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Abstract

In this paper, a dual multiple reciprocity method (MRM) is employed to solve the natural frequencies and natural modes for an Euler—
Bernoulli beam. It is found that the conventional MRM using an essential integral equation results in spurious eigenvalues and modes. By
using the natural integral equation of dual MRM, the spurious eigendata can be filtered out. Four numerical examples are given to verify the
validity of the present formulation. In one of these four examples, fixed—fixed supported beam, it is found that the boundary eigenvector
cannot be determined by either the essential or natural integral equation alone since the rank of the corresponding leading coefficient matrix is
insufficient. The singular value decomposition method is then used to solve the eigenproblem after combining the essential and natural
integral equations. This method can avoid the spurious eigenvalue problem and possible indeterminancy of boundary eigenvectors at the
same time© 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Dual BEM has been applied in boundary value problems with a degenerate boundary [1-5], corner problem [6], exterior
problem [7] and error estimation for adaptive mesh generation. By combining the singular integral equation in conventional
BEM and the hypersingular integral equation, many problems can be solved more directly and efficiently. The roles of the
hypersingular integral equation in BEM were reviewed in Ref. [8,18].

For a Helmholtz equation, the complex fundamental solution has been employed to solve eigenproblems [11]. To avoid
computation in the domain of a complex number, the multiple reciprocity method (MRM) has been employed to solve the
Helmholtz problem in the real domain [12—14]. In this algorithm, the Helmholtz equation is treated as a Poisson equation with
an external source; therefore, the fundamental solution of the Laplace equation is considered. However, the domain integral is
present due to the integration of the external source. MRM can transform this domain integral into boundary integrals
iteratively such that the domain cell is not necessary when the remainder term of the domain integral can be neglected. In
the literature, the conventional singular integral equation (essential integral equation) was used only in MRM [12]. In Ref. [8],
the role of the hypersingular integral equation (natural integral equation) in MRM was discussed and applied to deal with
spurious eigenvalues and modes for a rod. The terms of essential and natural integral equations are hamed according to the
nature of the field quntities concerned, where the equation with the primary field is named as the essential integral equation and
the equation with the secondary field is named as the natural integral equation. This will be explained in detail later. Kamiya et
al. [11] found, using a two dimensional case, that the kernels in MRM were no more than real parts of the kernels in the
complex-valued formulation. Yeih et al. [15] proved that MRM can be constructed such that it is fully equivalent to complex-
valued formulation by adding a complex constant into the zeroth fundamental solution for the Laplace operator when the
radiation condition is satisfied. Further, they clearly explained why the spurious eigenvalue problem is encountered in the
conventional dual MRM.

In this paper, the role of the hypersingular integral equation for the natural frequencies and modes of an Euler—Bernoulli

* Corresponding author. Fax:i+ 886-2-463-2932; e-mail: BO209@ntou66.edu.tw

0955-7997/99/$ - see front mattér 1999 Elsevier Science Ltd. All rights reserved.
Pll: S0955-7997(98)00084-8



340 W. Yeih et al. / Engineering Analysis with Boundary Elements 23 (1999) 339-360

beam using dual MRM is examined. The spurious eigenvalue problem is also encountered in this probelm, and combined us
of equations derived from dual MRM can help us to filter out the spurious eigenvalues in a way similar to that in the work of
Chen et al. [8]. Further, there exist more equations than unknowns when one determines the boundary eigenvectors under tl
framework of the dual MRM. Unfortunately, either the essential integral equations or the natural integral equations may fail in
some special cases since the rank of the leading coefficient matrix is insufficient. To solve the eigenproblem more efficiently,
the singular value decomposition method (SVD) is adopted. The SVD method can avoid the spurious eigenvalue problem an:
find the boundary eigenvector more efficiently in the sense of the least square error. Four examples will be solved using the
dual MRM to demonstrate the validity of the current research. The reason why we select a one-dimensional structure as thi
beginning point of our study is that the analytical solution of 1D structures can be easily obtained, thus one can easily checl
the numerical solutions with analytical ones. Phenomena such as spurious eigenvalues can be easily checked out and explair
in the one-dimensional structure, which may not be so easy to notice when one begins with 2D or 3D complicated strctures. A
way to filter out the spurious eigenvalues proposed in this paper is based on the theory of linear algbra; therefore, this metho
can be easily applied to 2D or 3D structures without any difficulty. Although only a one-dimensional beam problem is used to
show the validity of the proposed method, the extension from 1D cases to 2D or 3D cases has no difficulty theoretically. Some
extension work of the proposed method to solve the natural eigenfrequencies and judge their multiplicities for the membrane
was carried out [9,10,19] at the same time. This study can be viewed as the prelude of future extended work to higher
dimensional structures.

