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a b s t r a c t

In this paper, the eigensolutions are derived by using seven determinants of the direct-searching

approach. Seven determinants include the complex valued, real and imaginary parts of determinant

using the complex-valued kernel as well as the determinant by using the real-part, and imaginary-part

kernels and the multiple reciprocity method (MRM). It is found that spurious eigensolutions of the real-

part BEM match well with those of the MRM for the one-dimensional case. To satisfy the time-domain

causal constraint, it is found that the real-part and imaginary-part kernels are not fully independent but

are governed by the Hilbert transform. The idea of the combined Helmholtz exterior integral equation

formulation method (CHEEF) in conjunction with the singular value decomposition (SVD) technique can

be applied to suppress the occurrence of spurious eigenvalues. Updating terms and updating documents

are employed to extract out the true and spurious eigenvalues. Possible failure CHEEF points are also

examined. Also, the SVD structure of four influence matrices are examined. It is found that true and

spurious eigenvectors are imbedded in the right and left unitary vectors in the SVD. Two- and three-

dimensional cases are straightforward to be extended. The Hilbert transform pair for real and imaginary

kernels was also examined.

& 2008 Published by Elsevier Ltd.
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UNCORRECTED1. Introduction

The application of eigenanalysis is gradually increasing for
vibration and acoustics. The demand for eigenanalysis calls for an
efficient and reliable method of computation for eigenvalues and
eigenmodes. Over the last three decades since 1974, several
boundary element formulations have been employed to solve the
eigenproblems [1], e.g., determinant searching method, internal
cell method, dual reciprocity method, particular integral method
and multiple reciprocity method. In this paper, we will focus on
the direct determinant searching method with emphasis on
spurious eigenvalues due to the real-part BEM and the multiple
reciprocity method (MRM).

Spurious and fictitious frequencies stem from non-uniqueness
solution problems. They appear in different aspects in computa-
tional mechanics. First of all, hourglass modes in the finite
element method (FEM) using the reduced integration occur due to
the rank deficiency [2]. Also, loss of divergence-free constraint for
the incompressible elasticity also results in spurious modes. In the
other side of numerical solution for the differential equation using
the finite difference method (FDM), the spurious eigenvalue also
91
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appears due to discretization [3–5]. In the real-part BEM [6] or the
MRM formulation [7–12], spurious eigensolutions occur in solving
eigenproblems. Even though the complex-valued kernel is
adopted, the spurious eigensolution also occurs for the multiply
connected problem [13] as well as the appearance of fictitious
frequency for the exterior acoustics [14]. Spurious solutions and
fictitious frequencies in the integral formulation belong to
spectral pollution since it cannot be suppressed by mesh
refinement. The origin of spurious modes arises from an improper
approximation of null space of the integral operator [15]. In this
paper, a simple case of one-dimensional (1-D) rod will be
demonstrated to see how spurious eigensolutions occur and
how they can be suppressed. Although the 1-D case is simple
[16–20], it provides the insight to understand how the spurious
eigenvalue behaves and how they can be suppressed from the
education point of view.

In the literature review, we can find seven alternatives to solve
eigenproblems by using the direct-searching scheme. Tai and
Shaw [21] employed the determinant of complex-valued BEM. De
Mey [22] revisited this problem in 1976. Later, De Mey [23]
proposed a simplified approach by using only the real-part or
imaginary-part kernel where he found that spurious solutions
were imbedded as well as the ill-posed matrix appeared. In a
similar way of using the real-part kernel, Hutchinson [24,25]
solved the free vibration of plate. Also, Yasko [26] as well as Duran
et al. [27] employed the real-part kernel approach. It is interesting
97
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Table 1
Literature review for eigenproblems using the direct searching scheme in BEM

1974 1976 1977 1985 1997 1999 2000 2001 Present

Indicator 1 Tai and Shaw De Mey Duran et al. |
det[C]

Indicator 2 De Mey |
Abs{det[C]}

Indicator 3 Tai and Shaw |
Im{det[C]}

Indicator 4 Tai and Shaw |
Re{det[C]}

Indicator 5 Tai and Shaw De Mey Kang et al. |
det[I]

Indicator 6 Tai and Shaw De Mey Hutchinson and Wong Yasko Duran et al. |
det[R]

Indicator 7 Chen and Wong Yeih et al. |
MRM

t(0)=0 t(L)=0

u(0)=0 u(L)=0

u(0)=0 t(L)=0

Fig. 1. (a) A rod subject to the Dirichlet BC (fixed end), (b) a rod subject to the

Neumann BC (free end) and (c) a rod subject to the mixed-type BC.
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to find that Kang et al. [28] proposed an imaginary-part kernel
approach using the collocation approach as commented by Chen
et al. [29]. Yeih et al. [9] found that the MRM is nothing but the
real-part BEM. This is the reason why spurious eigenvalues are
inherent in the two methods. The chronology list of the literature
survey is shown in Table 1. All the indicators in the determinant
searching method will be employed to solve a simple 1-D problem
in this paper.

In the recent years, the singular value decomposition (SVD)
technique has been applied to solve problems of continuum
mechanics [30] and fictitious-frequency problems [14]. Two ideas,
updating term and updating document [14], were successfully
applied to extract the true and spurious solutions, respectively.
Also, the CHIEF [31] and combined Helmholtz exterior integral
equation formulation method (CHEEF) [32] methods were
employed to suppress the occurrence of fictitious frequency and
spurious eigenvalue, respectively. Based on these successful
experiences, the SVD updating technique in conjunction with
the CHEEF concept will be employed to study the spurious
eigenvalue of the 1-D eigenproblem.

In this paper, eigenproblems of 1-D case will be explored by
using seven indicators for the direct-searching scheme in details.
Spurious modes in the real-part BEM formulation will be derived
through the SVD technique and will be suppressed by using the
CHEEF idea. The SVD structure for the four influence matrices in
the dual BEM will be examined. Although a 1-D case is studied
analytically, two- and three-dimensional (2-D and 3-D) cases will
be straightforward extended by only changing the degenerate
kernel.

The rest of this paper is organized as follows. In Section 2, we
propose a dual formulation for the eigenproblem of a rod. In
Section 3, seven indicators for the direct-searching scheme are
employed to solve eigenproblems. The occurrence of spurious
eigenvalues are suppressed by using the SVD technique in
conjunction with the CHEEF idea in Section 4. Section 5 shows
the updating terms and updating document to extract out true
and spurious eigenvalues. Besides, SVD structure of the influence
matrices are examined. Section 6 extends the 1-D case to 2-D and
3-D cases. Finally, a conclusion is made.
119

120
2. Dual formulation for one-dimensional eigenproblems

Consider the eigenproblems of free vibration for a rod subject
to boundary conditions as shown in Figs. 1(a)–(c) with the
Please cite this article as: Chen JT, et al. On the spurious eigensolut
Elem (2008), doi:10.1016/j.enganabound.2008.07.003
following governing equation:

d2uðxÞ

dx2
þ k2uðxÞ ¼ 0; x 2 D, (1)

where u(x) is the axial displacement of the rod, k is the wave
number, D is the domain of 0oxoL.

