
�ÆR�}j˙Ø}

Ï?r

ø. �Æj˙

R�}j˙Ä}Ñ�Æ� �Ó£Â�ú

é�, …bu5ó}í? ¥ó}¢�Bó

ßT? íl, 5?|	Àí8”, cqƒb

u = u(x1, x2) É�s_‰b, 1/Å—ø

¼j˙ (¹|òŸ�}É�øŸ)

aux1 + bux2 = 0, (1.1)

w2 a, b Ñ�b, ux1 = ∂u
∂x1

, ux2 = ∂u
∂x2
� ¦

�j¥éj˙íj¶uz˝ií�} ¯j

„Ñ• (a, b) j²í“j²�}”, ¹ùª s

£5? u(x1 + sa, x2 + sb), † u • (a, b)

j²í‰“0Ñ

d

ds
u(x1 + sa, x2 + sb) = aux1 + bux2 = 0.

â¤, ªR)Ê©ø‘ò( {(x1 + as, x2 +

bs) : −∞ < s < ∞} ,, u ·u�b� ¥

5, J u Ê¥<ò(,u�b, †.ìÅ—

j˙ (1.1)�

ÛÊ, 5?Øøõíù¼j˙ (¹|ò

Ÿ�}ÑsŸ)

aux1x1 + bux1x2 + cux2x2 = 0, (1.2)

w2 a, b, c Ñ�b, ux1x1 = ∂2u
∂x1∂x1

,

ux1x2 = ∂2u
∂x1∂x2

, . . .� ø_j (1.2) íAÍ

;¶uzù¼R�}í ¯}jAs_ø¼

�}íTà� à‹ùŸj˙

aλ2 + bλ + c = 0 (1.3)

�sõ; λ1 £ λ2, †ªø (1.2) ZŸA

0 = aux1x1 + bux1x2 + cux2x2

= a

[
∂

∂x1
(ux1 − λ1ux2)

−λ2
∂

∂x2
(ux1 − λ1ux2)

]

≡ a(
∂

∂x1

− λ2
∂

∂x2

)

·( ∂

∂x1
− λ1

∂

∂x2
)u.

, |(øáuJëòíj [ý�}Tà�

à¤øV, (1.2) ˝iªj„Ñ• (1,−λ1)

j²T�}, y• (1,−λ2) j²T�}� }

sŸ"Îj (1.1)íj¶, ¹ªv| (1.2)í

j�

ç λ1, λ2 Ýõbv, Bb.âàw…j

¶CÊµbÍ25?j˙ (1.2)� ¤v, jí

4”[Û)Ý�.°�Ñ¤Ÿ], ;W λ1, λ2

í.°ªøj˙ (1.2) }Aúé� (Ê¤c

q a, b, c Ñõb):

(1) ç λ1 �= λ2 Ñóæõ;, ¹ b2 − 4ab >

0, ˚j˙ÑÂ��;
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(2) ç λ1 = λ2 Ñõ½;, ¹ b2 − 4ab = 0,

˚j˙Ñ�Ó�;

(3) ç λ1 £ λ2 Ýõbv, ¹ b2 −4ab < 0,

†˚j˙Ñ�Æ�;

úyøOù¼(4j˙

aux1x1 + bux1x2 + cux2x2 + dux1

+eux2 + f = 0,

…í}éÉ;W|òŸ�}áí[b a, b, c

Y°šj¶}é� úé�j˙í±˚âV¸

ùŸ�(

ax2
1 + bx1x2 + cx2

2 + dx1 + ex2 + f = 0.

uø_í� b2 −4ac > 0,= 0, < 0 ú@íù

Ÿ�(/ÑÂ�� �Ó, ¸�Æ� …bíH[

j˙}1Ñ x2
2 − x2

1 = 1, x2 − x2
1 = 0 £

x2
1 + x2

2 = 1� J.5?�bá¶M, ó@í

H[j˙}1u

šj˙(Â�) ux2x2 − ux1x1 = 0

Ïj˙(�Ó) ux2 − ux1x1 = 0

Laplacej˙ (�Æ) ux1x1 + ux2x2 = 0.

Ék¥ú_j˙ªø¥4”,~¡õ…‚ 4˜

Ø:6 ídı�

çƒbí‰b_bÓ‹Cj˙�}Ÿb

Óòv, ÖÍ,Hú&}éy6.?°QF

�8$, OrÖ½bíWäEÍª¦k¥<

}éç2� J Laplace j˙7k, Ê n &

˛È2íAÍR?u

ux1x1 + ux2x2 + · · · + uxnxn = 0.

3U,,BbJ�H[ ∂2

∂x2
1
+ ∂2

∂x2
2
+· · ·+ ∂2

∂x2
n

¥_«2, ˚5Ñ Laplace 2ä, 1øj˙

	ŸT

�u = 0.

úkøO n ‰bù¼(4j˙

∑
1≤i,j≤n

aijuxixj
+

∑
1≤i≤n

biuxi
+ cu = f

(1.4)

°ší, …í}éJ|òŸ�}í[b aij T

YW� Êø_¯Üí}éç2,j˙íé�.

