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a b s t r a c t

For dynamic analysis of a suspended beam subject to the simultaneous action of moving

oscillators and multiple support motions, we need to deal with nonlinear interaction

problems in conjunction with time-dependent boundary conditions. In this study, the

total response of the suspended beam is decomposed into two parts: the pseudo-static

analytically obtained by exerting the support movements on the suspended beam

statically and the governing equations in terms of the inertia-dynamic component as

well as moving oscillators are transformed into a set of coupled generalized equations

by Galerkin’s method. Instead of solving the coupled equations containing pseudo-static

support excitations and moving oscillators, this study treats all the nonlinear coupled

terms as pseudo forces and solves the decoupled equations using the Newmark method

with an incremental-iterative approach. Numerical investigations demonstrate that the

present solution technique is available in dealing with the vehicle/bridge interaction

problem involving multiple support motions, and that appropriate adjustments of cable

sag ratios subject to the condition of identical bridge frequencies are beneficial for

mitigating the earthquake-induced vibration of suspended bridge/vehicle coupling

system.

& 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Concerning seismic wave propagation effect in subsoil, the dynamic response analysis of long-span structures like
suspension bridges needs to deal with the time-dependent boundary problem involving multiple support seismic inputs.
For earthquake-induced response analysis of suspension bridges [1–5], an analytical model based on linearized deflection
theory [6,7] was usually adopted to formulate the governing equations of vertical vibration of suspended bridges. One of
concrete indications in these studies is that the multiple support seismic excitations, especially for the longitudinal ground
motions along bridge span, have to be taken into account for the earthquake-induced vertical vibration of suspension
bridges. On the other hand, many researchers have studied the vehicle-induced vibration of suspension bridges in recent
years [8–12]. A key finding in these researches revealed that the cable tensions of short or medium span suspension bridges
caused by moving loads would be amplified significantly.

For train-induced vibration of rail bridges, Yang et al. [13,14] presented a useful resonant condition to predict or keep
away from the resonant speeds for high-speed trains passing over bridges. Concerning the stability problem of a train
moving over a bridge shaken by earthquakes, Yang et al.’s book [13] pointed out that the presence of vertical ground
excitations would affect drastically the stability of the train, especially for near resonant excitations. Xia et al. [15] revealed
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that for a train traveling over a continuous seven-span viaduct shaken by earthquakes, lack of considering seismic traveling
wave effect might reduce the running safety of the train.

Of the large amount of literatures devoted to vibrations of long-span bridges, relatively little research attention so far
seems to conduct the dynamic interaction response of suspension bridges to moving vehicles during earthquakes.
Generally speaking, the dynamic interaction behavior of vehicle–bridge system shaken by earthquakes is of a complicated
structure problem since it involves a time-dependent boundary vibration problem due to multiple support motions [13,15]
and the interaction dynamics of vehicle–bridge coupling system. Considering the non-uniform characteristics of
seismic wave propagation, this study intends to investigate the dynamic interaction response of a suspension bridge
subject to train loadings during earthquakes. The coupled equations of motion for vehicle–bridge system are formu-
lated using a dynamic interaction model of a single-span suspended beam carrying multiple moving oscillators. To
conduct this time-dependent boundary and coupling vibration problem, the total response of the suspended beam is
decomposed into two parts: the pseudo-static and inertia-dynamic components [16–18]. Then, a closed form solution for the
pseudo-static displacement is presented, while the inertia-dynamic deflection is expressed as a set of generalized
coordinates in conjunction with admissible shape functions and solved using Galerkin’s method. Instead of solving
the coupled equations for the generalized system containing pseudo-static support excitations and moving oscillators,
this study treats all the nonlinear coupled terms as pseudo forces and solves the decoupled equations using the
Newmark method with an incremental-iterative procedure involving three phases: predictor, corrector, and equilibrium-
checking.

According to the present studies, the inclusion of seismic ground motions will totally amplify both the acceleration
responses of suspended beams and moving oscillators, especially for the non-uniform characteristics of seismic wave
included. Despite of this fact, a parametric investigation indicates that appropriate adjustments of suspended cables by
increasing cable sag but reducing cable stiffness are available in mitigating the acceleration response of the vehicle–bridge
system during earthquakes.
2. Formulation

The dynamic behavior of suspension bridges investigated herein is limited to the vertical vibration of a single-span
suspended beam with hinged supports. Based on the deflection theory [6,7,19], which can take into account the additional
cable tension of a suspended beam due to live loads, appreciable simplifications for the suspended beam and moving trains
over it are outlined as follows:
(1)
 The stiffening girder is modeled as a linear elastic Bernoulli-Euler beam with uniform cross section.

(2)
 As shown in Fig. 1, the bridge towers supporting the stiffening girder and suspension cable are assumed so rigid that

their deformations during vibrations are negligible.

(3)
 The cable sag is adjustable between the suspension cable and bridge deck.