Three cases of boundary conditions are considered in Figs.
1(a)–(c) as follows:

Case 1: u(0) ¼ 0 and u(L) ¼ 0 (Dirichlet BC),
Case 2: t(0) ¼ 0 and t(L) ¼ 0 (Neumann BC),
Case 3: u(0) ¼ 0 and t(L) ¼ 0 (mixed-type BC),where

tðx0Þ ¼ duðxÞ=dxjx¼x0
. By introducing the auxiliary system of the

fundamental solution, we have

q2Uðx; sÞ

qx2
þ k2Uðx; sÞ ¼ dðx� sÞ; �1oxo1, (2)

where d is the Dirac-delta function, x is the field point, and s is the
source point, U(x,s) is a complex-valued fundamental solution as
shown below:

Uðx; sÞ ¼
�1

2ik
e�ikjx�sj (3)
ions for the real-part boundary element method. Eng Anal Bound
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and can be expressed in terms of degenerate kernel

Uðx; sÞ ¼

�1

2ik
eikx e�iks; xos;

�1

2ik
e�ikx eiks; x4s:

8>><
>>: (4)

By employing the Green’s third identity and integrating by
parts, we derive the dual boundary integral equations as [33–36]

uðsÞ ¼
qUðx; sÞ

qx
uðxÞ � Uðx; sÞtðxÞ

� �����
x¼L

x¼0

; 0osoL. (5)

Then we exchange x with s to each other of Eq. (5), and obtain

uðxÞ ¼
qUðs; xÞ

qs
uðsÞ � Uðs; xÞtðsÞ

� �����
s¼L

s¼0

; 0oxoL. (6)

By differentiating Eq. (6) with respect to the field point x, the
dual boundary integral equations are shown below:

uðxÞ ¼ ½Tðs; xÞuðsÞ � Uðs; xÞtðsÞ�
��s¼L

s¼0
; 0oxoL, (7)

tðxÞ ¼ ½Mðs; xÞuðsÞ � Lðs; xÞtðsÞ�
��s¼L

s¼0
; 0oxoL, (8)

where the four kernels are shown in Table 2 and are defined as

Tðs; xÞ ¼
qUðs; xÞ

qs
, (9)

Lðs; xÞ ¼
qUðs; xÞ

qx
, (10)

Mðs; xÞ ¼
qUðs; xÞ

qxqs
, (11)

Conventionally, collocation of the field point x close to the
boundary 0+ and L� for Eqs. (7) and (8) yields

½1þ Tð0;0þÞ�uð0Þ � TðL;0þÞuðLÞ

� Uð0;0þÞtð0Þ þ UðL;0þÞtðLÞ ¼ 0, (12)

Tð0; L�Þuð0Þ þ ½1� TðL; L�Þ�uðLÞ

� Uð0; L�Þtð0Þ þ UðL; L�ÞtðLÞ ¼ 0, (13)

Mð0;0þÞuð0Þ �MðL;0þÞuðLÞ

þ ½1� Lð0;0þÞ�tð0Þ þ LðL;0þÞtðLÞ ¼ 0, (14)

Mð0; L�Þuð0Þ �MðL; L�ÞuðLÞ

� Lð0; L�Þtð0Þ þ ½1þ LðL; L�Þ�tðLÞ ¼ 0. (15)

By assembling the former two Eqs. (12) and (13) and the latter
two Eqs. (14) and (15) into a matrix form, we have

1þ Tð0;0þÞ �TðL;0þÞ

Tð0; L�Þ 1� TðL; L�Þ

" #
uð0Þ

uðLÞ

( )

þ
�Uð0;0þÞ UðL;0þÞ

�Uð0; L�Þ UðL; L�Þ

" #
tð0Þ

tðLÞ

( )
¼

0

0

( )
, (16)
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Table 2
Degenerate kernels for the free vibration of rod

Domain Kernels

U(s,x) T(s,x) L(s,x) M(s,x)

xos �1

2ik
eikðx�sÞ 1

2
eikðx�sÞ �

1

2
eikðx�sÞ ik

2
eikðx�sÞ

x4s �1

2ik
e�ikðx�sÞ �

1

2
e�ikðx�sÞ 1

2
e�ikðx�sÞ ik

2
e�ikðx�sÞ

Please cite this article as: Chen JT, et al. On the spurious eigensolutio
Elem (2008), doi:10.1016/j.enganabound.2008.07.003
ROOF

Mð0;0þÞ �MðL;0þÞ

Mð0; L�Þ �MðL; L�Þ

" #
uð0Þ

uðLÞ

( )

þ
1� Lð0;0þÞ LðL;0þÞ

�Lð0; L�Þ 1þ LðL; L�Þ

" #
tð0Þ

tðLÞ

( )
¼

0

0

( )
. (17)

Substituting the appropriate kernel functions shown in Table 2
into Eqs. (16) and (17), we have

1

2
�

1

2
e�ikL

�
1

2
e�ikL 1

2

2
6664

3
7775

uð0Þ

uðLÞ

( )

þ

1

2ik
�

1

2ik
e�ikL

1

2ik
e�ikL �

1

2ik

2
6664

3
7775

tð0Þ

tðLÞ

( )
¼

0

0

( )
, (18)

ik

2
�

ik

2
e�ikL

ik

2
e�ikL �

ik

2

2
6664

3
7775

uð0Þ

uðLÞ

( )

þ

1

2
�

1

2
e�ikL

�
1

2
e�ikL 1

2

2
6664

3
7775

tð0Þ

tðLÞ

( )
¼

0

0

( )
. (19)

After substituting boundary conditions of the three cases into
Eqs. (18) and (19), we have the dual matrices of UT and LM

equations.
For the case 1 with u(0) ¼ 0 and u(L) ¼ 0, we have
UT equation:

1

2ik
�

1

2ik
e�ikL

1

2ik
e�ikL �

1

2ik

2
664

3
775 tð0Þ

tðLÞ

( )
¼

0

0

� �
, (20)

LM equation:

1

2
�

1

2
e�ikL

�
1

2
e�ikL 1

2

2
664

3
775 tð0Þ

tðLÞ

( )
¼

0

0

� �
. (21)

For the case 2 with t(0) ¼ 0 and t(L) ¼ 0, we have
UT equation:

1

2
�

1

2
e�ikL

�
1

2
e�ikL 1

2

2
664

3
775 uð0Þ

uðLÞ

( )
¼

0

0

� �
, (22)

LM equation:

ik

2
�

ik

2
e�ikL

ik

2
e�ikL �

ik

2

2
664

3
775 uð0Þ

uðLÞ

( )
¼

0

0

� �
. (23)

For the case 3 with u(0) ¼ 0 and t(L) ¼ 0, we have
UT equation:

1

2ik
�

1

2
e�ikL

1

2ik
e�ikL 1

2

2
664

3
775 tð0Þ

uðLÞ

( )
¼

0

0

� �
, (24)

LM equation:
ns for the real-part boundary element method. Eng Anal Bound
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Table 3
Possible eigenequations using seven indicators

