複變理論中單位對數容量及邊界元素法與邊界積分方程法之退化尺度兩者間的連結
郭世榮 陳正宗 高聖凱
邊界元素法或邊界積分方程法在處理二維 Laplace Dirichlet問題時會有退化尺度的問題。在退化尺度的情況下，即使邊界勢能為0，其邊界法通量亦不為0。單位對數容量透過黎曼保角映射到一個單位圓且有內域零場來證明。對數容量便是為黎曼保角映射中線性項的領導係數。首先將實數型邊界積分方程轉換為複數型邊界積分方程。考慮解析場和選取分支切割的路徑，我們可以證明當黎曼形映射之對數容量為1時便是退化尺度。當對數容量等於一，利用對數函數得到內域勢能場為0而外域卻不為0的結果。兩個映射函數，針對幾何的黎曼保角映射和針對物理場的對數函數，都將被討論。這個結果與邊界元素法結果一致。在退化尺度的情況下內部為0的勢能場會產生非零的邊界通量。對於正常尺度，利用格林第三恆等式可知邊界積分方程外域為零場。有趣的是，正常和退化尺度的分別會在外域或內域對應產生零場的結果。 針對比例常數和黎曼保角變換的z項領導係數進行參數研究分析。為了證明這一發現，使用不同的形狀進行論證。利用黎曼保角映射中單位對數容量及邊界元素法中退化尺度的理論推導，無論解析或數值均看出內域為零場。
It is well known that BEM/BIEM results in degenerate scale for at two-dimensional Laplace interior problem subjected to the Dirichlet boundary condition. In such a case, there is nontrivial boundary normal flux even the trivial boundary potential is specified. It is proved that the unit logarithmic capacity in the Riemann conformal mapping with respect to the unit circle results in a null field for the interior domain. The logarithmic capacity is defined as the leading coefficient of the linear term in the Riemann conformal mapping. First, the real-variable BIE is transformed to the complex variable BIE. By considering the analytical field and taking care of the path of branch cut, we can prove that unit logarithmic capacity in the Riemann conformal mapping results in a degenerate scale. When the logarithmic capacity is equal to one, a trivial interior field can be obtained but exterior field is derived to be nonzero using the logarithmic function. Two mapping functions, Riemann conformal mapping for the geometry and the logarithmic function for the physical field, are both utilized. This matches well with the BEM result that an interior trivial field yields nonzero boundary flux in case of degenerate scale. Regarding the ordinary scale, BIE results in a null field in the exterior domain owing to the Green's third identity. It is interesting to find that ordinary and degenerate scales result in a null field in the exterior and interior domains, respectively. Parameter study for the scaling constant and the leading coefficient of z term in the Riemann conformal mapping is also done. To demonstrate this finding, different shapes were demonstrated. Theoretical derivation using the Riemann conformal mapping with the unit logarithmic capacity and the degenerate scale in the BEM/BIEM both analytically and numerically indicate the null field in the interior domain.
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