(4)
 The suspension cable is assumed to be capable of carrying all the dead loads of the stiffening girder with the

aid of inextensible vertical hangers so that the suspended beam is in an un-stressed state before the action of live
loads.
(5)
 The train loadings running over the suspended beam are modeled as a sequence of equidistant moving oscillators with
identical properties.
Fig. 1. A suspended beam subject to train loadings and multiple support motions.
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2.1. Governing equations of motion

Consider a parabolic cable under a uniform dead load w alone, the cable sag function y(x) and the horizontal component
T in the tensile cable can be expressed as [20]

yðxÞ ¼ 4y0½x=L� ðx=LÞ2�, (1)

T ¼
�w

y00
¼

wL2

8y0
, (2)

where y0 is the cable sag at mid-span and L the span length. Based on the deflection theory of small deformations for
suspension bridges [6,7,19], the equation of vertical vibration is

m €uþ c _uþ EIu0000 � ðT þDTÞðy00 þ u00Þ ¼ wþ pðx; tÞ, (3)

where ð�Þ0 ¼ qð�Þ=qx, ð_�Þ ¼ qð�Þ=qt, m is the mass of the beam and cable per unit length along x-axis, c the damping coefficient,
u(x,t) the vertical deflection of the beam, EI the flexural rigidity of the beam, T the horizontal component in the initial cable
tension (due to dead loads), DT the additional horizontal component in cable force due to external loads, u(x,t) the beam
deflection, and p(x,t) the loading function of moving oscillators. Consider the multiple seismic support movements depicted
in Fig. 1, the time-dependent boundary conditions for the suspended beam with hinged ends are given as follows:

uð0; tÞ ¼ u0ðtÞ; uðL; tÞ ¼ uLðtÞ,

EIu00ð0; tÞ ¼ EIu00ðL; tÞ ¼ 0,

uxð0; tÞ ¼ dx0ðtÞ; uxðL; tÞ ¼ dxLðtÞ, (4)

where (u0, uL) and (dx0, dxL) represent the vertical and horizontal support movements at the left and right bridge towers,
respectively. By considering the support movements, the additional horizontal component DT for cable force can be
described as [20]

DT ¼
EcAc

Lc
uxj

L
0 þ

Z L

0
y0u0 dx

" #
¼

EcAc

Lc
ðdxL � dx0Þ �

4y0

L
ðu0 þ uLÞ þ

8y0

L2

Z L

0
u dx

" #
, (5)

Lc ¼

Z L

0

ds

dx

� �3

dx ¼

Z L

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ y02

q� �3

dx, (6)

in which Ec is the elastic modulus of the cable, Ac the area of the cable, and Lc the effective length of the cable. Substituting
Eqs. (1), (2) and (5) into Eq. (3) yields the following equation of motion for a suspended beam subject to the simultaneous
action of moving oscillators and seismic support inputs

m €uþ c _uþ EIu0000 � ðT þDTsÞu
00 þ ðaþ ku00Þ

Z L

0
u dx ¼ pðx; tÞ þ

aL

2
½u0 þ uL� � kðdxL � dx0Þ, (7)

where

DTs ¼
EcAc

Lc
ðdxL � dx0Þ �

4y0

L
ðu0 þ uLÞ

� �
, (8a)

a ¼ 8y0

L2

� �2 EcAc

Lc
; k ¼ 8y0

L2

� �
EcAc

Lc
. (8b,c)

Since the increment of horizontal component of cable force in Eq. (5) is dependent on both the beam deflection u(x,t) and
support movements ðu0;uL;dxL; dx0Þ, the governing equation of motion in Eq. (7) is nonlinear in nature. As can be seen from
Eq. (7), the coefficient aþ ku00 in Eq. (7), generally, can be approximated as aþ ku00 ¼ kð8y0=L2 þ u00Þ ’ a based on the
deflection theory of small amplitudes, i.e., ju00j5jy00j ¼ 8y0=L2. As a result, this approximation will be adopted in the
following formulation.

Fig. 1 depicts a sequence of identical oscillators with equal intervals d is crossing a single-span suspended beam at
constant speed v. In this study, each of the oscillators is composed of a lumped mass supported by a spring–dashpot
system, which is used to model either the front or rear half of a train car. Let the oscillator model has the following
properties: mw is the mass of wheel-set, mv the lumped mass, cv the damping coefficient, and kv the stiffness coefficient.
The loading function p(x,t) is given as [7,13,14]:

pðx; tÞ ¼
XN
k¼1

ðP �mv €uvk �mw €uÞdðx� xkÞ½Hðt � tg � tkÞ � Hðt � tg � tk � L=vÞ�, (9a)

mv €uvk þ cv _uvk þ kvuvk ¼ f vk, (9b)
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f vk ¼
kv½uðxk; tÞ þ gðxkÞ� þ cv _uðxk; tÞ; 0pxkð¼ vðt � tg � tkÞÞpL

kv½ug;kðtÞ þ gðxkÞ� þ cv _ug;kðtÞ; xko0; xk4L

(
(9c)

in which, P ¼ �(mv+mw)g is the lumped weight of a moving oscillator, g the gravity acceleration, d the Dirac’s delta
function, H(t) the unit step function, k ¼ 1,2,3,y,Nth moving load on the beam, tg the time lag for the first oscillator
entering the suspension bridge from the left hand side, tk ¼ (k�1)d/v the arrival time of the kth load into the beam, uvk the
vertical displacement of the kth lumped mass, fvk the interaction force between the beam and the kth wheel mass, ug,k the
vertical ground displacement under the kth load, gðxkÞ the track irregularity (vertical profile), and xk the position of the kth
load along the rail line, as defined in Eq. (9c). Here, xko0 represents the kth load is not yet entering the bridge, 0pxkð¼

vðt � tg � tkÞÞpL is running over the bridge deck, and xk4L has left the bridge.