@vÓè™‰²7y?� ç
∑

aijuxixj
ª%

è™‰²7“A �u v, Z˚ (1.4) Ñ�Æ

�j˙� …ík}.b‘KÑ: æÊ λ > 0

U

∑
1≤i,j≤n

aijξiξj ≥ λ
∑

1≤i≤n
ξ2
i (1.5)

úF� (ξ1, ξ2, . . . , ξn) ∈ R
n ·A6, ¹ä

³ (aij)n×n u£ìí�

ç (1.4) 2í[b¸ x = (x1, . . . , xn)

�Év, �Æ�íì2uÊ©øõ x ,,

(1.5) ·A6� úkyò¼(4j˙ , *

%ð,Võ, �Æ�íì2@vbÅ—éN

(1.5) í‘K� Ä¤, Bbz|òŸ�}íá

“|V, ©ø_R�}«2 ∂
∂xi
·à ξi ¦

H, 1z u  ¥, ¥š)ƒíbMJúLS

(ξ1, . . . , ξn) �= (0, . . . , 0),∈ R
n, ·.}u

É, Z˚5Ñ�Æ�� úkÝ(4j˙ , B

b‚àœ EÇ , J(4j˙TV¡, yJ

(4j˙í}éçTŸj˙í}é� Ê-Þ

ídı³, Bb}�œÌ`ín>�

Ê�Æj˙³Þ, Laplace j˙u|À

Óíø_,6uw…°éj˙í;Ä�Bbl

VõõÑBó…¥ó½b�
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ù. Laplace �ä

ú ∆u = 0 BbªJdø<O¥h

ô� íl, �buø_j, (4ƒb6u; j

¸jó‹, Cj�ø_Ib, ·´uj� B

b6ªJtOvø<Ôj, Wàcq u Ê

x2, . . . , xn j²,Ñ�b, Ccq u ÑÖ

á D� ¦�, vø<�ú˚4íÔyj, ú

7jj˙�'×6Œ (ªø¥ín>,ª¡5

…‚ 4rUp6 ídı)� ªà, 5?úŸõ

ú˚íj, ¹ u ªŸA u = ψ(r), w2

r = |x| =
√
x2

1 + . . . + x2
n� %âl2, ª

)

0 = ∆u =
d2

dr2
ψ(r) +

n− 1

r

d

dr
ψ(r).

si°� rn−1 )ƒ

0 = rn−1∆u =
d

dr
(rn−1 d

dr
ψ).

Ä¤

rn−1 d

dr
ψ = C,

w2 C Ñø_�b� ø rn−1 FB¬i, y

H})

ψ(r) =
∫

C

rn−1
dr

=


C ln r + C1,

− C
n−2

r−n+2 + C1, n ≥ 3,
(2.1)

w2 C1 ÑÇø�b� âk˛ø C1 …™u

j, (2.1) 2I C1 = 0, C = 1 )ƒø_H

[j

ψ0(r) =


 ln r, n = 2

−r−n+2

n−2
, n ≥ 3.

(2.2)

à‹øŸõ:FB P õ, † ψ0(|x−P |) u
Å— Laplacej˙/ú P õú˚íj�Í7

.Líu, ψ0 ¥&jÊŸõ r = 0 v, 1³

�ì2, Ä¤N˛.uø_ßí�àíWä�

9õ,, ×AÍ2%��¥&“.ß”í

ƒb� 5?ö˛2 N _OÚÅäPk p1,

. . . , pN íËj, wÚh}1u q1, . . . , qN .

;WéOì�, Ê x TíÚ‰u

E(x) =
N∑
k=1

qk
x− pk
|x− pk|3 ,

Ê¤cqéO�bÑ1�ó@íÚP?ª%H

})ƒ

V (x) =
N∑
k=1

−qk
|x− pk| . (2.3)

w2 1
|x−Pk| /ßu n = 3 v, ψ0 í$ �

Ä¤Bbï,ªJR>, ç x �= p1, . . . , pN

v

∆V (x) = 0, (2.4)

¹Ê³�ÚhíËj, ÚP? V Å—

Laplace j˙�

ç˛È20ÅÚh/Ê x õíÚhò

PÑ ρ(x) v, Bbªø˛È~Aø))j

Q, 1cq©øjQ2, ÚhîÕ2Ê2-õ

,� à¤øV, ÚP?Z?à (2.3) í$ V

¡�çQä~’�V�üv,ª)ƒP?íH

}[ý

V (x) =
∫

R3

ρ(y)

|x− y|dy. (2.5)

âéO‰íùŸJbd†, ªJR|Úçí

Gauss ì�

−
∫
∂Ω

∇V · νdσ=4π · Ω2íÚh¾

=4π
∫
Ω
ρ(y)dy, (2.6)
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w2 ∂Ω [ Ω íiä, ν [ ∂Ω ,²ÕíÀ

P¶²¾, dσ [ý ∂Ω ,íH}Àj, ∇V

H[ V íGP�ÇøjÞ,â divergence ì

Ü, �∫
∂Ω

∇V · νdσ =
∫
Ω

div∇V dy =
∫
Ω

∆V dy.

(2.7)

, 2, úø²¾ƒb  g = (g1(x), g2(x),

. . . , gn(x)), wàPìÑ

div g =
n∑
j=1

∂gj
∂xj

.

Ä¤Oì2� div ∇V = ∆V � I |Ω| [ Ω

íñH, 1z (2.6) ¸ (2.7) ¯–V, )

1

|Ω|
∫
Ω

∆V dy = − 4π

|Ω|
∫
Ω
ρdy.

à‹é Ω ¨Ö x, 1òüƒøõ, †, ¦

”Ì)

∆V (x) = −4πρ(x). (2.8)

¤ ·H7 Laplace 2ä¸ ρ(x) íÉ[,

u (2.4) íR?� 9õ,, ú (2.5) òQ¦

Laplace 2ä, %¬œü-íl2,6ª)ƒ

(2.8)�

âk½‰¸éO‰·c�ùŸJbíd

†, (2.5) ¸ (2.8) íÉ[, ú½‰P?6u

A6í�

Çø_
 Laplace 2ä�ò~É[í

uØàTà� cì u H[ÅPC“çÓ”í

ëP� Ó”íÅPCëPuâòT²QT¼

?� âkGP ∇u H[ u Ó‹íj², ø_

¯Üícìu u ¼?íj²£×üu −∇u

íIb� ÑjZ–c, cq£ßuøI� âk

àP (divergence) íÓÜ<2H[Ó”Ê

øõí´|p, Bb�

x õíØàTà

= u Ê x õí´¼ª¼|

= div(−∇u) = −∆u.