Possible eigenequations

Case 1

UT (1) {sin(kL)}[sin(kL)]+i{sin(kL)}[cos(kL)] ¼ 0

(2) {sin(kL)} ¼ 0

(3) {sin(kL)}[cos(kL)] ¼ 0

(4) {sin(kL)}[sin(kL)] ¼ 0

(5) {sin(kL)}[sin(kL)] ¼ 0

(6) and (7) {sin(kL)}[sin(kL)] ¼ 0

LM (1) {sin(kL)}[sin(kL)]+i{sin(kL)}[cos(kL)] ¼ 0

(2) {sin(kL)} ¼ 0

(3) {sin(kL)}[cos(kL)] ¼ 0

(4) {sin(kL)}[sin(kL)] ¼ 0

(5) {sin(kL)}[sin(kL)] ¼ 0

(6) and (7) {sin(kL)}[sin(kL)] ¼ 0

Case 2

UT (1) {sin(kL)}[sin(kL)]+i{sin(kL)}[cos(kL)] ¼ 0

(2) {sin(kL)} ¼ 0

(3) {sin(kL)}[cos(kL)] ¼ 0

(4) {sin(kL)}[sin(kL)] ¼ 0

(5) {sin(kL)}[sin(kL)] ¼ 0

(6) and (7) {sin(kL)}[sin(kL)] ¼ 0

LM (1) {sin(kL)}[sin(kL)]+i{sin(kL)}[cos(kL)] ¼ 0

(2) {sin(kL)} ¼ 0

J.T. Chen et al. / Engineering Analysis with Boundary Elements ] (]]]]) ]]]–]]]4
1

2
�

ik

2
e�ikL

�
1

2
e�ikL �

ik

2

2
664

3
775 tð0Þ

uðLÞ

( )
¼

0

0

� �
. (25)

Owing to the introduction of degenerate kernels of Eq. (4), dual
BIEs for the domain point can be expressed as

uðxÞ ¼ ½Tðs; xÞuðsÞ � Uðs; xÞtðsÞ�
��s¼L

s¼0
; x 2 ½0; L�, (26)

tðxÞ ¼ ½Mðs; xÞuðsÞ � Lðs; xÞtðsÞ�js¼L
s¼0; x 2 ½0; L� (27)

and the null-field BIEs is

0 ¼ ½Tðs; xÞuðsÞ � Uðs; xÞtðsÞ�
��s¼L

s¼0
; x 2 ð�1;0� [ ½L;1Þ, (28)

0 ¼ ½Mðs; xÞuðsÞ � Lðs; xÞtðsÞ�
��s¼L

s¼0
; x 2 ð�1;0� [ ½L;1Þ, (29)

where U, T, L and M kernels must be represented in a correct form
using the expression of degenerate kernels of Eq. (4). The
collocation point can locate on the real boundary two end points
for four Eqs. (26)–(29). Mathematically speaking, the domain of
Eqs. (26)–(29) is a closed set instead of an open set in the
conventional BEM formulation of Eqs. (7) and (8) using the closed-
form fundamental solution.
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(3) {sin(kL)}[cos(kL)] ¼ 0

(4) {sin(kL)}[sin(kL)] ¼ 0

(5) {sin(kL)}[sin(kL)] ¼ 0

(6) and (7) {sin(kL)}[sin(kL)] ¼ 0

Case 3

UT (1) [sin(kL)]{cos(kL)}+i[cos(kL)]{cos(kL) ¼ 0}

(2) {cos(kL)} ¼ 0

(3) [cos(kL)]{cos(kL)} ¼ 0

(4) [sin(kL)]{cos(kL)} ¼ 0

(5) [sin(kL)]{cos(kL)} ¼ 0

(6) and (7) [sin(kL)]{cos(kL)} ¼ 0

LM (1) [sin(kL)]{cos(kL)}+i[cos(kL)]{cos(kL) ¼ 0}

(2) {cos(kL)} ¼ 0

(3) [cos(kL)]{cos(kL)} ¼ 0

(4) [sin(kL)]{cos(kL)} ¼ 0

(5) [sin(kL)]{cos(kL)} ¼ 0

(6) and (7) [sin(kL)]{cos(kL)} ¼ 0

Where the equations inside { } and [ ] denote the true and spurious eigenequations,

respectively.
UNCORRECTED

3. Direct-searching scheme for the eigenvalues using seven
indicators

According to Eqs. (20)–(25), we use seven determinants to
obtain the eigenvalue. Seven indicators to find the eigenvalue by
using determinants in the direct-searching scheme are shown
below:

Indicator 1: Complex determinant using the complex-valued
kernel BEM.
Indicator 2: Absolute value of determinant using the complex-
valued kernel BEM.
Indicator 3: Imaginary-part of determinant using the complex-
valued kernel BEM.
Indicator 4: Real-part of determinant using the complex-
valued kernel BEM.
Indicator 5: Determinant using the imaginary-part kernel BEM.
Indicator 6: Determinant using the real-part kernel BEM.
Indicator 7: Determinant using the MRM [7].

Based on the seven indicators, the true and spurious eigensolu-
tions are shown in Table 3 and the corresponding boundary
eigenvectors are summarized in Tables 4–9. Tables 4 and 5 are the
results for the case 1 by using UT and LM equations, respectively,
while Tables 6 and 7 are those for the case 2. The results of case 3
are shown in Tables 8 and 9. The first column of each table
denotes the indicator for the direct-searching determinant. The
second column shows the rank of the influence matrix for the true
and spurious eigenvalues. True and spurious eigenvalues are
found in the third and sixth columns and their corresponding
boundary eigenvectors are listed in the fourth and seventh
columns, respectively. Then their analytical solutions are listed
in the fifth (true) and eighth (spurious) columns. The last column
shows the treatment once the spurious eigenvalue appears.

According to Tables 4–7, for cases 1 and 2, we find that
indicator 3 (imaginary part of determinant using the complex-
valued kernel) results in spurious eigenvalues. Its treatment is
using either the absolute value (indicator 2) or the real-part
(indicator 4). For Tables 8 and 9 of the case 3, we find that the
indicators 4 and 7 also results in spurious eigenvalues. Since the
MRM is nothing but the real-part BEM [7–12], this is the reason
Please cite this article as: Chen JT, et al. On the spurious eigensolut
Elem (2008), doi:10.1016/j.enganabound.2008.07.003
why indicators (6) and (7) both result in the same spurious
eigenvalue as shown in Tables 8 and 9. We employ the SVD
technique in conjunction with the CHEEF idea to suppress the
occurrence of spurious eigenvalues as elaborated on later in the
next section.
4. SVD technique for filtering out spurious eigenvalues in the
real-part BEM by using the CHEEF concept

Because the real-part BEM lacks for the constraining condition
of imaginary-part information, spurious eigenvalues appear in the
case 3 using the indicator 6 in Tables 8 and 9. In order to filter out
spurious eigenvalues, we employ the CHEEF concept and the SVD
technique. A point, c, in the complementary domain, which is
called a CHEEF point as shown in Figs. 2(a) and (b) is selected to
provide a constraint. Therefore we have the null-field equation of
case 3 using the indicator 6. The constraints of UT and LM

equations respectively, for the CHEEF point are

0 ¼ URð0; cÞtð0Þ þ TRðL; cÞuðLÞ; c 2 ð�1;0Þ [ ðL;1Þ, (30)

