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Abstract The complex-valued dual BEM has been em-
ployed by Chen and Chen (1998) to solve the acoustic
modes of a cavity with or without a thin partition. A novel
method using only the real part of the complex-valued
dual BEM was found by Chen (1998) to be equivalent to
the dual MRM. However, spurious eigenvalues occur. In
this paper, we propose the singular value decomposition
technique to ®lter out spurious eigenvalues and to deter-
mine the multiplicity of true eigenvalues by combining the
real-part dual equations. Also, the role of the real-part dual
BEM for problems with a degenerate boundary is exam-
ined. Four examples, including a square cavity with
multiple eigenvalues, a rectangular cavity, a rectangular
cavity with a zero thickness partition and a rectangular
cavity with a partition with ®nite thickness, are presented
to demonstrate the validity of the proposed method. Also,
the analytical solution if available, the FEM results ob-
tained by Petyt et al. and obtained using ABAQUS and the
experimental measurements are compared with those of
the proposed method, and it is found that agreement
between them is very good.

1
Introduction
The complex-valued dual BEM has been used by Chen and
Chen (1998) to solve the Helmholtz problems with a de-
generate boundary. To avoid complex-valued computa-
tion, the multiple reciprocity method (MRM) can be
employed (Nowak and Neves, 1994). A novel method using
only the real part of the complex-valued dual BEM was
found by Chen (1998) to be equivalent to the dual MRM if
the zeroth-order fundamental solution is properly chosen.
This method has been termed the simpli®ed technique by
De Mey (1977), and only the ®rst eigenvalue is calculated.
Nevertheless, the real-valued formulation (MRM or real-
part BEM) results in spurious solutions. The analytical
formulation for the one dimensional case was studied by
Chen and Wong (1997) using the MRM. Numerical
experiments in spurious eigenvalues were performed

for the two dimensional case by Chen and Wong (1998)
using the MRM. For the real-part BEM, Liou, Chen and
Chen (1999) also found the spurious solutions numerically
for the two- dimensional Helmholtz equation. One
advantage of using only the real-part kernels is that only
real-valued computation is considered instead of the
complex-valued computation used in the complex-valued
BEM. Another bene®t is that the lengthy derivation needed
for the MRM can be avoided. However, some drawbacks of
the real-valued formulation for the Helmholtz equation
have been found by Chen and Wong (1997) to occur with
spurious eigenvalues and failure was found by Chen and
Wong (1998) when it was applied to problems with a de-
generate boundary. For the spurious solution, it occurs in
the MRM or the real-part BEM due to the loss of the
imaginary part, which was investigated by Yeih et al.
(1997). The loss of constraints in the imaginary part makes
the eigensolution space large and results in spurious
eigenvalues. The relations among the MRM, the real-part
BEM and the complex-valued BEM were discussed in a
keynote lecture by Chen (1998). The framework of the
real-part ``dual'' BEM was constructed so as to ®lter out
spurious eigenvalues and at the same time to avoid -
nonunique solutions for problems with a degenerate
boundary. By employing the dual MRM (Chen and Wong,
1998) or the real-part dual BEM (Liou, Chen and Chen,
1999), spurious eigenvalues can be ®ltered out by checking
the residue between the singular and hypersingular equa-
tions. The residue method was successfully employed by
Chen and Wong (1997), and Chen and Wong (1998),
respectively, to ®lter out spurious solutions for one and
two-dimensional problems. However, the boundary modes
(including the true and spurious modes) should be de-
termined in advance before ®nding the residue. In some
cases, e.g., double roots (Chen, Chen and Chyuan, 1999)
and a null matrix with rank de®ciency (Chen and Wong,
1997), it is not straightforward to determine the boundary
modes. Finding a more ef®cient method to distinguish
whether an eigenvalue is true or not is not trivial, and this
was the main motivation of the present study. The SVD
technique was employed to ®lter out spurious modes for a
rod (Yeih, Chang, Chang and Chen, 1999), and an Euler-
Bernouli beam (Yeih, Chen and Chang, 1999) more
ef®ciently than can be done using the residue method
presented by Chen and Wong (1998). Also, the spurious
eigenvalues depend on the interface position of the sub-
domain and can be separated by adjusting the connections
among subdomains as shown in Chang, Yeih and Chen
(1999). However, all the applications using SVD or the
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domain partition technique have focused on one-dimen-
sional examples. We will extend them to two-dimensional
cases. After ®nding the true eigenvalue, determining its
multiplicity is also our concern. For the problem with a
degenerate boundary, the dual formulation is the key step
in solving the problem of the nonuniqueness of the solu-
tion (Chen and Hong, 1992; Chen and Chen, 1998). A
detailed review article including 250 references written by
Chen and Hong (1999) can be referred to. In another
words, the real-part dual BEM in conjunction with SVD
can be used to solve the problems with spurious eigen-
values and a degenerate boundary at the same time. Both
roles of the dual formulation, one for ®ltering out the
spurious solution and the other for the degenerate boun-
dary problem, will be examined.