Bb6ªJòQ,2Ó”Ê x õíª

|� I ∂Br(x) = {y ∈ R
3 : |y − x| = r}

Ñ7[Þ� ç r 'üv, x ÕˇíÅPCë

Pªà u Ê ∂Br(x) ,í:ÌMVH[� Ê

x õØàTàíj²¸¤:ÌMóúk u(x)

í×ü�É, ¯Üícqu

ØàTà � c(
1

4πr2

∫
∂Br(x)

u(y)dσ−u(x))

(2.9)

w2 c Ñ_çªW�b� Ê x Ë¡, ø u T

œ  EÇ

u(y) = u(x) +
∑
j

∂u

∂xj
(x)(yj − xj)

+
1

2

∑
j

∂2u

∂xj∂xj
(yj − xj)

2

+
∑
i�=j

∂2u

∂xi∂xj
(x)(yi−xi)(yj−xj)

+o(|y − x|2).

ø¤E Hp u í:ÌM,1‚à yi−xi £

(yi − xi) (yj − xj), i �= j ÑJƒb, wÊ

∂Br(x) ,íH}ÑÉ, ª)

1

4πr2

∫
∂Br(x)

u(y)dσ

= u(x)

+
1

4πr2

3∑
j=1

uxjxj
(x)

∫
∂Br(x)

(yj−xj)
2

2
dσ
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+
1

4πr2

∫
∂Br(x)

o(r2)dσ

= u(x) +
1

24πr2

∑
j

4πr4uxjxj
+ o(r2)

= u(x) +
1

6
r2∆u(x) + o(r2).

ø¤l2Hp (2.9) 2, I r → 0, Ñ7.

é¬iíM¾Ü, ª¦ C = 6
r2
, †)ƒ

ØàTà = ∆u(x). (2.10)

âkç u Ê ∂Br(x) ,í:ÌMük x õ

Mv, H[Ó”* x²ÕØà, Ä¤ ∆u < 0

H[²ÕØà, °š−Ü, ∆u > 0 †H[²

qØà�

à‹5? u àSÓOvÈ‰?,ªcq

u = u(x, t) [ý x P0, t v…íÅP, †

Ïfûí!…_�u: ÅPíÓ‹£ªkv

õØàªVíÏ¾, ¹

ut = c∆u,

w2 cÑ�b,¤¹Ïj˙�ç uH[“çÓ

”ëPv, °šíj˙ 6A6� ÊõÒí8

”³, Î7ØàTàÕ´�“ç¥@íêÞ,

¤¥@}�àÓ”íÅPCëP, 7¥@í

×ü%%¢¸ u …™í×ü�É� Ä¤Ïj

˙ªy‹,ø_¥@á f(u) AÑ

ut = c∆u + f(u),

¤¹F‚¥@Øàj˙ (~¡c…‚˚3Y

ídı)� …í.°$ \“VƒHÞG,Þ

Óí¾Å; ºï� .� ›�™,íIÐ; ÿ%

W,í0§;J£Ö&“ç¥@�Øà£¥@

sœ„í>�Tà, ßÞÖ˘Öm<;.ƒ

íÛï�

Laplace 2äÊ®_çä�2, N˛Ó

Gªc� âkØàTàuÓ�«?íÎh[

Û, Laplace 2äÊ$l‰ç22�½bË

P� Êw…à¾ä‰ç, ¼ñ‰ç, ‡e_ç

ç2, 6u.ªCÿí¶M�ÝBÊeg�à

TÜ, ÿ%æ˜íä�, ·�…í"� �ƒ

bçä�V,6�°ší8$� Êµ‰ƒbí

ä�2, ø_j&ƒbíõ¶£™¶·Å—

Laplace j˙� Ê�}eSíä�ç2, �

0í[ý£,l·øyàƒ Laplace 2ä,

7*û˝¼$,|¸ƒb (¹Å— Laplace

j˙5j) £|¸ø¦ (/&|¸ƒbíR

?), ªJ×)rÖ}&� ˆb� £Hb!Z

í’e� Ê}&ä�, û˝ Laplace 2äó

Éí4”˛êEAøÆ potential theory�

Êj“.ß”íR�}j˙v, Bb%%}‹

p Laplace 2äJUj˙‰) ì� âk

Laplace 2äuÓ�«?íÎh[Û, …¸

œ0Ü>�Ý�AÍíqÊÉ:� BbªJ

z,Ù�8Bb½bí‰aà π, e,
√−1 . . .

D.uµóÖ, 7 Laplace 2äÿuw2í

øá�

ú. Dirichlet ½æ

$à (2.8)íj˙,˚T Poissonj˙�

cqBbÊ R
n 2í–� Ω ,5?¥šíj

˙, Ñ7)ƒýbCñøíj, ÛbÇ‹Ì„

‘KÊ ∂Ω ,� �cí� Dirichlet ½æ, ¹

°-pj˙5j
∆u = f(x) in Ω

u = g(x) on ∂Ω.
(3.1)
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à‹z u;AÅP, f(x)¦AÉ, (3.1)H[

