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Abstract

This paper presents the occurring mechanism why irregular frequencies are imbedded in the exterior acoustics using
the dual boundary element method (BEM). The modal participation factor which dominates the numerical instability is
derived for continuous and discrete systems. In addition, the irregular (fictitious) frequencies embedded in the singular
or hypersingular integral equations are discussed, respectively. It is found that the irregular values depend on the
kernels in the integral representation for the solution. A two-dimensional dual BEM program for the exterior acoustics
was developed. Numerical experiments are conducted to verify the concept of modal participation factor.
© 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Irregular frequencies, or so called fictitious frequencies for exterior acoustics in boundary element
method (BEM) or boundary integral equation method (BIEM), have been studied by many researchers
(Burton and Miller, 1971; Schenck, 1968) for a long time. For a continuous system, Chen (1998) proved
analytically using the dual series model that the positions of fictitious frequencies depend on the kernel in
the integral representation for the solution. The types of boundary condition can not change the positions
where fictitious frequencies occur once the integral formulation is chosen. Later, Chen and Kuo (2000)
applied the theory of circulants to understand the occurring mechanism of irregular frequencies for a
discrete system by considering a circular radiator. Numerical examples for nonuniform radiation problems
using the dual BEM were provided and irregular frequencies were easily found (Chen et al., 2000).
Although the fictitious frequencies can be predicted theoretically (Chen, 1998; Chen and Kuo, 2000), we
may not find the positions of numerical instability in the real computation for some cases. How to explain
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the reason is not trivial. Very few literature on this topic can be found to the authors’ best knowledge. In
structural dynamics, the concept of modal participation factor (Chen et al., 1995) is well known for
structural engineers. It indicates the weighting how the corresponding mode contributes to the response.
This concept can be applied to the excitations of body force, boundary force and boundary support motion.
The modal participation factor for both the continuous system (Chen et al., 1996) and discrete system
(Chen et al., 1995, 1997) were derived in structural dynamics.

In this paper, we will propose the concept of modal participation factor for the numerical instability in
the dual BEM for exterior acoustics. A dual BEM program was implemented to examine how the modal
participation factor dominates the numerical instability near the fictitious frequency. The nonzero modal
participation factor causes the numerical oscillation since the total solution is contaminated by the cor-
responding fictitious mode. The positions of fictitious frequencies for the exterior problems using the first
equation of the dual BEM (the singular integral equation—UT method) or the second equation of the
dual BEM (the hypersingular integral equation—LM method) will be discussed. Four numerical examples
of radiation problems and scattering problems subject to the Dirichlet and Neumann boundary condi-
tions, will be illustrated to show how participation factor contributes numerical instability to the total
solution. Numerical results using four approaches, the UT method, the LM method, the CHIEF method,
the Burton and Miller method, will be verified in comparison with the analytical solutions and the DtN
results (Harari et al., 1997; Stewart and Hughes, 1997). The modal participation factor for the corre-
sponding modes will be determined to predict the contribution of the numerical instability. To circumvent
the problem of numerical instability near the fictitious frequency, the Burton and Miller method (Burton
and Miller, 1971) and CHIEF method (Schenck, 1968; Chen et al., 2001) will be employed for com-
parisons.

2. Dual formulation for two-dimensional radiation and scattering problems

The governing equation for an exterior acoustic problem is the Helmholtz equation as follows:
(V2 + K)u(x1,x2) =0, (x1,%) €D,

where u is the acoustic potential, V? is the Laplacian operator, D is the domain and k is the wave number,
which is angular frequency over the speed of sound. The boundary conditions can be either the Neumann
or Dirichlet type. Based on the dual formulation, the dual equations for the boundary points are

nu(x) = CPV/B T(s,x)u(s)dB(s) — RPV/B U(s,x)t(s)dB(s), x € B, (1)
mt(x) = HPV/BM(s,x)u(s) dB(s) — CPV/BL(S,x)t(s) dB(s), x€B, (2)

where CPV, RPV and HPV denote the Cauchy principal value, the Riemann principal value and the
Hadamard principal value, #(s) = Ou(s)/0ny, U(s,x) is the fundamental solution, (Chen, 1998)

oU(s,x oU(s,x QU (s,x
T(s,x) = 6(}1 ), L(s,x) = a(n ) and M(s,x):#7

B denotes the boundary enclosing D and the U, T, L and M are the four kernels in the dual formulation. By
discretizing the boundary into boundary elements, the linear algebraic equations for the dual boundary
integral equations can be written as