0 ¼ LRð0; cÞtð0Þ þMRðL; cÞuðLÞ; c 2 ð�1;0Þ [ ðL;1Þ, (31)

where UR(0,c), TR(L,c), LR(0,c) and MR(L,c) are the real-parts of
U(0,c), T(L,c), L(0,c) and M(L,c), respectively. By assembling Eqs.
ions for the real-part boundary element method. Eng Anal Bound

dx.doi.org/10.1016/j.enganabound.2008.07.003
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Table 4
Eigensolutions for the case 1: u(0) ¼ 0 and u(l) ¼ 0 (Dirichlet BC) (UT equation) using seven approaches

Rank of

[U(k)] (T,S)

True

eigenvalue

(kt)

True boundary

eigenvector
tð0Þ

tð1Þ

( ) True analytical

solution ut(x)

Spurious

eigenvalue (ks)

Spurious boundary

eigenvector
tð0Þ

tð1Þ

( ) Spurious analytical

solution us(x)

Treatment

1 (1,NA) np
L

1

ð�1Þn

( )
sin

np
L

x
� �

NA NA NA NA

2 (1,NA) np
L

1

ð�1Þn

( )
sin

np
L

x
� �

NA NA NA NA

3 (1,2) np
L

1

ð�1Þn

( )
sin

np
L

x
� �

ð2n� 1Þ

2L
p �Rank ¼ 2 �Rank ¼ 2 Taking the

absolute value

4 (1,NA) np
L

1

ð�1Þn

( )
sin

np
L

x
� �

NA NA NA NA

5 (1,NA) np
L

1

ð�1Þn

( )
�Null equation NA NA NA NA

6 (0,NA) np
L

�Null matrix �Null matrix NA NA NA NA

7 (0,NA) np
L

�Null matrix �Null matrix NA NA NA NA

Indicator 3 results in spurious eigensolutions.

Table 5
Eigensolutions for the case 1: u(0) ¼ 0 and u(l) ¼ 0 (Dirichlet BC) (LM equation) using seven approaches

Rank of

[U(k)] (T,S)

True

eigenvalue

(kt)

True boundary

eigenvector
tð0Þ

tð1Þ

( ) True analytical

solution ut(x)

Spurious

eigenvalue (ks)

Spurious boundary

eigenvector
tð0Þ

tð1Þ

( ) Spurious analytical

solution us(x)

Treatment

1 (1,NA) np
L

1

ð�1Þn

( )
sin

np
L

x
� �

NA NA NA NA

2 (1,NA) np
L

1

ð�1Þn

( )
sin

np
L

x
� �

NA NA NA NA

3 (1,2) np
L

1

ð�1Þn

( )
sin

np
L

x
� �

ð2n� 1Þ

2L
p �Rank ¼ 2 �Rank ¼ 2 Taking the

absolute value

4 (1,NA) np
L

1

ð�1Þn

( )
sin

np
L

x
� �

NA NA NA NA

5 (0,NA) np
L

�Null matrix Null matrix�null

equation

NA NA NA NA

6 (1,NA) np
L

1

ð�1Þn

( )
sin

np
L

x
� �

NA NA NA NA

7 (1,NA) np
L

1

ð�1Þn

( )
sin

np
L

x
� �

NA NA NA NA

Indicator 3 results in spurious eigensolutions.

J.T. Chen et al. / Engineering Analysis with Boundary Elements ] (]]]]) ]]]–]]] 5
U(24) and (30) as well as Eqs. (24) and (31) into the matrix form,
and by selecting a right (c4L) CHEEF point, we have

UT equation:

0 �
cosðkLÞ

2

�
sinðkLÞ

2k

1

2
sinðckÞ

2k
�

cos½ðc � LÞk�

2

2
66666664

3
77777775

tð0Þ

uðLÞ

( )
¼

0
0

0

8><
>:

9>=
>; ðLoco1Þ, (32)
Please cite this article as: Chen JT, et al. On the spurious eigensolutio
Elem (2008), doi:10.1016/j.enganabound.2008.07.003
LM equation:

1

2
�

k sinðkLÞ

2

�
cosðkLÞ

2
0

cosðckÞ

2

k sin½ðc � LÞk�

2

2
66666664

3
77777775

tð0Þ

uðLÞ

( )
¼

0
0

0

8><
>:

9>=
>; ðLoco1Þ, (33)

If the CHEEF point c is selected in the left side (co0). We have,
ns for the real-part boundary element method. Eng Anal Bound

dx.doi.org/10.1016/j.enganabound.2008.07.003
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Table 6
Eigensolutions for the case 2: t(0) ¼ 0 and t(l) ¼ 0 (Neumann BC) (UT equation) using seven approaches

Rank of

[T(k)] (T,S)

True

eigenvalue

(kt)

True boundary

eigenvector
uð0Þ

uð1Þ

( ) True analytical

solution ut(x)

Spurious

eigenvalue (ks)

Spurious boundary

eigenvector
uð0Þ

uð1Þ

( ) Spurious analytical

solution us(x)

Treatment

1 (1,NA) np
L

1

ð�1Þn

( )
cos

np
L

x
� �

NA NA NA NA

2 (1,NA) np
L

1

ð�1Þn

( )
cos

np
L

x
� �

NA NA NA NA

3 (1,2) np
L

1

ð�1Þn

( )
cos

np
L

x
� �

ð2n� 1Þ

2L
p �Rank ¼ 2 �Rank ¼ 2 Taking the

absolute value

4 (1,NA) np
L

1

ð�1Þn

( )
cos

np
L

x
� �

NA NA NA NA

5 (0,NA) np
L

�Null matrix Null matrix�null

equation

NA NA NA NA

6 (1,NA) np
L

1

ð�1Þn

( )
cos

np
L

x
� �

NA NA NA NA

7 (1,NA) np
L

1

ð�1Þn

( )
cos

np
L

x
� �

NA NA NA NA

Indicator 3 results in spurious eigensolutions.

Table 7
Eigensolutions for the case 2: t(0) ¼ 0 and t(l) ¼ 0 (Neumann BC) (LM equation) using seven approaches

Rank of

[T(k)] (T,S)

True

eigenvalue

(kt)

True boundary

eigenvector
uð0Þ

uð1Þ

( ) True analytical

solution ut(x)

Spurious

eigenvalue (ks)

Spurious boundary

eigenvector
uð0Þ

uð1Þ

( ) Spurious analytical

solution us(x)

Treatment

1 (1,NA) np
L

1

ð�1Þn

( )
cos

np
L

x
� �

NA NA NA NA

2 (1,NA) np
L

1

ð�1Þn

( )
cos

np
L

x
� �

NA NA NA NA

3 (1,2) np
L

1

ð�1Þn

( )
cos

np
L

x
� �

ð2n� 1Þ

2L
p �Rank ¼ 2 �Rank ¼ 2 Taking the

absolute value

4 (1,NA) np
L

1

ð�1Þn

( )
cos

np
L

x
� �

NA NA NA NA

5 (1,NA) np
L

1

ð�1Þn

( )
�Null equation NA NA NA NA

6 (0,NA) np
L

�Null matrix �Null matrix NA NA NA NA

7 (0,NA) np
L

�Null matrix �Null matrix NA NA NA NA

Indicator 3 results in spurious eigensolutions.
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U
UT equation:

0 �
cosðkLÞ

2

�
sinðkLÞ

2k

1

2

�
sinðckÞ

2k

cos½ðc � LÞk�

2

2
66666664

3
77777775

tð0Þ

uðLÞ

( )
¼

0
0

0

8><
>:

9>=
>; ð�1oco0Þ. (34)
Please cite this article as: Chen JT, et al. On the spurious eigensolut
Elem (2008), doi:10.1016/j.enganabound.2008.07.003
LM equation:

1

2
�

k sinðkLÞ

2

�
cosðkLÞ

2
0

�
cosðckÞ

2
�

k sin½ðc � LÞk�

2

2
66666664

3
77777775

tð0Þ

uðLÞ

( )
¼

0
0

0

8><
>:

9>=
>; ðLoco1Þ, (35)
ions for the real-part boundary element method. Eng Anal Bound

dx.doi.org/10.1016/j.enganabound.2008.07.003
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Table 8
Eigensolutions for the case 3: u(0) ¼ 0 and t(l) ¼ 0 (mixed-type BC) (UT equation) using seven approaches

Rank of

[U(k),T(k)] (T,S)

True

eigenvalue

(kt)

True boundary

eigenvector
tð0Þ

uð1Þ

( ) True analytical

solution ut(x)

Spurious

eigenvalue (ks)

Spurious boundary

eigenvector
tð0Þ

uð1Þ

( ) Spurious analytical

solution us(x)

Treatment

1 (1,NA) ð2n� 1Þ

2L
p ð2n� 1Þ

2L
p

ð�1Þnþ1

8><
>:

9>=
>;

sin
ð2n� 1Þpx

2L

	 

NA NA NA NA

2 (1,NA) ð2n� 1Þ

2L
p ð2n� 1Þ

2L
p

ð�1Þnþ1

8><
>:

9>=
>;

sin
ð2n� 1Þpx

2L

	 

NA NA NA NA

3 (1,NA) ð2n� 1Þ

2L
p ð2n� 1Þ

2L
pp

ð�1Þnþ1

8><
>:

9>=
>;

sin
ð2n� 1Þpx

2L

	 

NA NA NA NA

4 (1,2) ð2n� 1Þ

2L
p ð2n� 1Þ

2L
pp

ð�1Þnþ1

8><
>:

9>=
>;

sin
ð2n� 1Þpx

2L

	 
 np
L

�Rank ¼ 2 �Rank ¼ 2 Taking the

absolute value

5 (1,1) ð2n� 1Þ

2L
p ð2n� 1Þ

2L
pp

ð�1Þnþ1

8><
>:

9>=
>;

�Null equation np
L

0

1

� �
�Null equation CHEEF

6 (1,1) ð2n� 1Þ

2L
p ð2n� 1Þ

2L
pp

ð�1Þnþ1

8><
>:

9>=
>;

sin
ð2n� 1Þpx

2L

	 
 np
L

0

1

� �
sin

np
L

x
� �

CHEEF

7 (1,1) ð2n� 1Þ

2L
p ð2n� 1Þ

2L
pp

ð�1Þnþ1

8><
>:

9>=
>;

sin
ð2n� 1Þpx

2L

	 
 np
L

0

1

� �
sin

np
L

x
� �

CHEEF

Indicators 4–7 result in spurious eigensolutions.

Table 9
Eigensolutions for the case 3: u(0) ¼ 0 and t(l) ¼ 0 (mixed-type BC) (LM equation) using seven approaches

Rank of

[L(k),M(k)] (T,S)

True

eigenvalue

(kt)

True boundary

eigenvector
tð0Þ

uð1Þ

( ) True analytical

solution ut(x)

Spurious

eigenvalue (ks)

Spurious boundary

eigenvector
tð0Þ

uð1Þ

( ) Spurious analytical

solution us(x)

Treatment

1 (1,NA) ð2n� 1Þ

2L
p ð2n� 1Þ

2L
p

ð�1Þnþ1

8><
>:

9>=
>;

sin
ð2n� 1Þpx

2L

	 

NA NA NA NA

2 (1,NA) ð2n� 1Þ

2L
p ð2n� 1Þ

2L
p

ð�1Þnþ1

8><
>:

9>=
>;

sin
ð2n� 1Þpx

2L

	 

NA NA NA NA

3 (1,NA) ð2n� 1Þ

2L
p ð2n� 1Þ

2L
p

ð�1Þnþ1

8><
>:

9>=
>;

sin
ð2n� 1Þpx

2L

	 

NA NA NA NA

4 (1,2) ð2n� 1Þ

2L
p ð2n� 1Þ

2L
p

ð�1Þnþ1

8><
>:

9>=
>;

sin
ð2n� 1Þpx

2L

	 
 np
L

�Rank ¼ 2 �Rank ¼ 2 Taking the

absolute value

5 (1,1) ð2n� 1Þ

2L
p ð2n� 1Þ

2L
p

ð�1Þnþ1

8><
>:

9>=
>;

�Null equation np
L

0

1

� �
�Null equation CHEEF

6 (1,1) ð2n� 1Þ

2L
p ð2n� 1Þ

2L
p

ð�1Þnþ1

8><
>:

9>=
>;

sin
ð2n� 1Þpx

2L

	 
 np
L

0

1

� �
cos

np
L

x
� �

CHEEF

7 (1,1) ð2n� 1Þ

2L
p ð2n� 1Þ

2L
p

ð�1Þnþ1

8><
>:

9>=
>;

sin
ð2n� 1Þpx

2L

	 
 np
L

0

1

� �
cos

np
L

x
� �

CHEEF

Indicators 4–7 result in spurious eigensolutions.

J.T. Chen et al. / Engineering Analysis with Boundary Elements ] (]]]]) ]]]–]]] 7

Please cite this article as: Chen JT, et al. On the spurious eigensolutions for the real-part boundary element method. Eng Anal Bound
Elem (2008), doi:10.1016/j.enganabound.2008.07.003

dx.doi.org/10.1016/j.enganabound.2008.07.003


1

3

5

7

9

11

13

15

17

19

21

23

25

27

29

31

33

35

37

39

41

43

45

47

49

51

53

55

57

59

61

63

65

67

69

71

73

ARTICLE IN PRESSEABE : 2100

J.T. Chen et al. / Engineering Analysis with Boundary Elements ] (]]]]) ]]]–]]]8
It is interesting to find that the left (�Noco0) and right
(LocoN) CHEEF points yield the same row but negative to each
other due to the CHEEF point as shown in Eqs. (32)–(35).

Based on the SVD technique, we have

½K� ¼ ½F�½S�½C�T, (36)

where [K] is the influence matrix in Eqs. (32)–(35), [F] is a left
unitary matrix constructed by the left singular vectors (f1,f2,f3),
UNCORRECTED

75

77

79

81

83

85

87

89

91

93

u(0)=0 t(L)=0 

0

0

L c ∞-∞

u(0)=0 t(L)=0

Lc-∞ ∞

Fig. 2. (a) A CHEEF point, c, in the right side of case 3 (c4L) and (b) a CHEEF point,

c, in the left side of case 3 (co0).
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π π
2
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2

k

2.2
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2.6

2.8

3

c

(2,0) 

failure CHEEF point failure CHEEF point 

failure CHEEF point failure CHEEF point 

True True True 

Spurious Spurious 

(2,0) 

failure CHEEF point failure CHEEF point 

failure CHEEF point failure CHEEF point 

True True True 

Spurious Spurious 

Fig. 3. (a) Contour plot of the minimum singular value s1 versus (k,c) by using the

UT equation (zero nodal line only) and (b) contour plot of the minimum singular

value s1 versus (k,c) by using the LM equation (zero nodal line only).