In this paper, we employ the real-part dual BEM to
solve the acoustic problems of a cavity with or without a
thin partition, and with or without multiple eigenvalues.
After assembling the dual equations, a singular value
decomposition (SVD) technique is extended to ®lter out
spurious eigenvalues for two-dimensional cavities more
ef®ciently than can be done using the residue method
described by Chen and Wong (1998). Also, the multi-
plicities of the true eigenvalues are determined using the
same method. The roles of the SVD technique in the real-
part dual BEM are examined. Four examples, including a
square cavity, a rectangular cavity with a ®nite-thickness
partition, and a rectangular cavity with zero thickness and
no partition, are employed to check the validity of the
proposed method. Finally, the solutions are compared
with the exact solutions, experimental data and FEM
results obtained using MSC/ABAQUS (1996) and obtained
by Petyt et al. (1996, 1997) to check the validity of the
present formulation.

2
Dual integral formulation of the real-part dual BEM
for a two-dimensional acoustic cavity with or without
a thin partition
The governing equation for an acoustic cavity is the
Helmholtz equation:

�r2 � k2�u�x� � 0; x 2 D ;

where r2 is the Laplacian operator, D is the domain of the
cavity and k is the wave number, which is the frequency
over the speed of sound. The boundary conditions can be
either of the Neumann or Dirichlet type.

Based on the complex-valued dual formulation derived
by Chen and Chen (1998), the dual equations for the
boundary points are

pu�x� � C.P.V.

Z
B

Tc�s; x�u�s�dB�s�

ÿ R.P.V.

Z
B

Uc�s; x�t�s�dB�s�; x 2 B �1�

pt�x� � H.P.V.

Z
B

Mc�s; x�u�s�dB�s�

ÿ C.P.V.

Z
B

Lc�s; x�t�s�dB�s�; x 2 B ; �2�

where C.P.V., R.P.V. and H.P.V. denote the Cauchy prin-
cipal value, the Riemann principal value and the Hada-
mard principal value, t�s� � ou�s�=ons; B denotes the
boundary enclosing D; the four kernels,
Uc�s; x�;Tc�s; x�; Lc�s; x�, and Mc�s; x� are complex, and
their explicit forms can be found in Chen and Chen (1998).
It is well known that MRM is no more than the real-part
formulation of the complex-valued BEM (Kamiya et al.,
1996; Yeih et al., 1997). This indicates that the real-part
kernels of the complex-valued BEM can be adopted for the
Helmholtz equation free of the lengthy derivation of MRM.
Therefore, we have the real-part kernels as follows:

U�s; x� � RealfUc�s; x�g � pY
�1�
0 �kr�

2
; �3�

T�s; x� � RealfTc�s; x�g � kp
2

Y
�1�
1 �kr� yini

r
; �4�

L�s; x� � RealfLc�s; x�g � ÿkp
2

Y
�1�
1 �kr� yi�ni

r
; �5�

M�s; x� � RealfMc�s; x�g

� kp
2
ÿk

Y
�1�
2 �kr�

r2
yiyjni�nj � Y

�1�
1 �kr�

r
ni�ni

( )
;

�6�
where Y

�1�
n �kr� denotes the imaginary part of the nth order

of the Hankel function �H�1�n �kr��: r is the distance be-
tween the source point and ®eld point; ni is the ith com-
ponent of the normal vector at s; �ni is the ith component of
normal vector at x; yi � si ÿ xi. The U kernel in Eq. (3)
can be expanded into series form for comparison with that
of the MRM derived by Chen (1998) as shown below:

U�s; x� �
X1
j�0

�ÿk2� jUj�s; x� ; �7�

where

U0�s; x� � ln�r� � c� ln
k

2

� �
; j � 0 ; �8�

Uj�s; x� � 4Fj�ln�r� ÿ Sj� � Fj c� ln
k

2

� �� �
;

j � 1; 2; 3; . . . ; �9�

c � lim
j!1

Xj

l�1

1

l
ÿ ln�j�

 !
; �10�

Fj � r2j

�j!�24j
; �11�

Sj �
Xj

l�1

1

l
; �12�

in which c is an Euler constant. It is interesting to ®nd that
the series form for the real-part closed-form kernels is very
similar to that derived from MRM. The major difference
between them is a real constant, c� ln�k=2�, in the zeroth
order fundamental solution. All four kernels satisfy the
dual properties as follows: U�s; x� � U�x; s�; T�s; x� �
L�x; s� and M�s; x� � M�x; s�. In this paper, we term the
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real-part UT singular formulation in Eq. (1) the ``UT
method'' while the real-part LM hypersingular formulation
in Eq. (2) is called the ``LM method''.