2.2. Method of solution

As indicated in Eqs. (4), (7), and (9), they are a set of partial integro-differential equation associated with time-
dependent boundary conditions and oscillator-related coupling terms. Let us focus on the time-dependent boundary
problem, the total deflection u(x,t) of the suspended beam can be divided into two parts: the pseudo-static displacement
U(x,t) and the inertia-dynamic deflection ud(x,t) [18], or

uðx; tÞ ¼ Uðx; tÞ þ udðx; tÞ. (10)

Here, U(x,t) represents the beam deformation caused by the relative support displacements applied statically [15], and
ud(x,t) the inertia-dynamic deflection due to inertia effect of the beam structure [18]. By adopting this concept, substituting
Eq. (10) into Eq. (7), and discarding all the dynamic terms and external loads, the pseudo-static equation of motion in terms
of the pseudo-static displacement U(x,t) can be written as follows:

EI
q4U

qx4
� ðT þ DTsÞ

q2U

qx2
þ a

Z L

0
U dx ¼

aL

2
½u0 þ uL� � kðdxL � dx0Þ. (11)

And the pseudo-static response U(x,t) in Eq. (11) has to satisfy the following time-dependent boundary conditions in Eqs. (4)
[16–18]:

Uð0; tÞ ¼ u0; UðL; tÞ ¼ uL,

EIU00ð0; tÞ ¼ EIU00ðL; tÞ ¼ 0. (12)

Furthermore, introducing Eqs. (10) and (11) into Eq. (7) and removing the inertia force term of ðm €U þ c _UÞ to the right hand
side of Eq. (7), the equation of motion for a suspended beam is converted into

m €ud þ c _ud þ EIu0000d � ðT þ DTsÞu
00
d þ a

Z L

0
ud dx ¼ pðx; tÞ � ðm €U þ c _UÞ. (13)

Since the pseudo-static displacement U(x,t) has satisfied the time-dependent boundary conditions shown in Eqs. (12),
introducing Eqs. (10) and (12) into Eqs. (4) yields the following homogeneous boundary conditions for the inertia-dynamic
deflection ud(x,t):

udð0; tÞ ¼ udðL; tÞ ¼ 0,

EIu00dð0; tÞ ¼ EIu00dðL; tÞ ¼ 0. (14)

Obviously, once the pseudo-static displacement U(x,t) is known, the response of inertia-dynamic deflection ud(x,t) in Eq. (13)
associated with the homogeneous boundary conditions in Eqs. (14) can be solved by Galerkin’s method and computed by
the Newmark method in the time domain [13,21].

3. Solutions of pseudo-static and inertia-dynamic components

In this section, a closed form solution of pseudo-static deflection U(x,t) for the suspended beam undergoing differential
support movements will be first presented. Then, �ðm €U þ c _UÞ in Eq. (13) can be regarded as equivalent dynamic forces
acting on the suspended beam.

3.1. Solution of the pseudo-static displacement

To solve the integro-differential equation shown in Eq. (11), one can transform it into the following non-homogenous
differential equation in terms of U(x,t) as

q4Uðx; tÞ

qx4
� l2 q

2Uðx; tÞ

qx2
¼

aL

2EI
½u0 þ uL� �

k
EI
ðdxL � dx0Þ �

a
EI

Z L

0
Uðx; tÞdx,
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l2
¼

T þ DTs

EI
. (15)

Then, the general solution for this fourth-order differential equation is expressed as

Uðx; tÞ ¼ d0 cosh lxþ d1 sinh lxþ c0 þ c1
x

L
þ

ax2

2ðT þ DTsÞ

Z L

0
U dx�

L

2
½u0 þ uL� þ

k
a ðdxL � dx0Þ

 !
. (16)

And the exact solution can be solved as

Uðx; tÞ ¼ u0 þ ðuL � u0Þ
x

L

h i
þ

LðdxL � dx0Þ

8y0

� �
bðx; tÞ
w

, (17)

bðx; tÞ ¼
1þ

l2xðx� LÞ

2
�

cosh lðx� L=2Þ

coshðlL=2Þ
for T þ DTs40

1�
jlj2xðx� LÞ

2
�

cosðjljðx� L=2ÞÞ

cosðjljL=2Þ
for T þ DTso0;

8>>>><
>>>>:

(18a)

wðtÞ ¼

ðT þ DTsÞðlLÞ2

aL3
þ
ðlLÞ2

12
þ

tanhðlL=2Þ

lL=2
� 1 for T þ DTs40

�
ðT þDTsÞðjljLÞ2

aL3
�
ðjljLÞ2

12
þ

tanðjljL=2Þ

jljL=2
� 1 for T þ DTso0:

8>>>><
>>>>:

(18b)

The pseudo-static displacement shown in Eq. (17) reveals that the first term represents the rigid body displacement due to
vertical support movements, and the second term means the pseudo-static natural deformation caused by the relative

horizontal support movements. It is emphasized that the non-uniform nature of horizontal ground motion is of importance
to earthquake-induced vibration of suspension bridges since it is usually assumed as uniform ground motion in seismic
design.