2. Problem statement and analytical derivations
Consider a one-dimensional Euler—Bernoulli beam vibration problem with the following governing equation:

d*u(x)
dx*

—AxX)=0,0=x=1 D

where\ andu(x) denote the eigenvalue and eigenmode, respectively. Without loss of generality, it is assumed that the beam
has a unit length.
Four examples are considered as follows:

Case 1: A simply supported beam. Boundary conditions are givexOds= 0, u”(0) = 0, u(1) = 0 andu”(1) = 0, where’
denotes differentiation with respect xo

Case 2: A cantilever beam. Boundary conditions are given(@s= 0, u’(0) = 0, u”(1) = 0 andu’”(1) = 0.
Case 3: A fixed-roller supported beam. Boundary conditions are give(Oas= 0, u’(0) = 0, u(1) = 0 andu”(1) = 0.

Case 4: A fixed-fixed supported beam. Boundary conditions are giva(das- 0, u’(0) = 0, u(1) = 0 andu’(1) = 0.
Consider an auxilliary system with a fundamental solution satisfying

d*Ux,s)

e =6X—19), —o0o < X< o0 2

whereU(x,s) is a fundamental solution expressed as
1 3_ )0

In the above expressiot}%(x,s) is called the zeroth-order fundamental solution.
By integrating by parts, we have

1 1
Jo VUQ(x, syudx = Io UQx, s) V'uxdx

4

dPU@xs)  dux) d?U%xs)  dPux) du@x s  diux) _
+ 2 - AA 2~ © o
[”(X) d & od a o o 9 [0
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By transforming the domain integral term on the right hand side of the equal sign in Eq. (4), we have

1 1 1
DO = J U9 x, s) Vu(xdx :J VUL (x, 5b@dx :I UDx, 5) Vb Qdx
0 0 0

+ [b(°> Uy db? PUPxy b duPxs b

=1
a3 dx dx? RN dx Ve UPx, s ] ho (5)

where

VU (x5 = UQx, )

b® = VPux) = Aux)

By transforming the domain integral term on the right hand side of the equal sign in Eq. (5) again, we have

1 1 1
DY = J UDx, 5) Vb Qdx :J VU@ (x, sbPdx :J U@(x, s) Vb Pdx
0 0 0

|y ?UPxs  d? FUPxy &Y duPxs b
dx® dx dx? dx? dx dx®

U@, s)] o (6)

where

VU@ (x,5) = UP(x,9)

b = V@ = A(V*ux) = (V)2ux)

Repeating the above process, many boundary terms appear except for one remainder of the domain integral as follows:

5O _ i o UV db? Uy b dUTTPixs) b
dx® dx dx? dx? dx dx®

UID(x, s)]li:é + Ry+1 )
j=0

whereRy;1 is a remainder term, and the body source term and remainder term are found to be

bPx) = (V) Pu(x) 8
db(j)(x) o onG+D,
i M) UX) 9
1
Rys1 = J UN*D(x, ) 7bMdx (10
0

n

The primary fieldsp(s) andu’(s), and secondary fields”(s) andu”(s), can be expressed as

FPUOx 9 dux) FUQxs)  dPux U%x s  dux

©
ax3 dx X2 dx? X a3 UTx9

uis) = {u(x)

; i[bﬂ’ PN d AUy | dD U My
j=0

% x @ b2 % e ' S)]}S Ry 1D

J

FUOx 9 dux FPUOxs | dux FUOxs  dPux) aUQ(xs)
x3ds dx X2 dx? XIS dx3 s

u'(s) = {U(X)

+ 12
A N3Is dx s ax2 XIS ax3 s e (12)
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z b — + - x=0 T R
j=0



342 W. Yeih et al. / Engineering Analysis with Boundary Elements 23 (1999) 339-360

Table 1
Explicit forms for the kernel functions

Kernel X>s Xx<s Kernel X>s x<s
U0 %%qzm f%%u‘zm PO %%qzw 7%(;;‘1_2!020)
T Lamet=0 hamet=0 TGS Langi=0 a0
% %%dzm —%%020) % %%(120) —%%(jzm
% f%%(jzm %%QEO) % f%%(jz@ %%020)
% f%%(jzm %%020) % f%%(jzm %%QEO)
s L ( L[;T:)! (=0 3 ;;4]::)! =0 s L %o ST %q ~0)
W = {u ” asu(z)(x, 9  dux FUOxs) N dux) PU%x s  dPux FUOx 9
R39S dx  9x%9s ax? XIS ax3 0
N i |:b(j) &SUG:D(X, 9 db? AUV Y FUITPxy &Y FUITTP(x ) ]}’|x:(l) FRlL (3
= 395 dx  x?os? dx? XIS ax® 9s?

PUO%x s dux PUOXs) N dux FU%x s  dux FUOxs)
IX39s3 dx  gx29s® dx? XIS dx3 s

u”(s) = {U(X)

N - Pydty 0 PHylt+y 2K (G+1 3pM G+1
+Z[b<”‘9 U Pxs  do” PUTPxe Y AUy dBY AUTcs) ]}X‘$+R”' 14
j=0

i X3 dx oS ax2 XIS dx3 oS *= N+l

whereR'y; 1, Ry 1andR'” 1 are the first, second, and third derivatives®qf, with respect tes, and the explicit forms for the
kernel functions are shown in Table 1 and defined as

_ (+1)
U)(JH)(X, 5 = M (15)
oX
i FLUT D (x,
U Yx9) = % (16)
) (G+1
U300 s) = w an
) (G+D
Ué“l)(x, S) — (9{ u (Xs S)} (18)
Js
_ (+1)
U)(gl)(x, S) = M (19