3
Discretization of the real-part dual boundary
integral equations
By employing the constant element scheme, Eqs. (1) and
(2) can be discretized into the following linear algebraic
equations:

�T�k� ÿ pI�fug � �U�k��ftg ; �13�
�M�k��fug � �L�k� � pI�ftg ; �14�
where fug and ftg are the column vectors for the boun-
dary data, I is a unit matrix, and �U�k��, �T�k��, �L�k�� and
�M�k�� are the in¯uence matrices resulting from the U;T; L
and M kernels.
(1) U kernel:

For the regular integral, we have

Uij � p
2

Z 0:5l

ÿ0:5l
Y
�1�
0

�
k
���������������������������
�xr ÿ s�2 � y2

r

q �
ds; �i 6� j� ;

�15�
where xr and yr are coordinates after translation and ro-
tation following the symbols used by Chen and Hong
(1992).

For the weakly singular integral, we regularize by means
of partial integration as follows:

Uii � p
2

lim
�!0

Z 0:5l

ÿ0:5l

Y
�1�
0

�
k
��������������
s2 � �2
p �

ds

� p
2

n
Y
�1�
0

kl

2

� �
l� k

Z 0:5l

ÿ0:5l

Y
�1�
1 �kjsj�jsj ds

n o
;

�i no sum� : �16�
(2) T kernel:

For the regular integral, we have

Tij � ÿ pk

2

Z 0:5l

ÿ0:5l

Y
�1�
1

�
k
���������������������������
�xr ÿ s�2 � y2

r

q �
� yr���������������������������
�xr ÿ s�2 � y2

r

q ds; �i 6� j� : �17�

For the strongly singular integral, we have

Tii � ÿ pk

2
lim
�!0

Z 0:5l

ÿ0:5l

Y
�1�
1

ÿ
k
��������������
s2 � �2
p � ���������������

s2 � �2
p ds

� p; �i no sum� : �18�
(3) L kernel:

For the regular integral, we have

Lij � ÿ pk

2

Z 0:5l

ÿ0:5l

Y
�1�
1

�
k
���������������������������
�xr ÿ s�2 � y2

r

q �
� �xr ÿ s� sin�/ÿ h� ÿ yr cos�/ÿ h����������������������������

�xr ÿ s�2 � y2
r

q ds; �i 6� j� ;

�19�

where / and h are the associated angles for x and s, re-
spectively, and were de®ned by Chen and Hong (1992).

For the strongly singular integral, we have

Lii � ÿ pk

2
lim
�!0

Z 0:5l

ÿ0:5l

Y
�1�
1

ÿ
k
��������������
s2 � �2
p � ÿ���������������

s2 � �2
p ds

� lim
�!0

pk

2

Z ��
�4
p

ÿ ���4
p

�ÿ2�
pk

��������������
s2 � �2
p ���������������

s2 � �2
p ds

� ÿp; �i no sum� : �20�
(4) M kernel:

For the regular integral, we have

Mij � pk

2

Z 0:5l

ÿ0:5l

ÿk
Y
�1�
2

�
k
���������������������������
�xr ÿ s�2 � y2

r

q �
�xr ÿ s�2 � y2

r

�ÿyr�

� f�xr ÿ s� sin�/ÿ h� ÿ yr cos�/ÿ h�g

�
Y
�1�
1

�
k
���������������������������
�xr ÿ s�2 � y2

r

q �
���������������������������
�xr ÿ s�2 � y2

r

q cos�/ÿ h�ds; �i 6� j�:

�21�
For the hypersingular integral, we regularize by means of
partial integration as follows:

Mii� pk

2
lim
�!0

Z 0:5l

ÿ0:5l

ÿk
Y
�1�
2 k

�������������
s2� �2
pÿ �

s2� �2
�ÿ���ÿ��

�Y
�1�
1 k

����������������ÿs2� �2
pÿ ��������������
s2� �2
p ds

� pk

2
ÿ2Y

�1�
1

kl

2

� �
�k Y

�1�
0

kl

2

� ���
� k

Z 0:5l

ÿ0:5l

Y
�1�
1 �kjsj�jsjds

��
; �i no sum� :�22�

All the above regular integrals can be calculated by using
the Gaussian quadrature rule.