íuiäÅP−„Ê g(x) í×ü,, 7é u

Ê Ω q¶®ƒÌ© (¹Øàí´TàÑÉ)�

Jziä ∂Ω ,í‘KZÑ
∆u = f(x) in Ω

∂u
∂ν

= 0 on Ω,

w2 ν H[ ∂Ω ,²Õí¶²¾, †˚5

Ñ Poisson j˙í Neumann ½æ�…H[

iä,qÕÅPí‰“ÑÉ, Ä¤³�Ïí

ª|� Bb6ªJÊiä,[w…Ì„‘K,

�v`½æ}‰)'ØC³�j� ÊJ-í

n>³, Ñ	À–c, É5? Dirichlet ½

æ (3.1)�

Ñ7û˝ ∆u í4”, Green ø…�,

ø_ƒb v, 1dùŸ}¶H}7)ƒ

∫
Ω
v∆udy =

∫
∂Ω

v
∂u

∂ν
dσ−

∫
Ω

∑
vxj

uxj
dy

=
∫
∂Ω

(v
∂u

∂ν
− u

∂v

∂ν
)dσ

+
∫
Ω
u∆vdy. (3.2)

ú�ìí p ∈ Ω, Green I v(y) =

ψ0(|y− p|), w2 ψ0 Ñ (2.2) 2íƒb� Ñ

U (3.2) �<2, BbJ Ω \Br(p) ¦H Ω,

w2 Br(p) = {y ∈ R
n : |y − p| < r} Ñ¨

Ök Ω 2íü7� ¥v ψ0 2³ì2íõ–

7ÿJíTà� I ∂Br(p) [ý Br(p) íi

ä, y‚à ∆ψ0 Ê y �= p vÑÉ, † (3.2)

‰A∫
Ω\Br(P )

v∆u =
∫
∂Ω

(v
∂u

∂ν
− u

∂v

∂ν
) (3.3)

+
∫
∂Br(P )

(v
∂u

∂ν
− u

∂v

∂ν
).

I r → 0 £‚à ∂v
∂ν

= −dψ0

dr
, �

∫
∂Br(P )

v
∂u

∂ν
−→ 0 £ (3.4)

∫
∂Br(P )

u
∂v

∂ν
−→ −ωnu(p),

w2 ωn [ n &ÀP7í[ÞH� Ä¤, ç

r −→ 0 v, ª‚à (3.3) [ý| u(p) íM

u(p) =
1

ωn

{∫
Ω
ψ0(|y − p|)∆u(y)dy

+
∫
∂Ω

(
u(y)

∂ψ0(|y − p|)
∂ν

−∂u(y)

∂ν
ψ0(|y − p|)

)
dσ

}
. (3.5)

�ƒ½æ (3.1), † (3.5) ¬ií ∆u £Êi

ä,í u ªà f £ g ¦H� ñø.ø−í

uiä,í ∂u
∂ν
�Ñ7j²¥_½æ,Ê (3.3)

2½h¦

v(y) = ψ0(|y − P |) + wp(y)

w2 wp uÅ—iäM½æ


∆wp(y) = 0 in Ω

wp(y) = −ψ0(|y − P |) on ∂Ω
(3.6)

íj� Ñ7¯U,íjZ, Bbì2 G(y, p)

= 1
wn

v� âk w J£ ∂w
∂v
·u�äíƒb,

(3.4) EÍ.§�à� ‚à ∆v Ê y �= p v

ÑÉ, BbE� (3.3)� ‚à v Ê ∂Ω ,Ñ

É, (3.3) 2Ék
∫
∂Ω v partialu

∂ν
íáø¾Ü

.c7)ƒ

u(p) =
∫
Ω
G(y, p)f(y)dy (3.7)

+
∫
∂Ω

∂G(y, p)

∂ν
g(y)dσ,
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¥ZuO±í Green [Û , 7 G(y, p) ÿ

˚Ñ Green ƒb� ‚à Green ƒb, ªJ

ø Ω qLøõ p ,íM u(p) à f £ g [

ý|V, Dirichlet ½æ (3.1) 6Ä7×)j

r�

Ê,HíR>ç2�ø_˚Øõ, ¹ú

øO–� Ω, âkÛbj (3.6) ¥ší½æ,

'Øø− Green ƒbu´æÊ� ç Ω =

B1 = {y ∈ R
n : |y| < 1} Ñ7v, ‚à

weS4”ªJòQv| Green ƒb�

ìÜ1: cq Ω = B1, †

G(y, P ) =
1

wn

[
ψ0(|y − p|) − |p|2−nψ0

(|y − p∗|)
]

w2 p∗ = 1
|p|2p.

9õ,, I w = −|p|2−nψ0(|y − p∗|), †â
k p∗ �∈ B1,�∆w = 0� Êiä ∂B1 ,,‚

à7íeS4”ªð„ w = −ψ0(|y − p|)�
Ä¤ w Å— (3.6) 7OÎì2 G(y, p) =
1
wn

(ψ0 +w)� â¤ªøìÜ1A6�â (3.7)

£ìÜ16…ªJ)ƒ-ÞìÜ�

ìÜ2: cq Ω Ñ7, † Dirichlet ½

æ (3.1) ªJj�

ìÜ2ªzu Green Ü>í½×t‚�

ç Ω Ý7v, Green ƒb.øì?tüŸ

|, OuBbE?â Green [Û 7jrÖ

j u O�í4”�

Ñ7j²øO–� Ω,í Dirichlet½

æ, Bbyõõ Laplace j˙´xeµ<4

”� â (2.9) £ (2.10), ç ∆u = 0 v, B

b@v�

1

|∂Br(x)|
∫
∂Br(x)

u(y)dσ = u(x),

w2 |∂Br(x)| [ý7 Br(x) í[ÞH� 9

õ,, Bb�-pìÜ

ÌMìÜ: I Ω [ R
n 2íÇ–�/

Br(x) ⊂ Ω�

(1) JÊΩ, ∆u ≥ 0, †

u(x) ≤ 1

|∂Br(x)|
∫
∂Br(x)

u(y)dσ/

u(x) ≤ 1

|Br(x)|
∫
Br(x)

u(y)dy

(2) JÊΩ, ∆u ≤ 0, †

u(x) ≥ 1

|∂Br(x)|
∫
∂Br(x)

u(y)dσ/

u(x) ≥ 1

|Br(x)|
∫
Br(x)

u(y)dy.