OXdS
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I L (20)
Uiteg = U D0uS) @
UL (x, 5 = az{u“;;(x, s} @2
Ui = A 09} @3
Uites = LU 0es) 24
Uit s = TLUD0esh 25)
Utg = TLUT e @6
Ulides = TLUT e @
Uity = LU D09} U{;gg -9} (29
Uitioxs = 71 D09} @9

Egs. (11) and (12) with Egs. (13) and (14) comprise the dual equations for MRM. The first two are called the essential
integral equations, the last two, the natural integral equations. The terms of essential integral equations and natural integral
equations are named according to the field qunatities concerned, equations with primary field quaisjites|u’(s), are
called the essential integral equations and in the same way equations with secondary field qué(gjtaesju” (s), are called
the natural integral equations.

By moving the field point close to the boundary, the dual BEM can be derived as follows:

U — Usuy + Uy, — U U = > (U — UGy + UMy, — UV (W)U (30)
i=1
0 0 0 0 A i i i i
U>(<x)x§4| - U>(<x)sux + U>(<s)uxx - Ué )uxxx = Z (U>(<I>zxs()\)u - U)Q)Zi)\)ux + U>(<|s)()\)uxx - Ug)(/\)uxxx) (31)
i=1
0 0 0 0 L i i i i
U>(<x)xs§'l - U>((X)S§Jx + U>(<s)suxx - Ués)uxxx = Z (Uigxsi)\)u - U)%%SS(A)UX + U)((IS)S(A)UXX - Ugs)()‘)uxma (32
i=1
0 0 0 0 A i i i i
U>(<><)><ss§J - U)ix)ssyx + U>(<s)s§1xx - Ués)suxxx = Z (Uigxssg/\)u - U>(<I>Zss£/\)ux + U)&ng)\)uxx - U:(sls)i)\)uxxx) (33)
i=1

whereu, Uy, Uy anduy are the column vectors of the boundary data.
The explict forms of the two groups of equations, the essential integral equation constructed by means of Egs. (30) and (31)
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and the natural integral equation constructed by means of Egs. (32) and (33), can be found to be

1+UR0,09  —URL0")  —-UQ©.0%  UQ@0") [ uo

U0.17)  1-UQL1) -UQO.1)  URQE1) u(d)

U940,0M)  —UQ(L0") 1-U%00) U0 |[|wo

URd0.17)  —URL1)  —Ugo17) 1+Ug117) ]k
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According to Egs. (34) and (35), it is found that only seven different series are present as shown below:

Nyt Nyt Nyt
2. @D & @+ & @+ & @+ A& 4 +5)! & 4+ 6)!

=0
For clarity, we define
N j+1
(A
AN =>» ——
(N) Z (4 +1)!

j=0

N yitt
sy =3 -

WhenN approaches infinity, the following equations are obtained:

& @+ 2
N j+1
(A)
C(N) = -
M) ]ZO (4j + 3)!
N i1
(A)
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™ ]ZO & + 4!
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(A)
EIN) =1+ —_—
* JZO 4 + 5)!
N i+1
(A)
FIN)=1+2 :
) ,Zo 4 +6)!
N j+1
(A)
GN)=1+6) ———
) ,Zo @+ 7)!
a= lim AN) = (/\)%(sinh\‘ﬁ + sind/A)
- N—oo o 2
b= lim B(N) = (V2 (coshX — cosih
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¢ = fim C(N) = (A3 (sinhJX — sind/A)
o N—oo B 2
d = fim D(N) = (COSWA + cosI
o N—oo - 2
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It is interesting to find that the four terms are present as followsx8inkin/A, coshyA and cos/A. Substituting the values
of the kernel functions shown in Table 1 into Egs. (30)—(33), we have

-1 -1 1 7 B -1 1 7
2 2 % 3 ° 7 9 3
1 1 1 uc0) 1 1 Uyx(0)
I N —~ 0 =
2 2 2 u(1) L] 4 12 Uex(1)
0 0 1 -1 Ux(0) 0 1 0 —1 Uyxx(0)
2 2 2 4
u, (1) Uy D)
o o =+ 1 1o oy
i 2 2 | | 2 4 4
0 E(D -1 0 _—1(E - 1)
2 2
1 1 wo
0 “1c 0 lo-p || WO
2 2
1 1 Uy(1)
= “D-1
| 3¢ 0 2 ) °
0 E(F -1 0 _—1(G -1
4 12
uXX(O)
YE-1 0 -1 0
—(F - 5(G - U (1)
RE . 12 ) ot (50)
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2 4
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| SE-1D) 0 JF-1 o
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i 2 2
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2 2 2 2
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5B 0 ¢ 0 ||u s6-H 0  SE-D 0 Ue(D)
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0 —=A 0 =B [|%O 0 ¢ 0 So-1 [[4©@
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3. Solving the eigenproblem by means of the essential and natural integral equations