3.2. Solution of inertia-dynamic deflection

Since the closed form solution of the pseudo-static deflection U(x,t) has been presented in Eq. (17), the inertia-dynamic

deflection ud(x,t) in Eq. (13) can be carried out by Galerkin’s method. Thus the virtual work equation of Eq. (17) is expressed
as [10]: Z L

0
ðm €ud þ c _ud þ EIu0000d � ðT þDTsÞu

00
dÞdud dx

þ a
Z L

0
ud dx

 !Z L

0
dud dx ¼

Z L

0
½pðx; tÞ � ðm €U þ c _UÞ�dud dx. (19)

According to the homogeneous boundary conditions shown in Eqs. (14), the inertia-dynamic deflection (ud) can be
approximated by [7,10]

udðx; tÞ ¼
X
n¼1

qnðtÞ sin
npx

L
, (20)

where qn(t) means the generalized coordinate associated with the nth assumed mode of the suspended beam. Substituting
Eqs. (17) and (20) into Eq. (19) yields the following equation of motion for the nth generalized system:

m €qn þ c _qn þ
np
L

� �2 np
L

� �2
EI þ ðT þDTsÞ

� �
qn þPn þ

XN
k¼1

Fvkð$n;v; tÞ

¼
XN
k¼1

Fkð$n;v; tÞ

" #
�

2

np ½m
€Un þ c _Un�, (21)

Pn ¼
2aL

np2
ð1� cos npÞ

X
k¼1

1

k
ð1� cos kpÞqk

" #
, (22a)

Un ¼

u0 � uL cos npþ ðcos np� 1Þ
LðdxL � dx0Þ

8y0w
ðlL=npÞ4

1þ ðlL=npÞ2

 !
for T þDTs40

u0 � uL cos npþ ðcos np� 1Þ
LðdxL � dx0Þ

8y0w
ð l
		 		L=npÞ4

1� ð l
		 		L=npÞ2

 !
for T þDTso0

8>>>>><
>>>>>:

, (22b)
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where the generalized forces of Fkð$n;v; tÞ and Fvkð$n;v; tÞ with respect to the kth sprung mass unit are

Fkð$n;v; tÞ ¼
2P

L
cnð$n; tÞ,

Fvkð$n;v; tÞ ¼
2

L
ðmv €uv;k þmw €uðxk; tÞÞcnð$n; tÞ,

cnð$n; tÞ ¼ sin$nðt � tg � tkÞ½Hðt � tg � tkÞ � Hðt � tg � tk � L=vÞ�, (23a2c)

and $nð¼ npv=LÞ. Let us consider a special case of uniform support motion, i.e., u0 ¼ uL, d0 ¼ dL, or Uðx; tÞ ¼ u0, the
generalized equation of motion in Eq. (21) is reduced to
(1)
 n ¼ odd,

m €qn þ c _qn þ
np
L

� �2 np
L

� �2
EI þ ðT þDTs;sycÞ

� �
qn þ

8aL

np2m

X
k¼1

qk

k

" #

þ
XN
k¼1

ðFvkð$n;v; tÞ þ Fwkð$n;v; tÞÞ ¼
XN
k¼1

Fkð$n;v; tÞ

" #
�

4

np ½m
€u0 þ c _u0�, (24a)
(2)
 n ¼ even,

m €qn þ c _qn þ
np
L

� �2 np
L

� �2
EI þ ðT þDTs;sycÞ

� �
qn þ

XN
k¼1

Fvkð$n;v; tÞ ¼
XN
k¼1

Fkð$n;v; tÞ, (24b)

DTs;syc ¼ �EcAc
8y0u0

LcL
. (24c)
Generally speaking, as a suspended beam is built far from the hypocenter of earthquakes, the additional cable force DTs;syc

in Eq. (24c) induced by uniform vertical support motion is relatively small in comparison with the initial cable tension T

due to dead loads, i.e., T þ DTs;syc ’ T . It indicates that the symmetric modes of inertia-dynamic deflection in Eq. (24a) will
be excited by uniform support motion.
4. Applications of incremental-iterative approach

As shown in Eqs. (21) and (22), the generalized equations for all the generalized coordinates are coupled due to the
presence of the coupled terms, such as Pn and

PN
k¼1Fvkð$n;v; tÞ, in which the inertial forces of Fvkð$n;v; tÞ are time-

dependent on the location of the kth oscillator traveling over the suspended beam. Obviously, the computational efforts
required for solving such a set of time-dependent coupled differential equations are tremendous in CPU time consuming
for updating the structural matrices at each time step. This is especially true for the acceleration response, rather than the
displacement response, is of concern in high speed rail bridges, for which the contribution of higher modes has to be
included [24–27].

For the present purposes, let us treat the time-dependent terms of ðnp=LÞ2DTsðtÞ,
PN

k¼1Fvkð$n;v; tÞ, and Pn in Eq. (21)
as pseudo forces, remove them to the right hand side of Eq. (21), and recast the differential equations of the suspended
beam/oscillator coupling system as:

m €qn þ c _qn þ knqn ¼ pnðtÞ � GnðtÞ,

mv €uvk þ cv _uvk þ kvuvk ¼ f vk, (25)

where

kn ¼
np
L

� �2 np
L

� �2
EI þ T

� �
, (26a)

pnðtÞ ¼
XN
k¼1

Fkð$n;v; tÞ

" #
�

2

np ½m
€Un þ c _Un�, (26b)

GnðtÞ ¼
np
L

� �2
DTs þPn þ

XN
k¼1

Fvkð$n;v; tÞ, (26c)
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and kn is the generalized stiffness associated with the nth generalized system, pn(t) the generalized force, and �GnðtÞ the
pseudo-forces acting on the nth generalized system. Apparently, the original time-dependent coupled equations in Eq. (21)
have been converted to an uncoupled equation associated with the nth generalized force pn(t) and pseudo force �Gn.