ìÜ2, |Br(x)| [ý7 Br(x) íñH� ¥

_ìÜ¸ (2.9), (2.10) íògj„uó¯

í� …ªJà (3.7)  „, C%â-ÞíR

û)ƒ� cq ∆u ≥ 0� I ρ = |y − x|,
ω = (y−x)

ρ
, †â divergence ìÜ�

0 ≤
∫
Bρ(x)

∆u(y)dy =
∫
∂Bρ(x)

∂u

∂ν
dσ

=
∫
∂Bρ(x)

∂u(x + ρω)

∂ρ
dσ

= ρn−1
∫
|ω|=1

∂u(x + ρω)

∂ρ
dω

= ρn−1 ∂

∂ρ

∫
|ω|=1

u(x + ρω)dω

= ρn−1 ∂

∂ρ

[
1

|∂Bρ(x)|
∫
∂Bρ(x)

udσ

]
.

Ä¤, u Ê ∂Bρ(x) ,í:ÌMu]Ó

ƒb� Ô1Ë, Bb�

u(x) = lim
ρ→0+

1

|∂Bρ(x)|
∫
∂Bρ(x)

udσ
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≤ 1

|∂Br(x)|
∫
∂Br(x)

udσ.

â¤´ªªø¥)ƒ

1

|Br(x)|
∫
Br(x)

u(y)dy

=
1

|Br(x)|
∫ r

0
|∂Bρ(x)|

∫
∂Bρ(x) udσ

|∂Bρ(x)| dρ

≥ 1

|Br(x)|
∫ r

0
|∂Bρ(x)|u(x)dρ = u(x).

°šíj¶, ªJ„pÌMìÜíu (2) ¶

M� @àÌMìÜªJ)ƒ

”×MŸÜ: I Ω = Ω ∪ ∂Ω, u Ñ Ω

,í©/ƒb�

(1) JÊ Ω , ∆u ≥ 0, † u ≤
max
∂Ω

u�

(2) JÊ Ω , ∆u ≤ 0, † u ≥
max
∂Ω

u�

â¥_ìÜ, ªJêÛç ∆u ≥0 v,

|×M,uªJÊiä,vƒ; ç ∆u ≤ 0,

†|üMªÊiä,vƒ� ìÜí„pà-:

cq ∆u ≥ 0, /� x0 ∈ Ω U u(x0) =

maxΩ u > max∂Ω u� âÌMìÜ, Ê x0 Ë

¡íü7,�

u(x0) ≤ 1

|Br(x0)|
∫
Br(x0)

u(y)dy

≤ 1

|Br(x0)|
∫
Br(x0)

u(x0)dy=u(x0).

JÊ Br(x0) ,/< u(y) < u(x0), †u

ù_ “≤” 2, “<” U.}A67)ƒpe�

Ä¤Ê Br(x0) ,, u = u(x0)� ÛÊ, y

¦ x1 ∈ ∂Br(x0), °ší>„ª) u Ê x1

Ë¡íü7–�¦M·u u(x0)� Y¤éR,

u ¦M u(x0) í–�ªJØk| òƒiä

∂Ω ,� Oâcq max∂Ω u < u(x0), Bb

)ƒpe� °ší>„, ª„p ∆u ≤ 0 í

8$� ”×MŸÜíø_ï,@àujíñ

ø4�

ñø4ìÜ: cq u, v u Ω ,í©(

ƒb, Ê Ω , ∆u = ∆v, Ê ∂Ω , u = v,

† u = v�

„p: I w = u− v, †
∆w = 0 in Ω

w = 0 on ∂Ω.

â”×MŸÜ, � 0 = min
∂Ω

w ≤ w ≤
max
∂Ω

w = 0, ¹ w 0ÑÉ�

*ñø4ìÜªJ)ƒ Dirichlet ½æ

(3.1) íñø4�”×MŸÜíÇø_@àu

ªœìÜ: cq v, u, w Ñ Ω ,©/ƒ

b, Ê Ω , ∆v ≥ 0, ∆u = 0, ∆w ≤ 0,

/Ê ∂Ω , v ≤ u ≤ w, †Ê Ω ,�

v ≤ u ≤ w�

„p: I h = v− u, †Ê Ω , ∆h =

∆v−∆u ≥ 0 /Ê ∂Ω , h = v−u ≤ 0�

â”×MŸÜ,� v−u = h ≤ max
∂Ω

h ≤ 0�

°Üª„ w − u ≥ 0�

Ê Ω ,, ç ∆u ≥ 0 v, Bb˚ u Ñ

subharmonic ƒb, ç ∆u = 0 v, ˚5Ñ

harmonicƒb,ç∆u ≤ 0v,†˚Ñ sub-

harmonic�ç uÉu©/7.øìùŸª�

v, BbJÌMìÜ (1) £ (2) í.D ¦

H ∆u í.D � JÊ©øõ x ∈ Ω (1) 2

í.D úDüí r ·A6,†˚ u Ñ sub-

harmonic; J (2) 2.D úDüí r ·A
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6, †˚ supharmonic� Bk harmomic í

ì2, †uz.DUZADU� ç u uùŸ

ª�v, ‚àéN* (2.9) ƒ (2.10) íl2

¬˙, 'ñqõ|hí subharmonic, sub-

harmonic ì2¸ŸVíuøší� âk ª

œìÜuâ”×MŸÜ„), ”×MŸÜ¢

ÉY˝ÌMìÜ� BbªJ½hÅH?2�

…íªœìÜ� I Ω̄ = ∂Ω ∪ Ω�

�2ªœìÜ: q v, u, w Ê Ω ©//

.øìùŸª�, v Ñ subharmonic, u Ñ

harmonic, w Ñ supharmonic, /Ê ∂Ω,

v ≤ u ≤ w, †Ê Ω ,� v ≤ u ≤ w�

œÿí subharmonic ì2´�ø_ß

T, ¹

ùÜ: J u, v Ñ subharmonic, †

max(u, v) 6u subharmonic�

„p: I w = max(u, v), †úDüí

Br(x) ⊂ Ω �

w(x) = max(u(x), v(x))