For simplicity, a simply supported beam is studied in the following. After substituting the boundary conditions of the simply
supported beam into Egs. (50) and (51), the dual BEM has the following essential integral and natural integral equations:

essential integral equation

[ 0 %E 0 %G- /
_1 1 u'(0) 0
25 0 % % (v |_]o -
e o ) 0
__iD 2} B 40 u'"(1) 0
L 2 2 4 .
natural integral equation
i 0 %C 0 %E ] /
_1 1 u'(0) 0
2¢ % ZF 0 |lvaw|_]o -
__13 . _—1D 1 u'’(1) 0
[ 2 2 2

1.0E+6
2 (O  true eigenvalue
. f >  spurious eigenvalue

natural integral equation

2=3804.1
&

1=1558.5

Determinant

essential integral equation

2=3803.5 <i>
A=1558.5

[ R E—
0 1000 2000 3000 4000
A

Fig. 1. Direct search of eigenvalues using the essential and natural integral equations for the simply supported beam case.



348 W. Yeih et al. / Engineering Analysis with Boundary Elements 23 (1999) 339-360

5.00
D
2 000 <
Spurious eigenmodes
tial integral equation method,j=6, A =600.6656
C —— natural integral equation method,j=6, ) =500.560
-5.00 | ] I | T [ I
0.00 0.20 0.40 0.60 0.80 1.00

S

Fig. 2. The first spurious eigenmodes determined using the essential and natural integral equations for the simply supported beam case.

To solve the eigenproblem of Egs. (52) and (53), the direct search method [8] can be employed to find the eigenvalues. Th
result obtained using the direct search method is shown in Fig. 1 for both the essential and natural integral equation methods.
is found that both methods find close eigenvalues numerically. Several methods, e.g. the Newton—Raphson method, can
adopted for solving the nonlinear eigenequation as we encounter here; however, for knowing the full spectrum response thi
direct search method is used in this research. Analytically speaking, eigenequations derived from both methods are the sam
However, some of these eigenvalues are spurious. To filter out the spurious eigenvalues, the essential and natural integr
equations should be used together in a way similar to the method used in [8]. After finding the eigenvalue, no matter whether it
is true or spurious, one can obtain the corresponding boundary eigenvector. Then, the eigenmode can be determined |
substituting boundary data into Eq. (11). Comparing the eigenmodes obtained by these two methods, one can find that the tru
eigenvalue will result in the same eigenmodes for both methods, but that the spurious eigenvalue will result in different
eighenmodes as shown in Fig. 2. In other words, for the spurious eigenvalue, the boundary eigenvector obtained by the
essential integral equation cannot satisfy the constraints of eigenequations derived by the natural integral equation and vis
versa (although the spurious eigenvalues obtained by these two methods are very close). That is to say, only the null vector |
satisfied.

Although only the coefficient matrix for a simply supported beam has been examined, the coefficient matrix for other cases
can be found in Table 2.

For cases (1), (2) and (3), the essential and natural integral equations can successfully find the eigenvalues shown in Tabl
3-5, respectively, and the spurious eigenvalues can be filtered out by the algorithm as stated above. Further, it is found the
both methods obtain the same spurious eigenvalues. An explaination for this will be given analytically in the next section and
rechecked by means of numerical experiments. The first two modes obtained by both methods are illustrated in Figs. 3—5. Ina
these figures, the normalized eigenmode is plotted,; i.e. the absolute value of the maximum displacement response is set to be
It is seen that the numerical results show good agreement with the analytical solutions.

However, it is found that neither the essential nor the natural integral equation can successfully find the boundary eigen-
vectors for the fixed-fixed supported beam (case 4) although they can find true eigenvalues as shown in Table 6. It can easily k
seen that after substitution of boundary conditions into the equations, there are only four boundary unknowns, but there are
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Coefficient matrices for the essential and natural equations

349

Essential integral equation

Natural integral equation

Simply supported beam

Cantilever beam

Fixed-roller suppported beam [

Fixed-fixed supported beam
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2 12 )
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I "l o o
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e A S
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—38 0 0 -pe|
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"
%D o o %F u™(0)
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[ 72 2B 2F 0]
0 %F 0 7%26
1 ul/(o)
ZF 0 EG U”(l)
1
0 —%E e v
1 u///(l)
ZE 0 -ZF 0
| 2 i

O O o o

o O O o

o O o o
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1 -1

-5C 0 —
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0 -3B 3

—%B 0 -%

1 1 1

2B 3¢ 73
1

0 0 ED
~2A 3B 0
1

0 0 EC

1 1

-5C -5 0
1 1

0 ED EE
1

B0 -3
1 1

0 EC ED

1 1

2 20
o -1l
1 1

0 -5C -5
1 1
EC 0 ED

o

N~
NI O

N - o

NI O

u'(0)
u'(D
u”(0)
u’(D)

ul)

u'(D
u’(0)
)

u'(1)
u'(0)
u"'(0)
u”’(1)

u”(0)
u”(1)
u'’(0)
u'" (1)

O O o o

o O o o

o O o o

eight equations in all. Therefore, there is no preferred choice of equations for solving this eigenproblem. Dividing the equations
into two groups, essential and natural equations, is merely a natural division in the derivation stage. Theoretically, any four
equations among these eight equations can be adopted, provided that the rank of the leading coefficient matrix is sufficient to
obtain the boundary eigenvector. (The rank should be 3 for the eigenvalliee essential and natural integral equations fail to

find the boundary eigenvectors since the rank of both leading coefficient matrices from the two integral equations is only 2 for
the obtained eigenvalues. However, other equations can find the eigenvalues and boundary eigenvectors at the same time a
shown in Table 6. The first two eigenmodes obtained by the appropriate equations in Table 6 are illustrated in Fig. 6. Again,
good agreement between the numerical result and analytical solution is obtained. For the reader’s reference, the analytical

results for the eigenvalues, boundary eigenvectors and eigensolutions for all four cases are shown in Tables 7—10.