[qu]{uq} = [qu]{tq}v (3)
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[Mpq]{”q} = [qu]{tq}v (4)
where [U], [T], [L] and [M] are the four influence matrices, {u,} and {z,} are the boundary potential and
flux, and the subscripts p and ¢ correspond to the labels of the collocation element and integration element,
respectively. In order to avoid the problem of fictitious frequency, the Burton and Miller formulation
(Burton and Miller, 1971) is employed by combining the dual equations as follows,

{1700+ 00 b = {0+ 120 i 5

where i = —1. Also, the CHIEF method (Schenck, 1968) by adding the constraints from the interior points
is considered for comparisons.

3. Modal participation factor for numerical instability—continuous system

For simplicity, we propose the concept of modal participation factor by a circular case. By expanding the
four kernels in the dual formulation, we have the following degenerate kernels,

UR0:p,¢) = > 5[—iu(kR) + Yu(kR), (kp) cos(m(0 — #)), R > p,
Uls,x) = e (6)

Ue(R’ 97/)7 ¢) = Z %[_L]m(kp) + Ym(kp>]‘]m(kR) COS(m(Q - d)))» R< P,

TR, 0;p,¢) = > %[, (kR) + Y, (kR)L,,(kp) cos(m(0 — §)), R > p,
T(s,x) = o (7)
TR, 0:p,8) = 50 % [~iJy(kp) + Y, (kp)J2,(kR) cos(m(0 — $)), R < p,

m=—0o0

1S

k

LR, 0;p,¢) = > & [iu(kR) + Vu(kR)J, (kp) cos(m(0 — #)), R > p,

L(s.x) = = (®)
LR 05p.§) = 3 5 [=iJ,(kp) + Y, (kp) U (kR) cos(m(0 — 9)), R < p.

MI(R.0:p.¢) = > o [T, (kR) + Y, (kR), (k) cos(m(0 — §)), R > p,

M(s,x) = " B 9)
MR, 0sp,0) = 52 [ (p) + Y, (p)y (R) cos(m(0 — ), R < p.

where x = (p, ¢), s = (R, 0), J,, and ¥,, are the first and second Bessel functions with order m, respectively. It
is found that the source and field points are separated in the degenerate kernels of Egs. (6)—(9). For the
boundary densities, u and ¢, on the circular boundary, we have

u(0) = ap+ Y _(aycosnd + b,sinnd), 0<0 < 2m, (10)

n=1

1(0) :pO+Z(p,,cosn9+qn sinnf), 0<0 < 2mx, (11)

n=1
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where ay, a,, b,, po, p, and g, are the Fourier coefficients for u and ¢, respectively. For the Dirichlet case, ay,
a, and b,(n = 1) are known, while py, p, and g,(n > 1) need to be determined. By adopting the null-field
equation, we have

0=/BTf(s,x)u(s)dB(s)—/BUf(S,x)z(s)dB(s), xeD, (12)

where D is outside the domain of interest D. By substituting the series forms for the kernels of Egs. (6) and
(7) and the boundary densities of Eqgs. (10) and (11) into Eq. (12) and using the orthogonal properties of
Fourier bases, we have

HY (ka)Jy (k
o= S (13)
Hy' (ka)Jo(ka)

(1
pmszamka m = 17 (14)
Hy' (ka)J,, (ka)
HY (ka)J,,
o — (ka)J, (ka)bmk, m> 1, (15)

HY (ka)J, (ka)

where H(! denotes the first kind Hankel function with order m. By substituting all the boundary unknowns
into the field equation, we have

_ - Hr(nl)(kp) In(ka) .
u(p, ¢) = ; (Hm”(ka) ) <Jm ) > (a, cos(m¢) + b, sin(me))
_ 2 (Ziiigz;) <ﬁ]/§z; > Ja2 + B2 cos(mp —1), p>a, 0<$<2m, (16)
after employing the following identities
HY (ka) = J,,(ka) + iY,,(ka), (17)
HY (ka) = J' (ka) +iY! (ka), (18)
. 2
¥, (ka)J,,(ka) — i¥,, (ka)J,, (ka) = ——. (19)