4
Detection of spurious eigenvalues and determination
of the multiplicities of true eigenvalues
using the singular value decomposition technique
for the real-part dual BEM
According to Eqs. (13) and (14), we can obtain the ei-
genvalues independently for the problem without degen-
erate boundaries. However, spurious eigenvalues will be
imbedded if the UT Eq. (13) or LM equation (14) is used
alone. As mentioned by Kamiya et al. (1996), the equation
derived using MRM is no more than a real part of the
complex-valued formulation. Since the series form of the
real-part BEM only differs from the conventional MRM in
the zeroth order fundamental solution by a constant term,
the loss of the imaginary part in either the real-part BEM
or MRM results in spurious eigenvalues. Nevertheless,
their spurious eigenvalues occur at different positions.
Yeih et al. (1997) extended the general proof for any di-
mensional problem and demonstrated it using a one-

43



dimensional case. The imaginary part in the complex-
valued formulation is not present in the real-part BEM or
the MRM, and the number of constraints for the eigen-
equation is insuf®cient. Therefore, the solution space for
the eigensystem is large, and spurious eigenvalues are
present. These ®ndings can explain why spurious eigen-
values occur when the real-part BEM or MRM is used
when either Eq. (13) or (14) is employed alone; i.e. the
mechanism of the spurious eigenvalues can be under-
stood in this way. The residue technique used to ®lter out
spurious eigenvalues (Chen and Wong, 1998) is summa-
rized as below.

Since only the real part is of concern in the real-part
BEM or MRM, an approach to obtaining enough con-
straints for the eigenequation was obtained in the dual
formulation through differentiation with respect to the
real-part BEM or the conventional MRM. This method
results in the real-part dual BEM (Liou, Chen and Chen,
1999) and the dual MRM (Chen and Wong, 1998) with
hypersingular integral equations. For simplicity, we will
deal with the Neumann problem. Therefore, Eqs. (13) and
(14) reduce to

�T�k�� � fug � f0g ; �23�
M�k�� � fug � f0g ; �24�

where ��T�k�� differs from �T�k�� by a jump term. In the
residue method (Chen and Wong, 1998; Liou, Chen and
Chen, 1999), an approach used to detect spurious eigen-
values is to use the criterion of the residue to satisfy
Eq. (13) (or Eq. (14)) when substituting the boundary
modes obtained from Eq. (14) (or Eq. (13)) for the char-
acteristic wave number, k. The spurious boundary modes
obtained from Eq. (13) will not satisfy Eq. (14). Also, the
spurious boundary modes obtained from Eq. (14) will not
satisfy Eq. (13) in controversa. Therefore, two residual
norms can be de®ned as follows:

�T � �T�kM�� � fuMg ; �25�
where fuMg is the boundary mode obtained from
�M�kM�� fuMg � f0g; or

�M � M�kT�� � fuTg ; �26�
where fuTg is the boundary mode which satis®es
��T�kT�� fuTg � 0; �T and �M are the residue norms ob-
tained by Eqs. (25) and (26), respectively; and kM and kT

are the possible (true or spurious) eigenvalues obtained by
Eqs. (23) and (24), respectively. By setting an appropriate
value of the threshold, we can determine whether the ei-
genvalue is true or spurious. To double check, the acoustic
modes can be examined based on the distribution of nodal
lines and orthogonal properties after the possible true ei-
genvalues are determined.

It is noteworthy that the above technique needs to ®nd
the spurious boundary modes ®rst from one equation
(either the UT or LM equation) in the eigenvalue-search-
ing stage and then substitute it into another eigenequation
(either the LM or UT equation) to check the residuals.
Now, we will present a more ef®cient way to ®lter out

spurious eigenvalues which can avoid ®rst determining the
spurious boundary mode.

The eigenequations obtained by the UT and LM equa-
tions in Eqs. (23) and (24) can be rewritten as

��T�k��N�NfugN�1 � f0g ; �27�
�M�k��N�NfugN�1 � f0g : �28�
For problems with a degenerate boundary, we do the fol-
lowing. We ®rst denote the normal boundary by S and the
degenerate boundaries by C� and Cÿ, where C� and Cÿ
are two surfaces on the degenerate boundary, which
coincide with each other mathematically.

This means that B � S� C� � Cÿ. The UT method,
which can be combined with the additional constraint LM
equations by collocating the points on the degenerate
boundary, has the eigenequation

�TiSjS
�TiSjC�

�TiSjCÿ
�TiC� jS

�TiC� jC�
�TiC� jCÿ

MiC� jS MiC� jC� MiC� jCÿ

24 35 ujS

ujC�
ujCÿ

8<:
9=; � f0g ; �29�

where the dependent rows in the ��T� matrix are replaced
with rows obtained from the �M� matrix: iS and iC� denote
the collocation points on the S and C� boundaries, re-
spectively; jS and jC� denote the element ID on the S and
C� boundaries, respectively.