4. Analytical derivations for the eigenequation obtained using the dual MRM

According to Egs. (43)—(49) for the casef— oo, Egs. (52) and (53) for a simply supported beam can be expressed as

follows.
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Table 3
Eigensolutions for the simply supported beam case
Analytical First mode Spurious mode Second mode Spurious mode
solution
Eigenvalues Boundary mode Eigenvalues Eigenvalues Boundary mode Eigenvalues
97.409 See Table 7 N.A. 1558.545 See Table 7 N.A.
Essential integral equation
N=1 97.565 — N.A. 1341.535 — N.A.
N=2 97.405 — 501.445 1439.015 — 2530.745
N=3 97.405 — 500.565 1556.145 — 3568.315
N=4 97.405 — 500.565 1558.535 — 3797.745
N=5 97.405 u'(0) 7.12x 102 500.565 1558.545 u'(0) —1.79% 102 3803.525
u'(D) —~7.13x 1072 u'(D) -179x 1072
u”(0) -7.03x10°? u”(0) 7.08x 107"
u”(1) 7.04x 107! u”(1) 7.06x 107!

True eigen equation: sigA,) = 0
Spurious eigen equation: siy,){1 — cosi¥/A,)cogJA,)} =0

Natural integral equation

N=1 95.650 — N.A. N.A. — N.A.
N=2 97.450 — 490.750 N.A. — N.A.
N=3 97.450 — 500.450 1558.750 — N.A.
N=4 97.450 — 500.550 1558.750 — 3858.451
N=5 97.450 u'(0) 7.13x 102 500.550 1558.550 u'(0) —1.79% 102 3804.150
@ | ] -718x 1072 U@ [ ] -179x 1072
u”(0) -7.03x10! u”(0) 7.08x 107!
u”(1) 7.04x 107t u”(1) 7.06%x 107!

True eigen equation: sigA,) = 0
Spurious eigen equation: siy,){1 — cosiY/A,)cog/A)} =0

Essential integral equatian

_ 1 1 1
0 Ee 0 7
1 1 u’'(0) 0
—e 0 — 0 !
u'(d) 0
2 12 ; _ (54
Lode o el e
_1 1 1 u///(l) O
— - —f
_2d 2 0 _

In order to obtain a nontrivial solution for the boundary eigenvector, the determinant should be zero. Therefore, we have the
eigenequation

- Ti)wsinx‘ﬁsinh\ﬁ(l — cosh¥/AcosyA) = 0 (55)
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Table 4
Eigensolutions for the cantilever beam case

Analytical First mode Second mode Spurious mode  Spurious mode
solution
Eigenvalues Boundary mode Eigenvalues Boundary mode Eigenvalues Eigenvalues
12.360 See Table 8 485.481 See Table 8 N.A. N.A.
Essential integral equation
N=1 12.365 — — N.A. N.A.
N=2 12.365 — 483.715 — 500.755 N.A.
N=3 12.365 — 485.505 — 500.565 3716.855
N=4 12.365 — 485.515 — 500.565 3802.135
N=5 12.365 uc1) -161x10? 485.515 uc1) 9.11x10°3 500.565 3803.565
u'(D) -221x107! u'(d) 4.361x 1072
u"(0) ~5.65x 107" u"(0) -2.05x107*
u”(0) 7.78x 107! u”(0) 9.78x 107!
True eigen equation: co6ir,)cog/A,) + 1 =0
Spurious eigen equation: cadgh,)cogJA,) —1=0
Natural integral equation
N=1 12.365 — — N.A. N.A.
N=2 12.365 — 483.715 — 521.075 N.A.
N=3 12.365 — 485.505 — 500.755 2883.855
N=4 12.365 — 485.515 — 500.565 3716.825
N=5 12.365 u(b) -161x10? 485.515 uea) 8.97x10°° 500.565 3802.095
u@ | | -221x10™ u'@ | | 429x107?
u"(0) -5.65x107* u"(0) -2.05x 10!
u”(0) 7.78x 107! u”(0) 9.78x 107!
True eigen equation: co6ir,)cog/A,) + 1 =0
Spurious eigen equation: cdgh,,)cogJA,)—1=0
Natural integral equation
_ 1 1 -
0 > c 0 > e
u’(0) 0
1 c 0 1 e 0
— — !
2 2 u'(1) 0
1 1 1 " (56)
el | e I
1 l 1 u///(l) O
—b 0 —d =
| 2 2 2
In the same way, we have
WY e
- Tsm\/Xsmhx/X(l — coshyAcosiA) = 0 (57)