To perform nonlinear time-history procedure, the equations of motion in Eqs. (25) are first discretized by the Newmark
method [21], and then the nth equivalent stiffness equation associated with the kth oscillator equation for the incremental
step from time t to t þ Dt is expressed as

Kn;eq �Dqn;tþDt ¼ Dpn;tþDt ,

Kv;eq �Duvk;tþDt ¼ Df vk;tþDt , (27)

where the equivalent stiffness of (Kn,eq, Kv,eq) and the load increments of ðDpn;tþDt ;Df vk;tþDtÞ are, respectively, given
as follows:

Kn;eq ¼ a0mþ a1c þ kn; Kv;eq ¼ a0mv þ a1cv þ kv, (28a,b)

Dpn;tþDt ¼ pn;tþDt � ðGn;tþDt þ Rn;tÞ, (28c)

Rn;t ¼ knqn;t �mða2 _qn;t þ a3 €qn;tÞ � cða4 _qn;t þ a5 €qn;tÞ, (28d)

Df vk;tþDt ¼ f vk;tþDt � rvk;t (28e)

rvk;t ¼ ½kvuvk;t �mvða2 _uvk;t þ a3 €uvk;tÞ � cvða4 _uvk;t þ a5 €uvk;tÞ�. (28f)

and ðDqn;tþDt ;Duvk;tþDtÞ are the displacement increments generated at the incremental step, and ðRn;t ; rvk;tÞ the effective

resistant forces. In respect to the total inertia-dynamic responses of ðqn;tþDt ; _qn;tþDt ; €qn;tþDtÞ for the nth generalized

coordinate and ðuvk;tþDt ; _uvk;tþDt ; €uvk;tþDtÞ for the kth sprung mass at time t þ Dt, they are, respectively, expressed as [10]

qn;tþDt ¼ qn;t þ Dqn; uvk;tþDt ¼ uvk;t þ Duvk,

_qn;tþDt ¼ _qn;t þ a6 €qn;t þ a7 €qn;tþDt ; _uvk;tþDt ¼ _uvk;t þ a6 €uvk;t þ a7 €uvk;tþDt ,

€qn;tþDt ¼ a0Dqn � a2 _qn;t � a3 €qn;t ; €uvk;tþDt ¼ a0Duvk � a2 _uvk;t � a3 €uvk;t , (29)

with the following coefficients [21]:

a0 ¼
1

b �Dt2
; a1 ¼

g
b �Dt

; a2 ¼
1

b � Dt
; a3 ¼

1

2b
� 1; a4 ¼

g
b
� 1,

a5 ¼
Dt

2

g
b
� 2

� �
; a6 ¼ ð1� gÞDt; a7 ¼ g � Dt (30)

and b ¼ 0.25 and g ¼ 0.5. The foregoing procedure can be modified to include the feature of iteration for removing the
unbalanced forces as follows [10]:

Kn;eq � Dqi
n;tþDt ¼ Dpi�1

n;tþDt ,

Kv;eq �Dui
vk;tþDt ¼ Df i�1

vk;tþDt , (31)

where ðDqi
n;tþDt

;Dui
vk;tþDt

Þ represent the displacement increments of the nth generalized displacement (qi
n;tþDt

) and the

vertical displacement (ui
vk;tþDt

) of the kth sprung mass at the ith iteration from time t to t þDt, and ðDpi�1
n;tþDt

;Df i�1
vk;tþDtÞ are

interpreted as the unbalanced forces during the following iterative steps. The unbalanced force Dpi�1
n;tþDt

is equal to the

difference between the external force pn;tþDt and the effective internal forces f i�1
n;tþDt for the n-th generalized system of the

suspended beam at time t þDt, i.e.,

Dpi�1
n;tþDt ¼ pn;tþDt � f i�1

n;tþDt ; f i�1
n;tþDt ¼ Gi�1

n;tþDt þ Ri�1
n;tþDt , (32)

Ri�1
n;tþDt ¼

knqi�1
n;tþDt

�mða2 _q
i�1
n;tþDt þ a3 €q

i�1
n;tþDtÞ � cða4 _q

i�1
n;tþDt þ a5 €q

i�1
n;tþDtÞ for i ¼ 1

knqi�1
n;tþDt þm €qi�1

n;tþDt þ c _qi�1
n;tþDt for i41;

8><
>: (33)

and the unbalanced force Df i�1
vk;tþDt for the kth sprung mass at time t þ Dt is equal to

Df i�1
vk;tþDt ¼ f i

vk;tþDt � ri�1
vk;tþDt ,
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ri�1
vk;tþDt ¼

kvui�1
vk;tþDt

�mvða2 _u
i�1
vk;tþDt þ a3 €u

i�1
vk;tþDtÞ � cvða4 _u

i�1
vk;tþDt þ a5 €u

i�1
vk;tþDtÞ for i ¼ 1

kvui�1
vk;tþDt

þmv €u
i�1
vk;tþDt þ cv _u

i�1
vk;tþDt for i41

8><
>: . (34)