Please cite this article as: Chen JT, et al. On the spurious eigensolut
Elem (2008), doi:10.1016/j.enganabound.2008.07.003
F

[S] is a diagonal matrix which has singular values s1 and s2

allocated in a diagonal line as

½S� ¼
s2 0

0 s1

0 0

2
64

3
75, (37)

in which s2Xs1, s2 and s1 are the functions of c, k and L, and [C]T

is the transpositional matrix of a right unitary matrix constructed
by the right singular vectors (c1,c2). As we can see in Eq. (37),
there exist at most 2 nonzero singular values. The rank of
influence matrices are equal to 2 at most. Since the boundary
eigenvector is nontrivial, the rank of influence matrices must be
one. Therefore the minimum singular value s1 must be zero.

We show two contour figures of case 3 for s1 versus (k,c) by
using the UT and the LM equations that are shown in Figs. 3(a) and
(b). The length L of a rod is 1. The k-axis is the wave number and
the c-axis is the location of CHEEF point in Figs. 3(a) and (b). It is
found that no matter what value c is, s1 is always zero for the true
eigenvalue of kT ¼ ðð2n� 1Þ=2LÞp, n 2 N. For the spurious eigen-
value of kS ¼ np=L, n 2 N, failure CHEEF points appear when
kc ¼ np, n 2 N. Since the CHEEF constraint is trivial which cannot
filter out spurious eigenvalues. True and spurious modes of the
case 3 by using the UT equation are shown in Figs. 4 and 5,
respectively. It indicates that a true eigenvalue results in a true
mode in the domain and null field in the complementary domain,
while the spurious case has a nontrivial field in the complemen-
tary domain. The location of zero response in the complementary
domain happens to be that of the failure CHEEF point.
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5. Updating terms and updating documents to extract out true
and spurious eigenvalues

Now we arrange Eqs. (18) and (19) for the case 3 by using the
indicator 6, we have

A½ �
tð0Þ

uðLÞ

( )
¼ B½ �

uð0Þ

tðLÞ

( )
, (38)

C½ �
tð0Þ

uðLÞ

( )
¼ D½ �

uð0Þ

tðLÞ

( )
, (39)

where [A], [B], [C] and [D] are influence matrices of Eqs. (18) and
(19), and can be shown below:

½A� ¼
0 �

1

2
cosðkLÞ

�
1

2k
sinðkLÞ

1

2

2
664

3
775, (40)

½B� ¼
�

1

2
�

1

2k
sinðkLÞ

1

2
cosðkLÞ 0

2
664

3
775, (41)

½C� ¼

1

2
�

k

2
sinðkLÞ

�
1

2
cosðkLÞ 0

2
664

3
775, (42)

½D� ¼

0
1

2
cosðkLÞ

�
k

2
sinðkLÞ �

1

2

2
664

3
775. (43)

In order to extract out true and spurious eigenvalues, we utilize
updating terms and updating documents, respectively. Therefore,
we combine [A] with [C] and [A] with [B], which can be written as
ions for the real-part boundary element method. Eng Anal Bound
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Fig. 4. True mode of case 3 by using the UT equation (kT ¼ 4.5p, L ¼ 3).
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Fig. 5. Spurious mode of case 3 by using the UT equation (kS ¼ 5p, L ¼ 3).
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UNCORRECTED
A

C

� �
¼

0 �
1

2
cosðkLÞ

�
1

2k
sinðkLÞ

1

2
1

2
�

k

2
sinðkLÞ

�
1

2
cosðkLÞ 0

2
666666666664

3
777777777775

, (44)

A B
� �

¼

0 �
1

2
cosðkLÞ �

1

2
�

1

2k
sinðkLÞ

�
1

2k
sinðkLÞ

1

2

1

2
cosðkLÞ 0

2
664

3
775.

(45)

By employing SVD for
A

C

� �
and A B

� �
, respectively, the

minimum singular values versus k can be obtained. The figures
of minimum singular values versus k are shown in Figs. 6(a) and
(b) for the unit length rod. The k-value at drops in Figs. 6(a) and
(b) show the true and spurious eigenvalues, respectively.

It is interesting that the SVD structure for the four influence
matrices are shown in Table 10. We find that the common f and c
exist for the true and spurious eigenvalues such that

A

C

� �
c
�

¼ 0
�
; k ¼ kT , (46)

B

D

� �
c
�

¼ 0
�
; k ¼ kT , (47)

f
�

T A B
� �

¼ 0
�
; k ¼ kS, (48)
Please cite this article as: Chen JT, et al. On the spurious eigensolutio
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f
�

T C D
� �

¼ 0
�
; k ¼ kS. (49)
6. Extension to 2-D and 3-D eigenproblems

Following the simple example of 1-D rod, it is straightforward
to extend 2-D and 3-D cases as shown in Figs. 7(a)–(c). The
degenerate kernels in Eq. (4) for the 2-D circular case here is

Uðs; xÞ ¼

Ui
ðs; xÞ ¼ �

pi

2

P1
m¼0

�mJmðkrÞH
ð1Þ
m ðkRÞ cosðmðy� fÞÞ; RXr;

Ue
ðs; xÞ ¼ �

pi

2

P1
m¼0

�mHð1Þm ðkrÞJmðkRÞ cosðmðy�fÞÞ; r4R;

8>>><
>>>:

(50)

where x ¼ (r,f) and s ¼ (R,y), Jm and Hð1Þm are the mth order
cylindrical Bessel function and the cylindrical Hankel function of
the first kind, respectively, the superscripts ‘‘i’’ and ‘‘e’’ denote the
interior and exterior cases for the kernel expressions, respectively,
and em is the Neumann factor

�m ¼
1; m ¼ 0;

2; m ¼ 1;2; . . . ;1:

(
(51)

For the three-dimensional spherical case, the degenerate kernel
is shown below
ns for the real-part boundary element method. Eng Anal Bound
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Fig. 6. (a) Extraction of true eigenvalue using SVD updating terms and (b) ex-

traction of spurious eigenvalue using SVD updating documents.