≤ max
( 1

|Br(x)|
∫
Br(x)

u(y),

1

|Br(x)|
∫
Br(x)

v(y)
)

≤ max
( 1

|Br(x)|
∫
Br(x)

w(y),

1

|Br(x)|
∫
Br(x)

w(y)
)

=
1

|Br(x)|
∫
Br(x)

w(y),

¹ w 6u subharmonic�

â?2ªœìÜø,çiäó°v, har-

monic ƒbu|×í subharmonic ƒb�

‚à¥_;¶£7,íæÊ4ìÜ2,Bbª

Jj² Dirichle ½æ�

æÊ4ìÜ: cq Ω íiä£ f D:

/Ë, / g u©/ƒb, † Dirichlet ½æ

(3.1) �ñøj�

íl, Bbz (3.1) 	“ø-� éN

(2.5) £ (2.8) íÉ[, %âü-l2, �

∆
∫
Ω
ψ0(|y − x|)f(y)dy = ωnf(x).

I u0 = 1
wn

∫
ψ0(|y − x|)f(y)dy, ũ =

u− u0, g̃ = g − ∆u0, † ũ Å—
∆ũ = 0 in Ω

ũ = g̃ on ∂Ω.
(3.8)

Ä¤Éb?j (3.8), ÿªj| (3.1)�

æÊ4ìÜí„p: ÉÛ„p (3.8) �

j¹ª� I Sg̃ = {v : v u subhar-

monic, /Ê ∂Ω , v ≤ g̃} £ v0 = �

b = max∂Ω g̃� âk ∆v0 = 0 /Ê ∂Ω

,ú v ∈ Sg̃ ·� v0 ≥ v, *ªœìÜ

ªøÊ Ω , v ≤ v0, ¹ Sg̃ �,ä v0�

‚à harmonic ƒbu°iä2|× sub-

harmonic ƒbí;¶, (3.8) jí`²A@

u u = supv∈Sg̃
v� âùÜø, subharmonic

ƒb¦w×Eu subharmonic, Ä¤ u u

subharmonic� µó ∆u u´ÑÉá? ú

Br(x) ⊂ Ω, ‚àìÜ2, ªJvƒj h Å—
∆h = 0 in Br(x)

h = u on ∂Br(x).

âªœìÜøÊ Br(x) , u ≤ h� 9õ,,

Bbª„Ê Br(x) ,, u = h� JÝ, †�

z ∈ Br(x) / u(z) < h(z)�
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I

w(y) =


u(y), y �∈ Br(x)

h(y), y ∈ Br(x)

† w Eu subharmonic� ŸÄà-: ç

p �∈ Br(x) / ρ 'üv, �

w(p) = u(p) ≤ 1

|Bρ(p)|
∫
Bρ(p)

u(y)dy

≤ 1

|Bρ(p)|
∫
Bρ(p)

w(y)dy.

ç y ∈ Br(x) v, ¦ ρ 'üU Bρ(p) ⊂
Br(x), †

w(p) = h(p) =
1

|Bρ(p)|
∫
Bρ(p)

h(y).

Ä¤, w Å— subharmonic íì2, 7�

w ∈ Sg̃� à¤øV,

u(z) = sup{v(z) : z ∈ Sg̃}
≥ w(z) = h(z) > u(z),

¥uø_pe� FJñøíª?uÊ Br(x)

, u = h, ¹ ∆u = 0� ú©øõ x ∈ Ω, ·

ª¦Ë¡íü7d°š>„, 7)ƒÊ Ω ,

∆u = 0� ÇøjÞ, âkcq Ω iä':

Ë, Sg̃ 2í subharmonic ƒb, Ê ∂Ω ,

ªL<Q¡ g̃, u íiäM6Ä¤.ìu g̃�

„pêH�

,H‚à subharmonic °jíj¶

˚ Perron j¶� w…´� Poincare í

sweepingj¶, FredholmíH}j˙j¶,

Hilbert ˛Èíj¶£o-øT£í‰}j

¶D� Perron j¶íßTu_àkÝ�?˜

í8”, …í>H6Ý�!…�

û. Schauder Ü�£©/4j

¶

úkøOù¼(4�Æj˙ Dirichlet

½æ

Lu≡ ∑

aij(x)uxixj
+

∑
bi(x)uxi

+c(x)u

= f(x) in Ω

u = g on ∂Ω,

(4.1)

,øzíj¶'ØòQ@à� Ê¥³, ø_×

Aí;¶uF‚©/4j¶: øŸ�½æ©

/‰?ƒø_œ	Àªjí½æ, Í(„p

ç½æ*	Àí“MM”%�‰v, âk©Ÿ

Éy?øõ, -ø¥�íªj4@vª*‡

ø¥�)ƒ, |(6?)ƒŸ½æíªj4�

¥_;¶ÖÍÍ\, OõÒ,W)¦ý?