The eigenequation for the simply supported beam should K&sia 0. Comparing this with the one we derive from the dual
MRM, the eigenequation derived from the dual MRM has supurious eigenvalues resultinglfrorrosh{Acosd/A) = 0 as
found in either Eq. (55) or Eq. (57). It is interesting to find that both the essential and natural integral equations obtain the same
spurious eigenvalues because they have the same spurious eigenequation. The reason why the spurious eigenvalues occur h
been explained by Yeih et al. [15]. Further, only the analytical derivation for a simply supported beam is illustrated here. The
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Table 5

Eigensolutions for the fixed-roller supported beam case

W. Yeih et al. / Engineering Analysis with Boundary Elements 23 (1999) 339-360

Analytical First mode
solution

Spurious mode Second mode

Spurious mode

Eigenvalues Boundary mode Eigenvalues Eigenvalues Boundary mode Eigenvalues
237.721 See Table 9 N.A. 2496.487 See Table 9 N.A.
Essential integral equation
N=1 241.050 — 521.080 N.A. — N.A.
N=2 237.750 — 500.760 N.A. — N.A.
N=3 237.730 — 500.570 2473.925 — 3716.860
N=4 237.730 — 500.570 2496.240 — 3802.140
N=5 237.730 u' (D) 3.80x 102 500.570 2496.500 u' (D) 1.15x 102 3803.570
u”(0) -205%x 107! u'(0) 1.15x10°?
u”(0) 8.06x 107" u”(0) -810x107*
u”(1) —554% 107! u”(1) 575%x 107!
True eigen equation: cogA,)sinh(J/A,,) — cosi(J/A)sin(JA,) =0
Spurious eigen equation: ca@gM,)cogJ/A,) —1=0
Natural integral equation
N=1 219.450 — N.A. N.A. — N.A.
N=2 237.450 — 498.580 N.A. — N.A.
N=3 237.730 — 500.560 N.A. — 3792.960
N=4 237.730 — 500.565 2499.24 — 3816.940
N=5 237.730 u'(1) 3.80x 10 2 500.570 2496.51 u'(1) 1.15x 102 3803.680
u'© | | -205x107* u'(0) 115%x 107"
u”(0) 8.06x 107" u”(0) -810x 107"
u”(1) —554%x 107! u”(1) 575%x 107!

True eigen equation: cogA,)sinh(/A,,) — cosi(J/A)sin(JA,) =0
Spurious eigen equation: cdsh,)cog¥A,) —1=0

corresponding eigenequations and spurious eigenequations are shown in Tables 3—6. It should be noted here that no spuric
eigenvalue problem occurs in the fixed-fixed supported beam case.
After obtaining the boundary eigenvector, the representation for the displacement can be expressed as follows:

u(s) = [Hi(s Ha(s) Ha(s)

Ha(s)

Hs(s) Hg(s) Hz(s) Hg(9) ]

2

Hy(S) = 1( coshy/A(—s) + cos/A(—s) 1)

(U0 )
u(1)
u’'(0)
u'(2)
u’(0)
u"(1)
u”(0)

{ u’”(l) J

(59)

(59)
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Fig. 3. The first two eigenmodes determined using the essential and natural integral equations for the simply supported beam case.

Hy( = %(cosh‘ﬁ(l — s)2+ cos/A(1—9s) 1) (60)
Hy(®) = —71 ( sinn‘ﬁ(—zs();]rmjinxﬂ(—S) _ 1) (61)
Ha(® = —71 ( sinhdA(1 —;();J;sin(ﬁ(l -9 l) 62)
Hete) = % (cosh‘ﬁ(—si ;Zcosﬂ(—s) B 1) 63)
He(s) = %(cosh‘ﬁ(l - 51;2 cosfAl—-s) 1) 64)
Hoe = 1_; ( 3(sinh\7X(—j)3:‘- sindA(-s) 1) 65)
Ha(®) = 121( 3(sinhJ/A(1 — 3)33: sinvA(L—9) 1) 66)

It is interesting to find that only five independent functions are provided according to Egs. (59)—(66).
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Fig. 4. The first two eigenmodes determined using the essential and natural integral equations for the cantilever beam case.
5. Determination of the eigenproblem using the SVD method

After substituting the homogeneous boundary conditions for both the essential and natural integral equations, the eigen
problem in general can be expressed as

[A(M)]axaXax1 = 0 (67)

where A(\) is the leading coefficient matrix function of, and x is the boundary eigenvector. Whenis equal to the
eigenvalue, the determinant #f is zero, which means that the rank Afmust be at most equal to 3 in order to have a
nontrivial solution. We should remember that we have in total eight equations. Therefore, the boundary eigenvectors shoulc
satisfy all eight equations although we obtain the eigenvalues from four selected equations. It has been mentioned above th:
the spurious boundary eiegnvectors corresponding to the spurious eigenvalues cannot satisfy the remaining eigenequatior
This means that the only eigensolution corresponding to the spurious eigenvalues is a null vector since theAnaihash
rank of 4. In another words, a selection of four equations which has a rank of 4 is possible. However, when we select a specia
group of equations, the rank of the system of equations may be reduced by one order, which may mislead us and cause us
believe itis a true eigenvalue. Itis quite interesting to ask ourselves a question: can one determine the true eigenvalues using
eight equations without information from the eigenmodes? This question will be answered in this section.