Table 10
The SVD structure of the four influence matrices for a rod in the dual BEM

a

a

a

Fig. 7. (a) One-dimensional case (rod), (b) two-dimensional case (circle membra-

ne) and (c) three-dimensional case (spherical cavity).
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Table 11
Determinants for the 2-D circular membrane subject to the Dirichlet BC

Equation UT LM

Exact sol. Jn(ka) ¼ 0 Jn(ka) ¼ 0

Indicator 1 p4na2nJ0ðJ1 . . . Jn�1Þ
2Jnq0ðq1 . . . qn�1Þ

2

�qn eiðy0þ2
Pn�1

k¼1
ykþyn Þ ¼ 0

p4nk2na2nJ0ðJ1 . . . Jn�1Þ
2Jnp0ðp1 . . . pn�1Þ

2

�pn eiðo0þ2
Pn�1

k¼1
okþon Þ ¼ 0

Det[C]

Indicator 2 p4na2nJ0(J1yJn�1)2Jnq0(q1yqn�1)2qn ¼ 0 p4nk2na2nJ0(J1yJn�1)2Jnp0(p1ypn�1)2pn ¼ 0

Abs{det[C]}

Indicator 3 p4na2nJ0ðJ1 . . . Jn�1Þ
2Jnq0ðq1 . . . qn�1Þ

2

�qn sinðy0 þ 2
Xn�1

k¼1
yk þ ynÞ ¼ 0

p4nk2na2nJ0ðJ1 . . . Jn�1Þ
2Jnp0ðp1 . . . pn�1Þ

2

�pn sinðo0 þ 2
Xn�1

k¼1
ok þonÞ ¼ 0

Im{det[C]}

Indicator 4 p4na2nJ0ðJ1 . . . Jn�1Þ
2Jnq0ðq1 . . . qn�1Þ

2

�qn cosðy0 þ 2
Xn�1

k¼1
yk þ ynÞ ¼ 0

p4nk2na2nJ0ðJ1 . . . Jn�1Þ
2Jnp0ðp1 . . . pn�1Þ

2

�pn cosðo0 þ 2
Xn�1

k¼1
ok þonÞ ¼ 0

Re{det[C]}

Indicator 5 J0J0(J1J1J2J2yJn�1Jn�1)2JnYn ¼ 0 J0J00(J1J01J2J02yJn�1J0n�1)2JnYn ¼ 0

det[I]

Indicator 6 J0Y0(J1Y1J2Y2yJn�1Yn�1)2JnYn ¼ 0 J0Y00(J1Y01J2Y02yJn�1Y0n�1)2JnYn ¼ 0

det[R]

where Yn is the nth order Bessel function of the second kind, qn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J2
n þ Y2

n

q
, yn ¼ tan�1ðYn=JnÞ, pn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J0

2
n þ Y 0

2
n

q
, and on ¼ tan�1ðY 0n=J0nÞ.

Table 12
Determinants for the 2-D circular membrane subject to the Neumann BC

Equation UT LM

Exact sol. J0n(ka) ¼ 0 J0n(ka) ¼ 0

Indicator 1 p4nk2na2nJ00ðJ
0
1 . . . J

0
n�1Þ

2J0nq0ðq1 . . . qn�1Þ
2

�qn eiðy0þ2
Pn�1

k¼1
ykþyn Þ ¼ 0

p4nk4na2nJ00ðJ
0
1 . . . J

0
n�1Þ

2J0np0ðp1 . . . pn�1Þ
2

�pn eiðo0þ2
Pn�1

k¼1
okþon Þ ¼ 0

Det[C]

Indicator 2 p4nk2na2nJ00(J01yJ0n�1)2J0nq0(q1yqn�1)2qn ¼ 0 p4nk4na2nJ00(J01yJ0n�1)2J0np0(p1ypn�1)2pn ¼ 0

Abs{det[C]}

Indicator 3 p4nk2na2nJ00ðJ
0
1 . . . J

0
n�1Þ

2J0nq0ðq1 . . . qn�1Þ
2

�qn sinðy0 þ 2
Xn�1

k¼1
yk þ ynÞ ¼ 0

p4nk4na2nJ00ðJ
0
1 . . . J

0
n�1Þ

2J0np0ðp1 . . . pn�1Þ
2

�pn sinðo0 þ 2
Xn�1

k¼1
ok þonÞ ¼ 0

Im{det[C]}

Indicator 4 p4nk2na2nJ00ðJ
0
1 . . . J

0
n�1Þ

2J0nq0ðq1 . . . qn�1Þ
2

�qn cosðy0 þ 2
Xn�1

k¼1
yk þ ynÞ ¼ 0

p4nk4na2nJ00ðJ
0
1 . . . J

0
n�1Þ

2J0np0ðp1 . . . pn�1Þ
2

�pn cosðo0 þ 2
Xn�1

k¼1
ok þonÞ ¼ 0

Re{det[C]}

Indicator 5 J0J00(J1J01J2J02yJn�1J0n�1)2JnYn ¼ 0 J00J00(J01J01J2J02yJ0n�1J0n�1)2JnYn ¼ 0

det[I]

Indicator 6 J00Y0(J01Y1J02Y2yJ0n�1Yn�1)2JnYn ¼ 0 J00Y00(J01Y01J02Y02yJ0n�1Y0n�1)2JnYn ¼ 0

det[R]

Where qn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J2
n þ Y2

n

q
, yn ¼ tan�1ðYn=JnÞ, pn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J0

2
n þ Y 0

2
n

q
, and on ¼ tan�1ðY 0n=J0nÞ.

Table 13
Eigenequations for the 2-D circular membrane subject to the Dirichlet BC

Equation UT LM

Exact sol. J J

True Spurious True Spurious

Indicator 2 J0(J1yJn�1)2Jn None J0(J1yJn�1)2Jn None

Abs{det[C]}

Indicator 3 J0(J1yJn�1)2Jn sinðy0 þ 2
Pn�1

k¼1yk þ ynÞ J0(J1yJn�1)2Jn sinðo0 þ 2
Pn�1

k¼1ok þonÞ

Im{det[C]}

Indicator 4 J0(J1yJn�1)2Jn cosðy0 þ 2
Pn�1

k¼1yk þ ynÞ J0(J1yJn�1)2Jn cosðo0 þ 2
Pn�1

k¼1ok þonÞ

Re{det[C]}
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Table 14
Eigenequations for the 2-D circular membrane subject to the Neumann BC

Equation UT LM

Exact sol. J0 J0

True Spurious True Spurious

Indicator 2 J00(J01yJ0n�1)2J0n None J00(J01yJ0n�1)2J0n None

Abs{det[C]}

Indicator 3 J00(J01yJ0n�1)2J0n sinðy0 þ 2
Pn�1

k¼1yk þ ynÞ J00(J01yJ0n�1)2J0n sinðo0 þ 2
Pn�1

k¼1ok þonÞ

Im{det[C]}

Indicator 4 J00(J01yJ0n�1)2J0n cosðy0 þ 2
Pn�1

k¼1yk þ ynÞ J00(J01yJ0n�1)2J0n cosðo0 þ 2
Pn�1

k¼1ok þonÞ

Re{det[C]}

Indicator 5 J0 i, i ¼ 1,2yn Ji, i ¼ 1,2yn J0 i, i ¼ 1,2yn J0 i, i ¼ 1,2yn

det[I]

Indicator 6 J0 i, i ¼ 1,2yn Yi, i ¼ 1,2yn J0 i, i ¼ 1,2yn Y0 i, i ¼ 1,2yn

det[R]

Where qn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J2
n þ Y2

n

q
, yn ¼ tan�1ðYn=JnÞ, pn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J0

2
n þ Y 0

2
n

q
, and on ¼ tan�1ðY 0n=J0nÞ.

