
Êt = 05Ú¡�Ç2 tm

í[b
}
�

7� +›‚0��

{�É+›‚b5ÈíÉ[¦˚Ñ+

›‚0�� ¥³�Üøû|�íhj¶�

5?�b

Z(s) =
∞∑

n1=1

∞∑
n2=1

(n1 + n2)
−s�

 ¯ n1 + n2 ÑÇøh‰b n v, ¥�bÑ

Z(s)=
∞∑

n=2

(n − 1)n−s=
∞∑

n=1

nn−s−
∞∑

n=1

n−s

=ζ(s − 1) − ζ(s)�

Ä7¥�bÊŠcb s = 2− 2n(n > 1) í

¦MÑ

Z(2−2n)=ζ(1−2n)−ζ(2−2n)=−B2n

2n
�

ÇøjÞ, BbªJN¬‡Þn6¬í

j¶° Z(2 − 2n), â

∞∑
n1=1

∞∑
n2=1

e−(n1+n2)t =
1

(et − 1)2
,

ø

Z(2 − 2n) = (−1)2n−2(2n − 2)!×
{

1

(et − 1)2
�Ç2 t2n−2 í[b

}
�

¢â

( t

et − 1

)( t

et − 1

)
= eBteBt = e(B+B)t,

ø¥[bÑ

(B + B)2n

(2n)!
�

?¹

1

(2n)!

n∑
k=0

(
2n

2k

)
B2kB2n−2k�

Ä7)|0�

1

2n(2n − 1)

n∑
k=0

(
2n

2k

)
B2kB2n−2k

=− 1

2n
B2n�

7ª“OÑ

n−1∑
k=1

(
2n

2k

)
B2kB2n−2k = −(2n + 1)B2n�

¥¢u«…íÇø^T�
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