where 7 is the phase lag. By checking all the terms in the derivation, a term of zero divided by zero,
Jn(ka)/J,(ka), can be found in Eqs. (13)-(16) for the case of irregular values such that J,,(ka) = 0. This
motivates us to define the modal participation factor as (H\" (kp)/H" (ka))+/a% + b2, for the term of nu-
merical instability, J,, (ka) /J,,(ka), with respect to the corresponding mode cos(m¢ — 7). In a similar way, we
can derive the modal participation factor, (H\" (kp)/H (ka))+/a% + b2, for the term of numerical insta-
bility, J/ (ka)/J! (ka), with respect to the corresponding mode cos(m¢ — 7) in the LM method (hypersingular
equation). Mathematically speaking, the irregular values can not result in any difficulty since the term of
zero divided by zero can be directly determined by the L’Hospital’s rule. In an easier way, the same two zero
terms can be cancelled out straight forward. However, this is not the case in the real calculation since the
unknown densities are assumed in a separate way.
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4. Modal participation factor for numerical instability—discrete system

In this section, the modal participation factor for numerical instability resulted from the fictitious fre-
quencies is derived for a discrete system with an arbitrary boundary. By discreting 2N boundary elements
along the boundary and using the SVD technique for U and T matrices in Eq. (3), we have

GyZyWPit = b2 Whu, (20)

where t denotes the transpose conjugate, @y, ¥y, @7 and ¥ are the unitary matrices, Xy and X7 are the
diagonal matrices composed by the singular values afw and afr) of U and T matrices, respectively. By
choosing the 2N column vectors in ¥y and ¥ as bases for ¢ and u, respectively, we have

N

t=Yyo= Z oc,,x//,(lU), (21)
n=—(N-1)
and
N
u="Pp= Y By, (22)
n=—(N-1)

where o and f are the generalized coordinates. By substituting Egs. (21) and (22) into Eq. (20), we have
Oy 2y = Pr2rf, (23)

after using the unitary properties for ¥y and ¥r. When £ is a fictitious frequency (k,), there exists a qSl'
which satisfies

T
o

after using the Fredholm alternative theorem. By taking the transpose conjugate with respect to Eq. (24),
we have

$I[U (k) T(ky)]=0. (25)

Egs. (24) and (25) are found to be the SVD updating terms and documents (Chen et al., 1999), respectively.
By premultiplying ¢! with respect to the left hand side and right hand side of the equal sign in Eq. (23), we
have

$lPuZye = ¢ PrZ;p. (26)

For simplicity of demonstrable purpose, the Dirichlet problem is considered here. Eq. (26) is reduced to
oD

o = O'EU) f;, ino sum, (27)

since ¢, is one of the column vectors in @, and @7. By checking the terms in Eq. (27), an undetermi-

nate term of zero divided by zero, O'ST) / o\, can be found when k is an irregular value which satisfies

o,m = a,@ = 0. The modal participation factor can be defined as (o,m / JEU))[?[ for the numerical insta-
bility, with respect to the corresponding mode x/;§” instead of d)ET). In the same way, we can derive the
modal participation factor, (afm / afL)) p;, with respect to the corresponding mode lﬁfM ) instead of ¢§M ) in
the LM method. By considering the special case of a circular radiator with ZN elements, Eq. (20) reduces

to

OHIY't = PH'J¥'u, (28)
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where
L) (e ()"
R ) (%)’
d=V=—— : , (29)
V2N 22\ 2N—2 25\ N2 2N\ IN—2
1 (e‘zv (e ‘ZN) (CIZN
1 (elzz_g)wil (e_l_‘_s)mil (e%)qu INX2N
" HY (ka) 0 0 0
0
0  H"(ka) 0 0
H=1 9 0 H(ka) 0 ) (30)
0 - 0
L0 0 0 0 Hji,l)(ka) 4 avxan
[ Jo(ka) 0 0 0 7
0 J_1(ka) 0 0
J=1 0 0  Ji(ka) 0 (31)
: : 0 - 0
L 0 0 0 0 Jy(ka) | yywon

In a similar way, we can obtain the modal participation factor for each mode using the UT and LM methods
as shown in Tables 1 and 2, respectively.