In a similar way, the LM method, when combined with
the additional constraint UT equations by collocating the
degenerate boundary point, has the eigenequation

MiSjS
MiSjC� MiSjCÿ

�TiC� jS
�TiC� jC�

�TiC� jCÿ

MiC� jS
MiC� jC� MiC� jCÿ

24 35 ujS

ujC�
ujCÿ

8<:
9=; � f0g ; �30�

where the dependent rows in the �M� matrix are replaced
with rows obtained from the ��T� matrix. To solve for the
eigenequation, a direct search method has been employed
to ®nd the eigensolutions according to Eqs. (23) and (24).
It is found that Eq. (13) or (14) can independently deter-
mine the possible eigenvalues (true and spurious) by using
the direct-search method.

To distinguish spurious eigenvalues using the SVD
technique, we can merge the two matrices in Eqs. (13) and
(14) (or Eqs. (29) and (30) for the degenerate case) to-
gether to obtain

�C�k��2N�NfugN�1 � f0g ; �31�
where the �C�k�� matrix is derived from the ��T� and �M�
matrices as follows:

�C�k��2N�N �
�T�k�
M�k�
� �

: �32�

Even though the �C� matrix has dependent rows resulting
from a degenerate boundary, the SVD technique can still
be employed to ®nd all the true eigenvalues since a suf®-
cient number of constraints is imbedded in the overde-
terminate matrix, �C�. As for the true eigenvalues, the rank
of the �C� matrix with dimension 2N � N must as most be
N ÿ 1 to obtain a nontrivial solution. As for the spurious
eigenvalues, the rank must be N to obtain a trivial solu-
tion. Based on this criterion, the SVD technique can be
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employed to detect the true eigenvalues by checking
whether or not the ®rst minimum singular values, r1, are
zeros. Since discretization creates errors, very small values
for r1, but not exactly zeros, will be obtained when k is
near the critical wave number. In order to avoid the need
to determine the threshold for the zero numerically, a
value of r1 closer to zero must be obtained using a smaller
increment near the critical wave number, k. Such a value is
con®rmed to be a true eigenvalue.

Since Eq. (15) is overdeterminate, we will consider a
linear algebra problem with more equations than un-
knowns:

�A�m�nfxgn�1 � fbgm�1; m > n ; �33�
where m is the number of equations, n is the number of
unknowns and �A� is the leading matrix which can be
decomposed into

�A�m�n � �U�m�m�R�m�n�V��n�n ; �34�
where �U� is a left unitary matrix constructed by the left
singular vectors, �R� is a diagonal matrix which has sin-
gular values r1; r2; . . . ; and rn allocated in a diagonal line
as

�R� �

rn . . . 0

..

. . .
. ..

.

0 . . . r1

..

. . .
. ..

.

0 . . . 0

2666664

3777775; m > n ; �35�

in which rn � rnÿ1 � � � � r1 and �V�� is the complex con-
jugate transpose of a right unitary matrix constructed by
the right singular vectors. As we can see in Eq. (35), there
exist at most n nonzero singular values. This means that
we can ®nd at most n linear independent equations in the
system of equations. If we have p zero singular values
(0 � p � n), this means that the rank of the system of
equations is equal to nÿ p. However, the singular values
may be very close to zero numerically, resulting in rank
de®ciency. For a general eigenproblem as shown in this
paper, the �C� matrix with dimension 2N � N will have a
rank of N ÿ 1 for the true eigenvalue with multiplicity 1
and r1 is equal to zero theoretically. For true eigenvalues
with multiplicity Q, the rank of �C� will be reduced to
N ÿ Q in which r1; r2; . . . ; rM are zeros theoretically. In
the case of spurious eigenvalues, the rank for the �C� ma-
trix is N , and the minimum singular value is not zero.

Determining the eigenvalues of the system of equations
has now been transformed into ®nding the values of k
which make the rank of the leading coef®cient matrix
smaller than N . This means that when m � 2N; n � N and
b2N�1 � 0, the eigenvalues will make p � M, such that the
minimum singular values must be zero or very close to
zero.

To ®nd the boundary eigenvector associated with the
eigenvalue of multiplicity 1, we can set one of the elements
in the boundary eigenvector to be one and then reduce the
equations to the form of Eq. (33), where b is now a non-
trivial vector, m � 2N and n � N ÿ 1.

Then, the pseudo-inverse matrix, �A�� of �A�, is ex-
pressed as

�A���nÿ1��m � �V��nÿ1���nÿ1��R���nÿ1��m�U��m�m ; �36�
where R� is constructed by taking the transpose of R and
then replacing the diagonal singular value terms with its
inverse, expressed as

R� �
1

rnÿ1
. . . 0 . . . 0

..

. . .
. ..

. . .
. ..

.

0 . . . 1
r1

. . . 0

264
375 m > nÿ 1 : �37�

Since we set a normal quantity in one element of fxg in Eq.
(33), none of the singular values for the reduced matrix,
Am��nÿ1�, are zeros.