In this paper, an incremental-iterative procedure is used to solve the equivalent stiffness equations shown in Eqs. (31),
which involves three major phases: predictor, corrector and equilibrium-checking [22,23]. The predictor is concerned with

solution of the structural response increments of ðDqi
n;tþDt

;Dui
vk;tþDt

Þ for given loadings ðDpi�1
n;tþDt

;Df i�1
vk;tþDtÞ from the

equivalent structural stiffness equations. The corrector phase relates to recovery of the internal resistant forces

ðf i�1
n;tþDt ; r

i�1
vk;tþDt

Þ from the displacement increments of ðDqi
n;tþDt

;Dui
vk;tþDt

Þ and the total responses of ðqi
n;tþDt

; _qi
n;tþDt ;

€qi
n;tþDtÞ and ðui

vk;tþDt
; _ui

vk;tþDt ; €u
i
vk;tþDtÞ made available in the predictor. In this phase, each of the pseudo force Gi�1

n;tþDt ,

containing Pn and
PN

k¼1Fvkð$n;v; tÞ, is updated in an iterative way. In the equilibrium-checking phase, the effective internal

forces of ðf i�1
n;tþDt ; r

i�1
vk;tþDt

Þ computed from the corrector phase is compared with the external loads ðpn;tþDt ; f vk;tþDtÞ in

Eqs. (28), the difference being regarded as the unbalanced forces ðDpi�1
n;tþDt

;Df i�1
vk;tþDtÞ. Whenever the unbalanced forces are

greater than preset tolerances, another iteration involving the three phases should be conducted.

5. Strategy for incremental-iterative dynamic analysis

In performing the dynamic response analysis of structures containing seismic ground motions, two sets of structure
responses have to be computed each for the pseudo-static response and for the inertia-dynamic response. The incremental-
iterative procedure of nonlinear dynamic analysis for vehicle–bridge system shaken by earthquakes is summarized as follows:
(1)
Tabl
Prop

L (m

125
Treat the pseudo-static displacement U(x,t) derived in Section 3.1 as an exciting source to the equivalent dynamic force
ð�m €U � c _UÞ to act on the beam–oscillator coupling system (see Section 3.2).
(2)
 Transform the governing differential equation in Eq. (13) into a set of coupled equations of generalized system as
Eq. (21) and then remove the coupled terms to the right hand side of Eq. (21) to form a set of uncoupled equations of
motion (see Eq. (25)).
(3)
 Discretize each of the uncoupled equations into an equivalent stiffness equations using Newmark’s method
(see Eq. (27)).
(4)
 Perform the iterative procedure proposed in Section 4 to compute the inertia-dynamic response of the suspended beam.

(5)
 Update the total responses of the suspended beam by combining the pseudo-static and inertia-dynamic components of

the beam response by using Eq. (10).

(6)
 Compute the dynamic response of moving oscillators at each iteration.

(7)
 Check the unbalanced forces to reach preset tolerances. As the root mean square of the sum of the generalized

unbalanced forces is larger than the preset tolerances, go to step (4) for preceding the next iteration to remove the
unbalanced forces.
(8)
 Repeat the steps (4)–(7) for other time instants.
6. Numerical investigations

Fig. 1 shows a series of moving oscillators with equal intervals d are crossing a single-span suspended beam at constant
speed v. The properties of the suspended beam and sprung mass unit are listed in Tables 1 and 2, respectively. As shown in
Table 1, the first natural frequency (O1) of anti-symmetric mode of the suspended beam is lower than the second one (O2)
of symmetric bending mode. It means the cable tension has developed a strengthening effect on the first symmetric
bending mode of the suspended beam.

To take into account the random nature and characteristics of track irregularity that can amplify the vibration response
of a moving train, the following power spectrum density (PSD) function for track class 6 designed by Federal Railroad

Administration (USA) [13] is given to simulate the vertical profile of track geometry variations

SðOÞ ¼
AvO2

c

ðO2
þO2

r ÞðO
2
þO2

c Þ
,

e 1
erties and natural frequencies of the suspended beam.

) EI (kN m2) EcAc (kN) m (t/m) c (kN s/m/m) y0 (m) [y0/L] EcAc/Le (kN/m) O1 (Hz) O2 (Hz)

2.3�108 6.0�107 16 4.61 12.5 [0.10] 4.437�105 1.55 1.73
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Table 2
Properties of moving oscillator and resonant speeds.

N d (m) P (kN) mw (t) mv (t) cv (kN s/m) kv (kN/m) vres,1 (km/h) vres,2 (km/h)

16 27 340 4.7 30.0 5.2 157 152 168
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Fig. 2. Track irregularity (vertical profile).
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where O ¼ spatial frequency, and Av ( ¼ 1.5�10�6 m), Or ( ¼ 2.06�10�6 rad/m), and Oc ( ¼ 0.825 rad/m) are relevant
parameters. Fig. 2 shows the vertical profile of track irregularity for the simulation of track geometry variations in this
study.
6.1. Resonance of acceleration response

As the passage frequency ( ¼ v/d) of train loadings matches any of natural frequencies (Oi) of a bridge, the resonant
response of the bridge will be developed [24–26], and the resonant speed of the train is denoted as vres;i ¼ Oid [25,26]. This
is so called resonance phenomenon for train-induced response of railway bridges [13,14]. To demonstrate the resonance
phenomenon of a suspended beam induced by moving loads with identical intervals, let the moving oscillators pass
through the suspended beam with the first two resonant speeds, i.e., vres;1 ¼ O1d ¼ 41:9 m=s ( ¼ 152 km/h) and vres;2 ¼