Table 1
The modal participation factor in the UT method (singular equation)
Mode Participation factor
" 1y (ka) (k)
‘ H (ka) Jo(ka)
HY (ka) J_, (ka)
l//—l (1) ﬁ—l
H) (ka) J-1(ka)
Y (ka) J (ka)
l/ll (1) ﬁl
H" (ka) J1 (ka)
v H (ka) g (ka) 5
—(N-1) Hil()]vil)(ka) J,(N,l)(ka) —(N-1)
v H&v),])(ka)Jw,l)(ka)
Y Y (ka) Jov- (k) 0
HY (ka) Jy (ka
2% n(ka) )b’N

H" (ka) Jn (ka)
Where Yo, V_1, ¥, W55, W_(v_1), Wn_1y and Yy are the 2N columns in Wayxoy matrices.
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Table 2
The modal participation factor in the LM method (hypersingular equation)
Mode Participation factor
" 1 (ka) Jyka)
0 H (ka) Jj(ka) ™"
y Hﬁll)'(ka)Jil(ka)ﬂ
! HY) (ka) I, (ka) -
" (ka) J; (ka)
l//1 (1) 7 (k :Bl
HY (ka) J} (ka)
v (\ 1)(1“1) ~(N— 1)(k a)
e HO),y (ka) - (ka) Y
’ Y, \(ke) i1, (k)
e HU (k) Ty (ka) Y
HY (ka) !, (ka
l//N N ( ) N( ).BN

H (ka) Iy (ka)

5. Numerical examples

Case 1. A radiation problem (Dirichlet condition)
For the first example, a radiation problem is considered. The governing equation and boundary con-
dition are shown in Fig. 1. The normalized analytical solution to this cylinder problem of a radius a is

(1)

u(p, ¢) = M c
H,' (ka)

subject to boundary condition u(a, ¢) = cos(4¢), where Hf)(kp) denotes the first-kind Hankel function
of the fourth order. Fig. 2 shows the contour plot for the real-part solutions of ke = 1. The positions where
the irregular values occur can be found in Fig. 3 for the solution #(a,0) versus k by using either the UT or
the LM equation only. It is found that no irregular values can be found between zero to seven since the
modal participation factors in the range are all zeros. At the position of ka = 7.6, the numerical instability
appear since the value is the first zero of Jy(ka) with nonzero participation factor for the UT method.

os(4p), p=a, 0<¢ <2m, (32)

(V +kDu(r,8)=0,(r, a)eD N

.-( @
o u(a, 6)—cos (49)

/ /...

Fig. 1. The uniform radiation problem (Dirichlet condition) for a cylinder.
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Fig. 2. The contour plot for the real-part solutions (ka = 1.0).

sessssesciss UT method
R LM method
Burton & Miller method J4
10 =4 Analytical Solution
— - - CHIEF method

Fig. 3. The positions of irregular values using different methods.

Similarly, the irregular value occurs at ka = 5.3 since the value is the first zero of J;(ka) with nonzero
participation factor for the LM method. The UT and LM results agree well as shown in Fig. 3 except at the
irregular values. The performance of the dual BEM in comparison with the analytical solution, the CHIEF
method, and the Burton and Miller approach is quite good. For engineering applications, the CHIEF
method may be the first choice for the practical engineers due to its simplicity. For the academic point of
view, the Burton and Miller approach can avoid the fictitious frequency in a unified manner without taking
any risk of failure.

Case 2. Nonuniform radiation problem (Neumann condition)

In order to clarify how modal participation factor dominates the numerical instability near the fictitious
frequencies, the second example with the nonuniform Neumann boundary condition is designed in Fig. 4.
The analytical solution is
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Fig. 5. The contour plot for the real-part solutions (ka = 1,o = ).

g s 0
u(p.g) =~ 2 o k) 2 L sine) Py E0) cosng), p>a, 0<p<2m (33)
nk HV(ka) T4k n HY (ka)

Fig. 5 shows the contour plot for the real-part solutions. The irregular frequencies can be clearly found in
Fig. 6 since the modal participation factor is not zero due to nonuniform excitation. Both the J, and J,
zeros are found. It indicates that numerical results agree well with the analytical solution except at the
irregular positions using either the UT or LM method.

Case 3. Scattering problem (Dirichlet condition)

In order to check the validity of the program for scattering problem, example 3 is considered. The in-
cident wave is plane wave and the object is a soft cylinder as shown in Fig. 7. The analytical solution for the
scattering field is
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—-—  UT method
4 a0 | e LM method
Burton & Miller method
0.8 — Analytical
0.4 —
u(a,0)
0.0 —
AR )0, (r.uJ;B-,_J
-0.4— A
,,_" .‘ ((,.,u):lf‘
. § Haf)=0 ;
-0.8 T T T T — T T

0 2 4 kg 6 8

-

(V2 +kPu(r,8)=0,(r.0)¢e D

e
—b
—p
—
= u=0
_>:_-"
—»
e
—>
—>
>

Fig. 7. The scattering problem (Dirichlet condition) for a cylinder.