The above-mentioned SVD method has been proved to
be equivalent to the least square error solution in de-
termining the unknown vector when the number of
equations is larger than the number of unknowns. After
introducing the SVD method, we do not need to worry
about how to select a speci®c group of equations such that
the rank of the leading coef®cient is suf®cient to solve for
the boundary eigenvector. On the other hand, we can take
all the 2N equations into account, which apparently causes
the rank of the leading coef®cient matrix to be equal to
N ÿ 1 for the true eigenvalue with multiplicity 1. Thus, the
boundary eigenvector can be easily found in the sense of
the least square error. Another advantage of using SVD is
that it can determine the multiplicities for the true ei-
genvalues by ®nding the number of singular values which
are successively close to zero. A square cavity with
eigenvalues of multiplicity 2 will be considered to dem-
onstrate the SVD ability to solve the problem of double
roots.

To check the validity of the proposed method, four
examples in total will be examined in the following section.

6
Numerical examples

Example 1. Rectangular cavity without partitions subject
to the Neumann boundary condition

In this case, an analytical solution is available as follows:

eigenvalues: kmn � p

�������������������������������
m

Lx

� �2

� n

Ly

� �2
s

;

�m; n � 0; 1; 2; . . .�;

eigenmode: umn�x; y� � cos
mpx

Lx

� �
cos

npy

Ly

� �
;

where Lx and Ly denote the length and width of the cavity,
respectively. In this case, Lx � 0:236 m and Ly � 0:112 m
for comparison with experiment data obtained by Petyt
et al. (1976, 1977). Twenty-four elements are considered in
the boundary element mesh. The true eigenvalues con-
taminated by spurious eigenvalues can be found, as shown
in Fig. 1(a) by considering the near zero minimum sin-
gular values if only the UT equation is chosen. In a similar
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Table 1. The ®rst ®ve critical wave numbers for a rectangular cavity (no partition) using different methods

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5

Multiplicity 1 1 1 1 1
Analytical solution 13.3 26.6 28.1 31.1 38.7
Complex form (UT) 13.3 26.7 28.0 31.1 38.7
Complex form (LM) 13.3 26.9 28.0 31.4 38.7
Real part(a) (UT) 9.2� 13.4 19.3� 26.9 28.2 29.9� 30.6� 31.5 35.2� 39.6
Real part(b) (LM) 13.3 26.6 28.0 30.2� 31.1 35.8� 38.5
Real part(c) (SVD) 13.3 26.6 28.0 31.0 38.5
FEM by ABAQUS (AC2D4) 13.4 26.2 27.7 30.1 36.2
FEM by ABAQUS (AC2D8) 13.5 26.9 28.4 31.4 39.1
Measurement 13.3 28.0 31.0 33.8 41.8

``a'' denotes data from Fig. 1(a), ``b'' denotes data from Fig. 1(b), ``c'' denotes data from Fig. 1(c), and ``�'' denotes a spurious
root

Fig. 1. a The ®rst minimum singular values r1 versus k using the UT equation only for example 1. b The ®rst minimum singular
values r1 versus k using the LM equation only for example 1. c The ®rst minimum singular values r1 versus k using the UT and
LM equations for example 1. d The second minimum singular values r2 versus k using the UT and LM equations for example 1
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way, the true eigenvalues contaminated by spurious ei-
genvalues can be found, as shown in Fig. 1(b), by con-
sidering the near zero minimum singular values if only the
LM equations is chosen. It is interesting to ®nd that no
spurious eigenvalues occur in Fig. 1(c) because the UT and
LM equations are combined. This shows that the SVD
technique used to ®lter out spurious eigenvalues can be
applied successfully. After obtaining the true eigenvalues,
their multiplicities can be determined as given in Fig. 1(d)
from the locations where the second minimum singular
values approach zero. It is found that no double roots are
available in this case. Since no degenerate boundary is
present in this case, either the UT or LM method can be
used to solve the problems. In Table 1, two BEM results
(obtained using the UT and LM methods) are shown
which have higher accuracy than the ABAQUS solution
when compared with the exact solution. Also, the FEM
solution obtained by Petyt et al. (1976, 1977) can be ob-
tained using the ABAQUS program. To test the present
program, DUALREL, the results were compared with the
exact solutions, two ABAQUS results, experimental data
obtained by Petyt et al. (1976, 1977) and the results ob-
tained using the complex-valued dual BEM by Chen and
Chen (1998) as shown in Table 1. Good agreement is
found.