To determine the boundary eigenvectol standard procedure is to let one element in the vectobefequal to one and
reduce the equation to

[AlaxaXax1 = bax1 (68)

Then, the remaining components in the boundary eigenvector can be determined. However, the above-mentioned algorithm |
true only when the rank of the leading coefficient matfx,is equal to 3. When the rank of the leading coefficient matrix is
lower than 3, the algorithm fails.

In the fixed-fixed supported beam case, it is found that the rank of the leading coefficient matrix in either the essential or
natural equation is equal to 2. This means that the system of equations appearing in either the essential or the natural equatior
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Fig. 5. The first two eigenmodes determined using the essential and natural integral equations for the fixed-roller supported beam case.

highly dependent, so that the boundary eigenvector can be chosen arbitrary with a nullity of 2. As mentioned above, the way in
which we divide the equations into two groups, essential and natural equations, is merely a natural division in the derivation. In
general, the boundary eigenvector should satisfy all eight equations. Therefore, we have more equations than unknowns in this
framework.

As mentioned previously, the conventional method of finding the eigenvalues and corresponding boundary eigenvectors
may encounter two difficulties: the spurious eigenvalue problem and the undeterminancy of boundary eigenvectors. Here, we
propose the singular value decomposition method (SVD) to solve these two difficulties at the same time. A brief introduction to

SVD is given next.
Consider a linear algebra probelm with more equations than unknowns:

[A]mxnxnxl = mel’ m>n (69)
wheremis the number of equations,is the number of unknowns ardis the leading matrix, which can be decomposed into
[Alrxn = Umxmzmxnv?:xn (70)

Here,U is a left unitary matrix constructed by the left singular vect®sds a diagonal matrix which has singular values
01,09,...,0, allocated in the diagonal line as

moy - 0

=10 -« o | m>n 7
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;Z?E :nd eigensolutions for different selections of equations for the fixed-fixed supported beam case
Equations Eigenvalues Eigenmode Rank Equations Eigenvalues Eigenmode Rank
1,2,3,4 497.895 (—2.107x 107 1) 2 5,6,7.8 500.1 ([ 2.036x 107" ) 2
0 1.378x 10 2
| —o776x 10t | | —979ax 107 [
0 ) | 3171x 1072 |
1,2,5,6 500.565 [ 1.490x10°% ) 3 3,4,7,8 500.565 ([ 1.488x10°* ) 3
1.490x 10t 1.488x 10 *
| —6912x 10t | | —s913x 10t |
| 6.912x 107! | | 6.913x 107! |
1,2,7,8 500.015 ([ 1.488x 1071 ) 3 3,4,5,6 500.1 ([ 1.488x 1071 ) 3
1.488x 107* 1.488x 107*
| —6913x10* | | —6913x 10 |
| 6.913x 107! | | 6.913x 107! |
1,4,5,6 500.565 ([ 1.488x 107! ) 3 2,378 500.565 ([ 1.488x107* ) 3
1.487x 107! 1.487x 107!
| —6914x 107 [ | —s913x 107 [
| 6.911x10°* | | 6.913x10°* |
1,4,5,8 500.575 [ 1.487x 1071 ) 3 2,3,6,7 500.575 [ 1.488x 1071 ) 3
1.488x 10t 1.487x 10t
| —6908x 10t | | -6918x 107 [
| 6.918x 10! | | 6.918x 10! |

Egs. 1, 2, 3, 4 true eigen equation {casf,) cos (/A,) — 1} = 0; Egs. 5, 6, 7, 8 true eigen equation {cogh, cosJx, — 1} = 0.

in which 0; = o,... = o, and V* is the complex conjugate transpose of a right unitary matrix constructed by the right
singular vectors. As we can see in Eq. (71), there are at moghzero singular values. This means that we can find at most
n linear independent equations in the system of equations. If wehageo singular values (& p =< n), this means that the
rank of the system of equations is equalrto- p. However, the singular value may be very close to zero numerically,
resulting in rank deficiency. For a general eigenproblem as shown in this paper, the eigenvalues will cause the rank to be
n—1 (i.e. 3).

Determining the eigenvalues of the system of equations has now been transformed into finding the vahi@stoinake
the rank of the leading coefficient matrix 3. This means that when8, n = 4 andb,; = 0, the eigenvalues will make= 1,
such that the minimum singular value must be zero or very close to zero.

Let us take the simply supported beam as an example; the result of the direct search method based on the SVD method
plotted in Fig. 7. Itis seen that the true eigenvalues cause the minimum singular value to be much lower thanxhvakiber
The more the eigenvalue approaches the true value, the more the minimum singular value approaches to be zero, in which ca
the rank of the matrix will be reduced to 3. However, this is not true for the spurious case.