>, J,(ka)
2 BV (kp) =2 i HD (kp) cos(nd), >a, 0<¢ <2nm. 34
Hél)(ka) 0 ( p) ; H,sl)(ka) n ( p) ( ¢) P ¢ ( )

Fig. 8 shows the contour plots for the real-part solutions. The positions where the irregular values occur can
be found in Fig. 9 for the solution #(a,0) versus k by using either the UT or the LM equation only. It is
found that irregular values occur at J”, the mth zeros of J,(ka) for the UT formulation, while the LM
formulation has the irregular values of J", the mth zeros of J!(ka) = 0. In comparing Fig. 9 with Fig. 6, it
indicates that the irregular values are dominated by the chosen method, instead of boundary condition and
problem types. In Fig. 9, it is found that irregular values of J” are more evident than J” after comparing
with the modal participation factors in Tables 1 and 2. The Burton and Miller formulation and the CHIEF
approach are employed to avoid the numerical resonance and the UT and LM results agree well except at
the irregular wave numbers as shown in Fig. 9. The performance of the dual BEM in comparison with the
analytical solution of Eq. (34) and the DtN results (Harari et al., 1997) is acceptable.
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71 — = UTmethod ";6
............. LM Method

-8 — _— Burton & Miller method ~
Analytical solution }'«
_____  CHIEF |

Fig. 9. The positions of irregular values using different methods.

Case 4. Scattering problem (Neumann condition)

In order to clarify how the irregular frequencies depend on the types of boundary conditions, the fourth
example with the Neumann boundary condition is designed. The soft scatter in Example 3 is replaced by a
rigid one in Fig. 10 with the following analytical solution

Ji(ka)

>, J(ka
lp.8) =~ ) 23 e 0 g costng), pza 0<h<2m (39
Hy' (ka) = Hy' (ka)
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—>
—>
—>
= 4 u _
_, cyhnder on
—» a,_‘.
_> "
—>
—>
Fig. 10. The scattering problem (Neumann condition) for a cylinder.

Fig. 11. The contour plot for the real-part solutions (analytical solution: dashed line, numerical results: solid line).

Fig. 11 shows the contour plots for the real-part solutions. The positions where the irregular values occur
can be found in Fig. 12 for the solution u(a, 0) versus & by using either the UT or the LM equation only. The
performance of the UT and LM methods in comparison with the analytical solution of Eq. (35), the Burton
and Miller solution, the CHIEF solution and the DtN results (Stewart and Hughes, 1997) is quite good
except at the positions of irregular values where nonzero participation factors are predicted theoretically.

6. Concluding remarks

The mechanism why fictitious frequencies occur in the dual BEM has been examined by considering
radiation and scattering problems of a cylinder. The concept of modal participation factor for continuous
system and discrete system was proposed in a unified way by demonstrating a circular example. It is found
that modal participation factor dominates the numerical instability near the irregular frequencies for the
corresponding fictitious mode. The irregular values depend on the integral formulation, either the UT
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2

-—- UT method 1 1
............. LM Method J J
Burton & Miller method 2 3
Analytical solution
CHIEF

2 T T T T T T

ka

Fig. 12. The positions of irregular values using different methods.

(singular) or the LM (hypersingular) equation, instead of the types of boundary condition (Dirichlet or
Neumann). Also, the radiation and scattering problems have the same fictitious frequencies once the
method is chosen. The concept of zero modal participation factor can explain why the numerical instability
near the predicted fictitious frequencies may not appear in the numerical experiments and was demon-
strated in the numerical results. All the examples show that the singular (UT) equation results in fictitious
frequencies at the zeros of J,(ka) = 0, which are associated with the interior eigenfrequencies of essential
homogeneous boundary conditions, while the hypersingular (LM) equation produces fictitious frequencies
at the zeros of J/ (ka) = 0, which are associated with the interior eigenfrequencies of natural homogeneous
boundary conditions. The numerical results using the dual BEM program agree very well with the ana-
Iytical solutions and the DtN results except at and near the irregular values. For comparisons, the Burton
and Miller approach and the CHIEF method were successfully employed to deal with the problem of
numerical instability near the fictitious frequency.
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