Example 2. Rectangular cavity with a partition of ®nite
thickness subject to the Neumann boundary condition

In this case, a partition with a ®nite thickness of 0:01 m
and a height of 0:056 m as in Example 1 is considered. The
UT equation combined with the LM method can make the
BE model more well-conditioned. Twenty-®ve elements for
the normal boundary and thirteen elements on the parti-
tion are adopted in the boundary element mesh. The true
eigenvalues contaminated by spurious eigenvalues can be
obtained as shown in Fig. 2(a) by considering the near
zero minimum singular values if only the UT equation is
chosen. In a similar way, the true eigenvalues contami-
nated by spurious eigenvalues can be obtained as shown in
Fig. 2(b) by considering the near zero minimum singular
values if only the LM equation is chosen. No spurious
eigenvalues occur in Fig. 2(c) because the UT and LM
equations are combined. This indicates that the SVD
technique used to ®lter out spurious eigenvalues has been
applied successfully. After obtaining the true eigenvalues,
their multiplicities can be found from the locations where
the second minimum singular values approach zero as
shown in Fig. 2(d). It is found that no double roots are
available in this case. The critical wave numbers are shown
in Table 2. FEM results obtained by Petyt et al. (1976,
1977) and obtained using ABAQUS, the complex-valued
dual BEM results and the experimental data obtained by
Petyt et al. are also compared with the present solutions,
and agreement between them is found.

Example 3. Rectangular cavity with a partition of zero
thickness (the UT method combined with the LM
equation)

When the thickness of the partition in Example 2 be-
comes zero, the dual formulation for the real-part BEM
can be employed to solve the problem. Twenty-®ve ele-

ments for the normal boundary and twelve elements on the
partition are adopted in the boundary element mesh. Since
two alternatives, the UT or LM equation, can be chosen for
collocating on the outer (normal) boundary, two results
from the UT and LM methods can be obtained. Fig. 3(a)
shows the minimum singular value versus k. The true ei-
genvalues contaminated by spurious eigenvalues can be
obtained as shown in Fig. 3(a) by considering the near
zero minimum singular values if only the UT equation,
combined with the LM equation by collocating the point
on the partition, is chosen. In a similar way, the true ei-
genvalues contaminated by spurious eigenvalues can be
obtained as shown in Fig. 3(b) by considering the near
zero minimum singular values if only the LM equation,
combined with the UT equation by collocating the point
on the partition, is chosen. No spurious eigenvalues occur
in Fig. 3(c) because the UT and LM equations are com-
bined together. This shows that the SVD technique has
been applied successfully to ®lter out spurious eigenvalues.
After obtaining the true eigenvalues, their multiplicities
can be determined as shown in Fig. 3(d) from the locations
where the second minimum singular values approach zero.
It is found that no double roots are available in this case.
The critical wave numbers are shown in Table 3. The FEM
results obtained by Petyt et al. (1976, 1977) and those
obtained using ABAQUS, the complex-valued dual BEM
results obtained by Chen and Chen (1998) and the ex-
perimental data obtained by Petyt et al. (1976, 1977) have
also been compared with the present solutions, and
agreement has been found between the numerical results
and experimental data.

Example 4 with degenerate eigenvalues will next be
considered. The multiplicity is two for the degenerate ei-
genvalues. In the direct search method using the half
method or false position method, the degenerate eigen-
values may be lost since no zero crossing for a determinant
can be found numerically. Therefore, use of the SVD
technique is strongly suggested in order to ®lter out the
spurious eigenvalues and to determine the multiplicity for
the true eigenvalues.

Example 4. A square cavity with a radius of 1 m subject to
the Neumann boundary condition

In this case, an analytical solution is available as follows:

eigenequation J 0m�kmn� � 0;m; n � 1; 2; 3 . . . ;

eigenmode : u�r; h� � Jm�kmnr�eimh :

Eighty elements are adopted in the boundary element
mesh. Since two alternatives, the UT or LM equation, can
be chosen for collocating on the boundary, two results
from the UT and LM methods can be obtained. Fig 4(a)
shows the minimum singular value versus k. The true
eigenvalues contaminated by spurious eigenvalues can be
obtained as shown in Fig. 4(a) by considering the near
zero minimum singular values if only the UT equation is
chosen. In a similar way, the true eigenvalues contami-
nated by spurious eigenvalues can be obtained as shown
in Fig. 4(b) by considering the near zero minimum sin-
gular values if only the LM is chosen. It is interesting to
®nd that no spurious eigenvalues occur as shown in
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Table 2. The ®rst ®ve critical wave numbers for a rectangular cavity with a ®nite thickness partition using different methods

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5

Multiplicity 1 1 1 1 1
Complex form (UT) 10.9 26.7 28.0 28.6 34.0
Complex form (LM) 10.9 26.7 28.0 28.4 34.0
Real part(a) (UT) 9.2� 10.5 19.4� 27.3 28.4 30.0 30.5� 34.8
Real part(b) (LM) 10.4 25.1� 27.0� 27.6 28.2 28.5 33.9
Real part(c)(SVD) 10.4 27.0 28.1 28.5 33.9
FEM by ABAQUS (AC2D4) 10.9 26.7 27.8 28.2 33.0
FEM by ABAQUS (AC2D8) 10.7 27.4 28.5 28.9 34.3
FEM by Petyt 10.7 26.8 28.6 29.8 34.4
Measurement 10.5 27.2 28.4 28.7 34.0

