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Comment on the paper

* Review of dual integral representations with emphasis on
hypersingularity and divergent serics”

Loundary Llement: Method (BEM) or Boundary Integral Equations
Acthod is based on the intepral representations for the solution of the
boundary value problem or initial-boundary value problem. The first
important step for BIEM is 1o formulate the related boundary integral
cquations (BIL) which con be carried on different approuches. The same
boundary value problem may be transformed into scveral forms of BIE.
Aveording to the way by which the BIE formed and 1o the meaning of the
unknowns in the Bl boundary clement mcthods are usually classified
into two groups: The direct and indirect method. In the direct method, the
B used were pumarily formulated from the Green's formula, the
unhnown boundary data arc the actual physical variables of the problem,
I engineering practice, the direct BIE are usually deiived fiom weighted
residual method or by its physical meaning, which wie no other
tevhnigues than appheation of gencralized Green's theorem: For example,
1o chistostatics. the BIE which is known as Somigliana’s identity is
obtained from Bett's theorem, from mathematical point of vicw, this is o
spectul form of Gireen'’s theorem related to elastostatics. In the indirect
method, the boundary integral formulation is based on the potential
theory, the BIL derived from simple potential, double potential or their
combmation depends on the properties of potential and their derivation
I he unknowns i the indirect BIE are usually called density functions.
The direer and indirect methods are cssentially cquivelent by the
lollowing fact, 1 we imttoduce the complementary problem defined in the
complement of the region, then consider the interior and the exterion
I.n_umdar)' problems  simultancously, we cun  establish the
the direct and indircet  boundory  integral
formulations. There is no essential difference between them theoretically.
What we care Trom mathicing icial point of view is whcther the BIE is the
ww&ww@.nmm which may be
jterpreted as the funle part_integration ense of distibution and
can be eonsidered as pseudodifferential operators
I think that the so called *dual integral representations” is a gencralization
and summation of all type of BIE, but lay stress on the form with
hypersmgularity which is derived by formally differentiation to simple or
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double layer powntial. l1n fact, the original idea came from the
applications of the continuous and discontinuous propertics of the simple
and double layer potentinl and their derivations when the ficld pomt
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approaching or passing through the boundary. These properties are
" | i 47

clissical results and the so called “dual integral cquations” appeared in

nuny lteratures (there are known as Calderon projection), although they
i Artidcihul

may have interpictations by modem mathematical tools,

g " - : - 1 basic i veal
Many rescarchers on BUM found and studied the four busic integra

forms in “dual integral equations™ and used to solve the problems with

depenerate boundary such as crack, seieen problems. They did not term
the formulation “dual™ because in numerical computing, only one or two
proper integral forms is chosen to buildup the integral cquation which is
mdependent of the other forms in numerical treatment procedures. | am
not sure if the term “dual integral representations™ should be introduced
necessarily, which 1 no other than the sum-up of the existing intepral
representations. However the paper is a complete teview of the different

almissible integral representations and their relations, Putting the focal
pomt of the dual intepral equations on the hypersingulanity and divergent
weties is useful for the solution of the problems with peometically
degencrate  boundary. By my koowledge, from 19707,
mathematicians Nedelec, Hsiao, Kleinman, Wendlaud did a series studies
on solving the boundary Trﬁcg}als with hypersingularity and applied 1o
many fields. Feny Kang and Yu De-lwo n therr study on “cunonical

several

mtepral equations”™ or “natural boundary element method" focus on the
colution of the ivtepral equations with hypersingular hernel in whicli the
Gieen's function mstead of the fundamental solution is wsed. The paper
hats many works on this subject so that the authors of the paper it

together the many seattered conti ibutions mto u comprelicnsive account
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ihe summary m_the paper_on_thc_regulatization methods lor the

liypersingular inteprals 1s thoughtful, which are the key techniyues for

implementation of BEM, of course. furlher rescarches are expected. In

seneral, thi er s o pood review