O2d ¼ 46:6 m=s ( ¼ 168 km/h), respectively. Generally speaking, the acceleration response of vehicle–bridge system is
usually used to evaluate the running safety of high speed trains over railway bridges [24–26]. In order to verify that a
sufficient number of modes of vibration in Eq. (20) has been used in the analysis, we first compute the acceleration
response at the first quarter-point of the main beam under a series of moving oscillators with the first resonant speed using
either 2, 8, or 16 modes. As can be seen from Fig. 3, the use of 16 modes is considered sufficient. For this reason, the same
number of modes will be used in all the examples to follow.
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Fig. 5. amax–v–x/L plot of the suspended beam due to multiple moving oscillators.
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In addition, the time history responses of acceleration at the positions of mid-span and one quarter of the suspended
beam have been depicted in Fig. 4 as well. As was mentioned earlier, both the acceleration responses are built up as there
are more moving oscillators passing through the beam. But the resonant response at the mid-span is significantly smaller
than that at one-quarter point. One reason for this is that as a series of moving loads, with an equal interval (d ¼ 27 m) far
smaller than the bridge span length (L ¼ 125 m), pass through the suspension bridge, the simultaneous presence of
multiple loads moving over the bridge deck may exert a suppression action on the first symmetric mode (i.e., the second
bending mode), which may cause the mid-span acceleration of the bridge deck to be less severe compared with the other
resonant case involving the anti-symmetric mode.

For the purpose of illustration, a three-dimensional (3D) plot for the maximum acceleration response (amax) along the
beam span (x/L) against moving speed (v) for the vibrating beam has been drawn in Fig. 5. Such a 3D plot will be called
amax�v�x/L plot in the following examples. As can be seen from the two resonant peaks, the maximum acceleration
response of the suspended beam at the speed of 152 km/h is governed by the anti-symmetrical modes that have been
excited. Moreover, the maximum vertical accelerations of sprung mass units traveling over the suspended beam with
various speeds have been plotted in Fig. 6. Such a plot is called av,max�v plot. The maximum acceleration response of the
moving oscillators slightly reaches its maximum value in the vicinity of 152 km/h due to the resonant response of the
suspended beam.
6.2. Effect of uniform support motion

To investigate the influence of seismic ground motion on train-induced vibration of suspension bridges, the far-field
ground motions of TAP003 station recorded at Taipei during the 1999 Chi–Chi Earthquake in Taiwan [13] are used to
simulate the seismic support inputs. The histograms of ground acceleration, containing both the NS horizontal and vertical
components, have been plotted in Figs. 7(a) and (b), respectively. As can be seen from the ground acceleration records
depicted in Fig. 7(a), the intensive zone of vertical ground acceleration occurs early compared to that of horizontal
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component in Fig. 7(b) due to the fact that the primarily wave (P-wave) produced by earthquakes travels faster than the
shear one (S-wave).

Let us consider the special case of uniform support motion, i.e., u0 ¼ uL, d0 ¼ dL, with various time lags of tg for the
sprung mass units entering the suspended beam at the first resonant speed of vres,1 ( ¼ 152 km/h), Fig. 8 shows the
maximum acceleration amplitude in amax�x/L plot of the beam will occur at the critical time lag of 12 s, which is just inside
the intensive zone of vertical ground motions depicted in Fig. 7(a). This critical time of 12 s, therefore, will be used as the
time lag for the moving oscillators to start entering the suspended beam in this example. As shown in the amax�v�x/L

plot of Fig. 9 and the corresponding av,max�v plot in Fig. 6, the inclusion of uniform ground motions can totally amplify both
the acceleration amplitudes of the suspended beam and sprung masses. Moreover, from the acceleration amplitudes
plotted in Fig. 9, most of the symmetric modes are excited by the uniform ground support motion, as was concluded in
Section 3.2.
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6.3. Effect of multiple support motions

Due to soil conditions at local construction site of bridge foundations depicted in Fig. 1, let us assume that the intensities
of seismic ground inputs transmitting into the right bridge support have comparative attenuation, say, uL ¼ 0.8u0,
dL ¼ 0.7d0, compared to the left one. Thus, the suspended beam will undergo the action of multiple support movements
during this earthquake excitation. As can be seen, the intensive zone of horizontal ground movements appears nearby 25 s.
For this reason, this critical time lag is adopted for the moving oscillators to start entering the suspended beam in the
following examples. Considering the moving effect of the multiple oscillators, Fig. 10 shows the amax�v�x/L plot for the
suspended beam shaken by the present seismic excitations. By comparing the maximum acceleration amplitudes in Fig. 9
with those in Fig. 10, the amplification effect of multiple support excitations involving horizontal and vertical components
is rather significant on the response of the suspended beam. Especially in the vicinity of three-quarters span of the
suspended beam at the first resonant speed vres,1, there exists a noticeable peak acceleration amplitude ( ¼ 0.34g).
Moreover, the corresponding av,max�v plot has been plotted in Fig. 6 as well, from which the maximum acceleration
responses of sprung masses are totally amplified, especially at the lower speeds (o50 km/h). It means that as a series of
sprung masses pass through a suspended beam with lower speeds, they will require more time to cross the long-span beam
so that they have more chance to experience the excessive vibration induced by the intensively horizontal support
excitations.
6.4. Response reduction of suspended beams by adjusting cable sags