To find the boundary eigenvector associated with the eigevalue, we can set one of the elements in the boundary eigenvect
to be one and then reduce the equations into the form of Eq. (69), whiemeow a nontrivial vectorm = 8 andn = 3.

Then, the pseudo-inverse matri,” of A, is expressed as

ArTxm = Vin rTxnU?mm (72

whereX " is constructed by taking the transpose3pfind then replacing the diagonal singular value terms with its inverse,
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Fig. 6. The first two eigenmodes determined using appropriate selection of equations and the SVD method for the fixed-fixed supported beam case.

Table 7
Analytical solutions for eigenvalues, boundary modes and eigenmodes for the simply supported beam case (*the given B.C.s.)

Simply supported beam

Boundary conditions u(0) = 0,u(1)=0,u"(0)=0,u"(1)=0
An A1 = 97.409 A\, = 1558.545
Boundary mode (0" ) (0" )
- U(O) N 0* O*

u(l) T 27

u'(0) - 2w

u'(1) 0 (0}

u”(0) 0 0"

u'(2) -7 —(2m?

u”(0) [ 7 [ —@2m)* )
Lu"(D) )

Mode shape SIR/ALX)
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Table 8
Analytical solutions for eigenvalues, boundary modes and eigenmodes for the cantilever beam case (* the given B.C.s)
Cantilever
Boundary conditions u(0)=0,u’'(0)=0,u"(1)=0,u"(1)=0
An N = 12.360 o = 485.481
Boundary mode (0" ) (0 )
([ u(0) ) 2 -2
u(l) 0" 0"
u'(0) 2.754 —9574
u'(2) 7.031 44,067
| vo 0 o
u”(1) —14697 —210679
UW(O) \ o ] { o
Lu"(1)
Mode shape COSALX) — COLYAX) — o [SINN(YAX) — SIN(JYAX)], o4 = 0.732,0, = 1.018
Table 9

Analytical solutions for eigenvalues, boundary modes and eigenmodes for the fixed-roller supported beam case

Fixed-roller supported beam

Boundary conditions u(0)= 0, iu(1)=0,u'(0)=0,u"(1)=0
A A\ = 237.721 A = 2496.487
Boundary mode [ 0" ) [ 0" )
([ u(0) ) 0" 0"
u(l) 0 0
u'(0) —5713 9.989
u'(1) 30.836 99.93
|vo | 0 o
u”(1) —121179 —706367
u”(0) | 8321 | | —499825 |
| Um(l) )
Mode shape cogkfAx) — cogJAX) — oi[sinh(JA,x) — sin(/AX)], o1 = 1.001,0, = 1.000
Table 10

Analytical solutions for eigenvalues, boundary modes and eigenmodes for the fixed-fixed beam case (* the given B.C.s)

Fixed-fixed supported beam

Boundary conditions u(0)=0,u(1)=0,u'(0)=0,u(1)=0

A A\ = 500.564 \» = 3803.537

Boundary mode (0" ) (0" )

( u(0) 0" 0"
u(l) 0" 0*
u'(0) 0 0
u'() 4475 12334

1 v [ 4475 12334
u”(1) —207.94 —96955
u”(0) | —207.94 ] | —96955

| Um(l) ]

Mode shape coglyAX) — cog A X) — oi[sinh(J/A,X) — Sin(YAX)], o1 = 0.983,0, = 1.001
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Fig. 7. Direct search of eigenvalues using SVD for the simply supported beam case.
expressed as
1, o
o1
2+ — m>n 73
0 .- Ui 0

The above-mentioned SVD method has been proved to be equivalent to the least square error solution in determining the
unknown vector when the number of equations is larger than the number of unknowns [16]. After introducing the SVD method,
we do not need to worry about how to pick a specific group of equations such that the rank of the leading coefficient is sufficient
to solve for the eigenvector. On the other hand, we can take all eight equations into account, which apparently causes the rank
of the leading coefficient matrix to be equal to three. Thus, the eigenvector can be easily found in the sense of the least square
error. The eigenmodes determined using the SVD method are the same as those obtained using the above-mentioned metho
since the boundary eigenvectors are almost the same; therefore, only the first two mode shapes for the fixed-fixed supported
beam determined using the SVD method are illustrated in Fig. 6. It can be confirmed that the SVD method can solve the
spurious eigenvalue problem and eliminate possible indeterminancy of the boundary eigenvector at the same time. For further
details concerning the SVD method, please refer to Ref. [17].

6. Concluding remarks

In this paper, we have constructed the dual equations for MRM to find the natural frequencies and modes of a beam
numerically and analytically. The role of the natural integral equation in the dual MRM has been examined and used to filter
out spurious eigendata. Also, the spurious eigenequation has been analytically derived and found to be the same for both the
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essential and natural integral equation methods. The SVD technique can be employed to distinguish whether or not the
eigenvalue is true. Further, the SVD method has been proposed to determine the true eigenvalues and the boundary eige
vectors, which requires no special selection of equations. Four examples with different boundary conditions have been used t
show the validity of the present formulation. Although only a one-dimensional structure is studied in this paper, extension of
the proposed method to higher dimensional structures has being investigated.
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