Table 15(a)
Occurring mechanism of 1-D true and spurious eigenequations by using the real-part and imaginary-part BEMs

Dirichlet Neumann Mixed-type

UT (imaginary-part) {sin(kL)}[sin(kL)] ¼ 0 {sin(kL)}[sin(kL)] ¼ 0 {cos(k)}[sin(k)] ¼ 0

LM (imaginary-part) {sin(kL)}[sin(kL)] ¼ 0 {sin(kL)}[sin(kL)] ¼ 0 {cos(k)}[sin(k)] ¼ 0

UT (real-part) {sin(kL)}[sin(kL)] ¼ 0 {sin(kL)}[sin(kL)] ¼ 0 {cos(k)}[sin(k)] ¼ 0

LM (real-part) {sin(kL)}[sin(kL)] ¼ 0 {sin(kL)}[sin(kL)] ¼ 0 {cos(k)}[sin(k)] ¼ 0

Where the equations inside { } and [ ] denote the true and spurious eigenequations, respectively.

Table 13 (continued )

Equation UT LM

Exact sol. J J

True Spurious True Spurious

Indicator 5 Ji, i ¼ 1,2yn Ji, i ¼ 1,2yn Ji, i ¼ 1,2yn J0 i, i ¼ 1,2yn

det[I]

Indicator 6 Ji, i ¼ 1,2yn Yi, i ¼ 1,2yn Ji, i ¼ 1,2yn J0 i, i ¼ 1,2yn

det[R]

Where qn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J2
n þ Y2

n

q
, yn ¼ tan�1ðYn=JnÞ, ;pn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J0

2
n þ Y 0

2
n

q
, and on ¼ tan�1ðY 0n=J0nÞ.
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Uðs; xÞ ¼

Ui
¼ ik

P1
n¼0

ð2nþ 1Þ
Pn

m¼0

�m
ðn�mÞ!
ðnþmÞ! cos½mðf� f̄Þ�

�Pm
n ðcos yÞPm

n ðcos ȳÞjnðkrÞh
2ð Þ

n ðkr̄Þ; r̄4r;

Ue
¼ ik

P1
n¼0

ð2nþ 1Þ
Pn

m¼0

�m
ðn�mÞ!
ðnþmÞ! cos½mðf� f̄Þ�

�Pm
n ðcos yÞPm

n ðcos ȳÞjnðkr̄Þh
2ð Þ

n ðkrÞ; r4r̄;

8>>>>>>>>><
>>>>>>>>>:

(52)

where x ¼ (r,f,y) and s ¼ ðr̄; f̄; ȳÞ, jn and hð2Þn are the nth order
spherical Bessel function of the first kind and the nth order
spherical Hankel function of the second kind, respectively, and Pm

n

is the associated Lengendre polynomial. By extending the
boundary densities of u(0), u(L), t(0) and t(L) for the 1-D case to
2-D and 3-D cases, we have

uðyÞ ¼
X1
n¼0

½an cosðnyÞ þ bn sinðnyÞ�, (53)
Please cite this article as: Chen JT, et al. On the spurious eigensolut
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tðyÞ ¼
X1
n¼0

½pn cosðnyÞ þ qn sinðnyÞ�, (54)

for the 2-D case, and

uðy;fÞ ¼
X1
n¼0

X1
m¼0

umnPm
n ½cosðyÞ�½cosðmfÞ�, (55)

tðy;fÞ ¼
X1
n¼0

X1
m¼0

tmnPm
n ½cosðyÞ�½cosðmfÞ�, (56)

for the three-dimensional case, where an, bn, pn and qn are Fourier
coefficients, umn and tmn are unknown spherical coefficients.

Following the success of 1-D experience, true and spurious
eigensolutions using the six indicators for the 2-D cases are
shown in Tables 11–14. Tables 11 and 13 are for the results of
Dirichlet problem, while Tables 12 and 14 show those of Neumann
problem. The former two tables show the determinants using six
indicators, the latter two give the eigensolution. It also indicates
that spurious eigensolution occurs for both cases (Dirichlet and
ions for the real-part boundary element method. Eng Anal Bound
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Table 16
Hilbert transform pair for the frequency-domain fundamental solutions

Real Imaginary

cos(kr) sin(kr)

J0(kr) Y0(kr)
sinðkrÞ

r

1� cosðkrÞ

r

Table 15(b)
Occurring mechanism of 2-D true and spurious eigenequations by using the real-

part and imaginary-part BEMs

Dirichlet Neumann

UT (imaginary-part) {J}[J] ¼ 0 {J0}[J] ¼ 0

LM (imaginary-part) {J}[J0] ¼ 0 {J0}[J0] ¼ 0

UT (real-part) {J}[Y] ¼ 0 {J0}[Y] ¼ 0

LM (real-part) {J}[Y0] ¼ 0 {J0}[Y0] ¼ 0

Where the equations inside { } and [ ] denote the true and spurious eigenequations,

respectively.

Table 15(c)
Occurring mechanism of 3-D true and spurious eigenequations by using the real-

part and imaginary-part BEMs

Dirichlet Neumann

UT (imaginary-part) {j}[j] ¼ 0 {j0}[j] ¼ 0

LM (imaginary-part) {j}[j0] ¼ 0 {j0}[j0] ¼ 0

UT (real-part) {j}[y] ¼ 0 {j0}[y] ¼ 0

LM (real-part) {j}[y0] ¼ 0 {j0}[y0] ¼ 0

Where the equations inside { } and [ ] denote the true and spurious eigenequations,

respectively.
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Neumann) when only real-part kernel is used. True and spurious
eigenequations for 1-D rod, 2-D circle and 3-D sphere are
summarized in Tables 15(a)–(c), once the real-part BEM is
employed. It is interesting to find that only sine and cosine
functions occur in the 1-D case of Table 15(a), while J, Y, J0, Y0 and j,
y, j0, y0 appear for the 2-D and 3-D cases of Tables 15(b) and (c). The
reason is that cosine and sine are not only the Hilbert transform
pair but they are also differentiation pair. Also the J0 and Y0 are the
Hilbert transform pair. For the three-dimensional case, we have
cosðkrÞ=r and sinðkrÞ=r as the Hilbert transform pair. The Hilbert
transform pairs in Table 16 follow from the requirement of causal
effect in the time-domain. Since the frequency-domain funda-
mental solution is the Fourier transform of time-domain funda-
mental solution, the causal function in the time-domain implies
the Hilbert transform pair in the frequency domain. Therefore,
using the complex-valued kernel seems uneconomical. This is the
reason why the real-part BEM by adding one CHEEF point can save
the computation time.
115

116

117

118

119

120
UNC
7. Conclusions

A simple example of 1-D eigenproblem was demonstrated to
show that seven indicators of determinant by using the direct-
searching scheme can obtain the possible solution. Spurious
eigensolutions in the real-part BEM as well as the MRM have been
studied analytically. The CHEEF concept in conjunction with the
SVD updating technique was applied to filter out spurious
eigenvalues. Possible failure points were also examined. Also,
the four influence matrices in the dual BEM were all decomposed
into SVD form. Common true and spurious eigenvectors were
found in the unitary vectors of four matrices. It is interesting that
Please cite this article as: Chen JT, et al. On the spurious eigensolutio
Elem (2008), doi:10.1016/j.enganabound.2008.07.003
true and spurious eigenvectors are imbedded in the right and left
unitary vectors in the SVD, respectively. Extensions to 2-D and 3-D
cases were also made. The Hilbert transform pair for the real and
imaginary kernel was also examined. The sequence of 1-D
examples gives a real good insight in the topic of spurious
eigensolutions.
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