As was expressed in Eq. (21), the generalized stiffness containing ðT þDTsÞðnp=LÞ2 and Pn strongly depends on both the
cable sag ratio (y0/L) and the cable stiffness parameter (EcAc/Lc). Besides, an important conclusion from Eqs. (7) and (8)
indicates that reducing the cable stiffness parameter may relieve the horizontal component (T þDTs) of cable tension due
to differential support movements, and that increasing the cable sag ratio (y0/L) can strengthen the bending stiffness of the
suspended beam. This finding gives us a hint that we can appropriately adjust both the sag ratio (y0/L) and cable stiffness
(EcAc/Lc) to diminish the seismic ground excitation into the suspended beam. For this reason, let us consider the following
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Table 3
Properties and natural frequencies of new suspended beams.

L (m) EI (kN m2) EcAc (kN) m (t/m) c (kN s/m/m) y0 (m) [y0/L] EcAc/Le (kN/m) O1 (Hz) O2 (Hz)

125 2.3�108 2.95�107 16 4.61 18.75 [0.15] 1.981�105 1.55 1.73

125 2.3�108 1.88�107 16 4.61 25 [0.20] 1.115�105 1.55 1.73

125 2.3�108 1.4�107 16 4.61 31.25 [0.25] 7.143�104 1.55 1.73

amax (g) = 0.34g

Fig. 10. Effect of multiple support motions on amax–v–x/L plot.
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condition for a new suspended beam with adjustable cable sag that its first two frequencies have to remain identical with
those of the initial one. By this requirement, Table 3 lists the sectional properties of suspension cables for the new
suspended beam with three types of cable sags. Let the moving oscillators transverse each of the new suspended beams
given in Table 3 with the first resonant speed of vres,1 ( ¼ 152 km/h), respectively. The corresponding amax�x/L plots of these
suspended beams have been drawn in Fig. 11. The results show that the variations of acceleration amplitude are limited in a
quite small range even though the cable sag ratio (y0/L) reaches a maximum value of 0.25.

Next, let the multiple seismic support inputs used in Section 6.3 shake the new suspended beams. Consider the first
resonant speed of vres,1 ( ¼ 152 km/h), the corresponding amax�x/L plots and av,max�v plots have been depicted in Figs. 12
and 13, respectively. Obviously, under the condition of identical frequencies for the suspended beams, the increase of cable
sag ratios (y0/L) is beneficial to suppressing both the maximum acceleration of the beam/oscillator system.
6.5. Effects of seismic wave propagation

Let us assume that the P-wave velocity for vertical support excitation is 500 m/s, and the S-wave velocity 100 m/s for
horizontal seismic support input. Consider the case that the arrival of seismic wave at the right bridge support is always
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behind the left one with a time delay of L/sw (sw ¼ seismic wave speed). Fig. 14 shows the amax�x/L plots for the new
suspended beams (described in Table 3) subject to the simultaneous action of the train loadings moving at vres,1

( ¼ 152 km/h) and the present seismic ground motions. Besides, the corresponding av,max�v plots for the moving oscillators
over the new suspended beams described in Section 6.4 have been plotted in Fig. 15. Although the acceleration amplitudes
of these suspended beams are amplified significantly due to seismic wave passage effect, under the condition of identical
bridge frequencies, the increase of cable sags is available to reduce both the acceleration responses of the suspended beam/
oscillator system. From the trend of av,max�v plot shown in Fig. 15, as a train crosses a suspension bridge during
earthquakes, raising the moving speed can help the vehicles experience less vertical excitations induced by the vibrating
beam.
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7. Concluding remarks

Considering non-uniform characteristics of multiple support excitations, the interaction responses of a single-span
suspended beam subject to multiple moving oscillators have been carried out using a pseudo-decomposition concept. By
treating the nonlinear coupled terms as the pseudo forces, the coupled differential equations for all of the generalized
systems are first converted by Newmark’s b method to a set of equivalent stiffness equations of motion with the
generalized forces and pseudo forces. Finally, these equivalent equations are solved by the proposed incremental-iterative
procedure involving the three phases of predictor, corrector, and equilibrium-checking. From this study, the following
conclusions are reached:
1.
 As the passage frequency (v/d) caused by a train traveling over a bridge coincides with any of bridge frequencies,
resonance will be developed on the bridge.
2.
 As successive moving oscillators pass through a suspended beam at the resonant speed of the first symmetric mode, the
simultaneous presence of multiple loads over the beam may exert a suppression action on the symmetric bending mode,
which may cause the mid-span acceleration of the beam to be less severe compared with the other resonant case
involving the anti-symmetric mode.
3.
 From the derived pseudo-static response, non-uniform horizontal ground motions may affect the response of a
suspended beam. Such a fact is often neglected by the assumption of uniform seismic ground motion in conventional
bridge design.
4.
 Under the condition of identical frequencies for new suspended beams, the increase of cable sags will not produce
significant difference on the beam responses due to train loadings.
5.
 Although the seismic wave passage effect may totally amplify the interaction responses of the suspended beam/
oscillator coupling system, under the condition of identical bridge frequencies, appropriate adjustments by increasing
cable sags but reducing cable stiffness can help mitigate the earthquake-induced response of the train/bridge system.
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