I Lu à (4.1) Fì2� âk˛ø

Laplace2äí Dirichlet½æªj,Bbª

ì2©/‰?í2äÑ Ltu = (1− t)∆u+

tLu, 0 ≤ t ≤ 1� ç t = 0 v, Lt Ñ

Laplace 2ä; ç t = 1 v, Lt = L Ñ

ŸVí2ä� íl, ø (4.1) 	“ø-� L¦

u0 UÊ ∂Ω ,, u0 = g� I ũ = u − u0,

f = f − Lu0, † ũ Å—
Lũ = f̃ in Ω

ũ = 0 on ∂Ω.
(4.2)

âk (4.2) ¸ (4.1) Dg, ª5?h½æí

$ à- 
Ltu = f in Ω

u = 0 on ∂Ω.
(4.3)

Bbır t = 0 v½æíªj4ªfƒ t =

1 V� cq˛ø t = s, ½æªj, àSz
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pç t = s + ε, ε 'üv½æ6ªj? ø

Ls+εu = f ZŸA

Lsu = Ls+εu + (Lsu− Ls+εu)

= f + ε(∆u− Lu).

ø t = s víjpT L−1
s f� ,Hj˙Dg

k

u = L−1
s (f + ε(∆u− Lu)). (4.4)

‚àLHíj¶j (4.4)�íl¦ u0 = 0, 1

ì2 uk ¸ uk−1 íÉ[à-

uk = L−1
s (f +ε(∆uk−1−Luk−1)), (4.5)

† uk ¸ uk−1 íÏ�Ñ

uk − uk−1 = εL−1
s

(
∆(uk−1 − uk−2)

−L(uk−1 − uk−2)
)
. (4.6)

Ê¤, .âùªƒbY¹íh1Vzp uk à

SY¹ƒø_j� �c©¾ƒbÈÏ�íj

¶�

||h− φ||C(Ω) = supx∈Ω|h(x) − φ(x)|,
||h− φ||C2(Ω) = supx∈Ω

{
|h(x) − φ(x)|

+
∑
i

| ∂h
∂xi

− ∂φ

∂xi
|

+
∑
i,j

| ∂2h

∂xi∂xj
− ∂2φ

∂xi∂xj
|
}

DD� cq�/&©¾ƒbÈ�×íj 

|| ||, † “ uk Y¹ƒ u ”ªì2Ñ“ç k →
∞ v, ||uk − u|| → 0”� à‹ÇÕ� (4.6)

¬ií,l

||L−1
s

(
∆(uk−1−uk−2)−L(uk−1−uk−2)

)
||

≤ C||uk−1−uk−2|| (4.7)

ú/�ì�b C A6, † (4.6) ‰A

||uk − uk−1|| ≤ Cε||uk−1 − uk−2||.

à‹¦ ε ≤ 1
2C

,† Cε < 1� , Ä7

[ý uk ¸ uk−1 ÊLHªW2Ô¡)Ý�

0, 1/?Y¹ƒ/_ u (¤¹F‚Yòø

¦í�ìõìÜ)� ÛÊ, Ê (4.5) ˝¬si

I k → ∞, † (4.4) �j u� ¥[ýŸj˙

Ls+εu = f 6�j� ‚à¥&>„,* t = 0

íªj4, ªYŸR) t Ê [0, 1
2C

], [0, 2
2C

],

. . . , [0, m
2C

], . . . �ªj4, |(ªJ)ƒŸ

½æ (4.2) C (4.1) �j�

Ê,HR>2, ñøÿýí=zZu

(4.6) í,l� Schauder íÜ>, ZuÑ

7êA¥á,l� Ê¦_çí�× || ||(,

Schauder „pJ c(x) ≤ 0, † (4.1) 2

u í×üªâ f £ g ²ì� ‚à¥_!‹,

ªJ×) (4.6) í,l�

ÊyøOíÝ(4�Æj˙ç2, ©/

4j¶6u'½bí� …íAÝ%%Êku

´?ú_çí©¾�× || ||, ×)éN(4.6)

í,l�

ü. ‰}½æ, Ý(4j˙£ÿ

j

à‹ E úƒb u, Nìø_õb

E(u), Z˚5Ñ˜ƒ� û˝ E(u) ”×

M, ”üMCÉu@äMíç½˚Ñ‰}ç�

'oJV, bçðÿ·<ƒ Laplace j˙

x�‰}í!Z (j˙¸‰}íÉ[~¡5
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…‚ŠØðídı)� I Wg = {v :

v ùŸª�}, /Ê ∂Ω , v = g̃}, £I

E(v) =
∫
Ω
|∇v|2dy (5.1)

Ñì2Ê Wg̃ ,í˜ƒ� à‹ u Å— (3.8),

†úLS v ∈ Wg̃ �∫
Ω
|∇v|2=

∫
Ω

(
|∇v−∇u|2

+2 < ∇v−∇u,∇u >+|∇u|2
)
,

w2 < , > [uqH� â}¶H}ª)∫
Ω
< ∇v −∇u,∇u >

=
∫
∂Ω

(v − u)
∂u

∂ν
−

∫
Ω

(v−u)∆u=0,

, 2à7Ê ∂Ω , v − u = 0 £Ê Ω ,

∆u = 0� Ä¤ªJ)ƒ∫
Ω
|∇v|2 =

∫
Ω
|∇v −∇u|2 +

∫
Ω
|∇u|2

≥
∫
Ω
|∇u|2,

¹ u u°iäMƒb2, U E |üíƒb�

¥5, cq u uùŸª�}, Ê ∂Ω ,

u = g̃ / u uÊ°iäMƒb2, U E |

üíƒb, † u Å— (3.8)� Üâà-, L¦

ùŸª�ƒb ϕ, ϕ Êiä ∂Ω ,ÑÉ, £

t ∈ R� ‚à E(u) í|ü4,£ u+ tϕ ¸ u

�ó°iäM,ª) E(u+ tϕ) ≥ E(u)� Û

Êz E(u + tϕ) õT t íƒb� âk t = 0

�”üM, Ä¤

d

dt
E(u + tϕ)

∣∣∣
t=0

= 0.