``a'' denotes data from Fig. 2(a), ``b'' denotes from Fig. 2(b), ``c'' denotes data from Fig. 2(c), and ``�'' denotes a spurious root

Fig. 2. a The ®rst minimum singular values r1 versus k using the UT equation only for example 2. b The ®rst minimum singular
values r1 versus k using the LM equation only for example 2. c The ®rst minimum singular values r1 versus k using the UT and LM
equations for example 2. d The second minimum singular values r2 versus k using the UT and LM equations for example 2
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Table 3. The ®rst ®ve critical wave numbers for a rectangular cavity with a zero thickness partition using different methods

Mode 1 Mode2 Mode3 Mode4 Mode 5

Multiplicity 1 1 1 1 1
Complex form (UT + LM) 10.8 26.6 28.1 28.4 33.6
Complex form (LM + UT) 10.8 26.6 28.1 28.4 33.6
Real part(a) (UT) 9.2� 10.8 19.4� 26.9 28.2 28.4 29.9� 30.6� 34.7
Real part(b) (LM) 10.7 26.7 28.0 28.3 30.1� 33.6� 35.9
Real part(c) (SVD) 10.7 26.7 28.0 28.3 33.6
FEM by ABAQUS (AC2D4) 11.4 26.3 27.7 28.2 32.9
FEM by ABAQUS (AC2D8) 11.2 26.9 28.4 28.9 34.2
FEM by Petyt 10.9 27.3 28.5 29.0 34.4
Measurement 10.5 27.2 28.4 28.7 34.0

``a'' denotes data from Fig. 3(a), ``b'' denotes data from Fig. 3(b), ``c'' denotes data from Fig. 3(b), and ``�'' denotes a spurious root

Fig. 3 a The ®rst minimum singular values r1 versus k using the UT equation only for example 3. b The ®rst minimum singular
values r1 versus k using the LM equation only for example 3. c The ®rst minimum singular values r1 versus k using the UT and LM
equations for example 3. d The second minimum singular values r2 versus k using UT and LM equations for example 3
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Fig. 4(c) when the UT and LM equations are combined.
After obtaining the true eigenvalues, their multiplicities
can be determined as shown in Fig. 4(d) from the loca-

tions where the second minimum singular values ap-
proach zero. It is found that double roots are obtained in
this case. Since no triple roots are available, the plot of r3

Fig. 4 a The ®rst minimum singular values r1 versus k using the UT equation only for example 4. b The ®rst minimum singular
values r1 versus k using the LM equation only for example 4. c The ®rst minimum singular values r1 versus k using the UT and LM
equations for example 4. d The second minimum singular values r2 versus k using the UT and LM equations for example 4

Table 4. The ®rst ®ve critical wave numbers for a square cavity (Neumann type) using different methods

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5

Multiplicity 2 1 2 2 1
Analytical Solution 3.14 4.44 6.28 7.02 8.87
Complex form (UT) 3.14 4.44 6.32 7.02 8.89
Complex form (LM) 3.14 4.44 6.32 7.02 8.89
FEM by ABAQUS 3.18 4.49 6.36 7.10 8.99
Real part(a) (UT) 1.53� 3.15 3.80� 4.47 5.44� 6.31 6.89� 7.13 7.65� 9.13
Real part(b) (LM) 3.14 3.98� 4.43 6.28 6.77� 7.01 8.38� 8.86
Real part(c) (SVD) 3.14 4.44 6.28 7.01 8.86

``a'' denotes data from Fig. 4(a), ``b'' denotes data from Fig. 4(b), ``c'' denotes data from Fig. 4(c), and ``�'' denotes a spurious root
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versus k is not provided. The critical wave numbers are
shown in Table 4. Good agreement among the different
methods, the complex-valued BEM, the analytical solution
and the present method, have been obtained.

7
Conclusions
The real-part dual BEM in conjunction with the SVD tech-
nique has been applied to determine the critical wave
numbers of a cavity with or without a thin partition, and
with or without multiple roots. The nonuniqueness of the
solution due to the zero thickness partition and spurious
eigenvalues, which are encountered when using the real-
part UT or LM equation alone, can be treated at the same
time. A general purpose program, DUALREL, has been de-
veloped to determine the eigenvalues of an arbitrary cavity
with or without a partition, and with or without double
roots. The spurious eigenvalues in the real-part dual BEM
have been successfully ®ltered out, and the multiplicity for
the true eigenvalues for the square cavity have been deter-
mined by using the SVD technique. Numerical results show
that the present method can predict the eigenvalues more
ef®ciently than can the FEM. In addition, the numerical
results match the experiment data well.
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