%¬l2, , ˝iAÑ

0 =
d

dt
E(u + tϕ)

∣∣∣
t=0

(5.2)

=
∫
Ω

d

dt
|∇u + t∇ϕ|2

∣∣∣
t=0

=
{

2
∫
Ω
< ∇ϕ,∇u >

+2
∫
Ω
t|∇ϕ|2

}∣∣∣
t=0

= 2
∫
Ω
< ∇ϕ,∇u >

= 2
∫
∂Ω

ϕ
∂u

∂ν
−

∫
Ω
ϕ∆u

= −
∫
Ω
ϕ∆u,

, JbuùWà7 ϕ Ê ∂Ω Ñ0í9õ�

âk ϕ ªJL¦, , ?A6ñøíª?4

ÿuÊ Ω , ∆u = 0, ¹ u Å— (3.8)�

â,Þín>, ªø‰}½æ E(v) ¸

Dirichlet ½æ (3.8) uDgí� u´6ªà

‰}j¶ j (3.8) á? Jªvƒ/ u ∈
Wg̃, U E(u) = infWg̃

E(v), † E(u) ÿ

®ƒ|üM�øO7k, |×-ä.øì¦)

ƒ� WàI h = 2 + 1
1+x2 , x ∈ R, †|×-

ä infR h = 2, Ov.ƒ x ∈ R U h(x)=2�

Ì>àS,lvøåp v1, v2, . . . , vk, . . . ∈
Wg̃, U limk→∞E(vk) = infWg̃

E(v)� c

q {vk} �äåpY¹ƒ/_ w, †'ª?

ÿ� E(w) = infWg̃
E� ó@í, (3.8) 6�

j w� 'AÍí, BbªS¦,zFHí�

× || ||C2 VçT©¾ vk Y¹D´í|x�

* {vk} V¡|×-ä¥K9õ, Bbú…

bí7j×�É�: æÊ,ä M, U

E(vk) =
∫
Ω
|∇vk|2 ≤ M, k = 1, 2, . . . .

(5.3)

 ä (5.3) É−„7øŸ�}, 1/uH}

í$ , …¸ || ||C2 Fb°Mõ·�ùŸ�
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}í−„óÏ'×� Ä¤, 'Øvƒäåp

{vkj
} £ w U ||vkj

− w||C2 → 0� œß

íµIu, vø_¸ E(v) …™ó¡í�×

h1, ¥šäÿªJ‚à (5.3) TXí’m�

FJBbì2

||v||1,2 = (
∫
Ω
|v|2) 1

2 + (
∫
Ω
|∇v|2) 1

2 ,

w2—™1[ý�øŸ�}íá, 2[ý¦:

jH}, 1/5?ƒb˛È

H = {v :æÊøåpøŸª�}ƒb

{hk}U||hk − v||1,2 → 0}.

H ˚Ñ Sobolev ˛È, w2íjÖÖ·ª

\øŸª�}ƒbV¡, º.øìxf$<

2íøŸ�}� wŸÄÿd?\�ÜƒbV

¡íb, .øìu�Üb�

|| ||1,2 ª || ||C2 ßíËjÊk:(1) …

¸ E(v) yd; (2) âk…uàH}ì2,

yñq�Y¹4� !k¥<iõ, ‚à (5.3)

ú {vk} íÌ„, üõªvƒäåp {vkj
}

£ w ∈ H U ||vkj
− w||1,2 → 0 /

E(w) = inf E(v)� âk w .øìuùŸª

�, Bbz…˚T (3.8) í“ÿj”� à‹ü

ø w uùŸª�, †â (5.2) í>„, ªJ

ø−…Å— ∆w = 0, FJuø_“ö£j”�

9õ,, üõª%â E(w) u”üM¥K9

8, „p w uùŸª�, ¥ÿuF‚í“£†

4”>„� âÿjæÊ4y‹,£†4, Zª

â‰}½æ°) Dirichlet ½æíj�

rÖ�ÆR�}j˙,·¸‰}ç�É�

ø_O±íWäu|ü�Þj˙� 5?Äá

˛[p%X®2y“|V� ¦�ªJcƒ%

X�$A� cq Ω ⊂ R
2, 7X�Ê Ω £

,j, wòPu u, Äá†Ê ∂Ω í,j� â

k[Þ"‰, X�bj¾\MÞH|ü�…í

[ÞHÑ

A(u) =
∫
Ω

√
1 + |∇u|2dy.

Ä¤úw…òPÑ v, °iäMí�Þ, .ì

�

A(u) ≤ A(v).

‚àéN (5.2) í;¶, ªJ„p u Å—

2∑
j=1

∂

∂xj


 uxj√

1 + |∇u|2


 = 0. (5.4)

, ªEÇA

∑
1≤i,j≤2

aij(∇u) · uxixj
= 0 (5.5)

w2

a11 = 1 − u2
x1

1 + |∇u|2
a12 = a21 = − ux1ux2

1 + |∇u|2

a22 = 1 − u2
x2

1 + |∇u|2 .

ªJð„ä³ (aij)2×2 u£ìí, Ä¤ (5.4)

\wìA�Æj˙�

j˙ (5.4) £rÖ.c)�‰}!

Zí�Æj˙·ªJà°ÿjíj Vj²�

ÿjíhõ, Çó7jj˙hí ð×−, …

Ê®.°é�j˙2·rÆ½bíiH (¡

c…‚’ýídı)� Dn, …˛AÑR�}

j˙³.ªÿýí!…xk�

ý. 
_hô
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*Bbn>¬í¥<æ‡Võ, Cr�

eõ¿xóê4

(1) .ßíƒb¥7�à: Ê Green [

ý (3.7) 2, ªJõƒ ψ0 æ;.ƒíT

à� ψ0 ÊŸõ.ªì2íÔ4¥7éBb)
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