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Introduction
Solid mechanics：plate problemBiharmonic

problems Fluid mechanics：Stokes’ flow

Laplace
Problems

Torsion bar with circular holes, Steady state 
heat conduction of tube……etc.

Helmholtz
Problems

Electromagnetic wave, Membrane vibration, 
Water wave and Acoustic problems……etc.

Engineering
problems

Methods

Extending to biharmonic problem Purpose

Shen (2004) et al. have successfully applied this method 
to solve Laplace problems with circular holes Recently

Finite difference method (FDM), finite element method 
(FEM) and boundary element method (BEM) In the past
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Problem statement

G.E.：
B.C.： ,         ,         ,       

4 ( ) 0,u x x D∇ = ∈

( )u s ( )sθ ( )m s ( )sv

where         is the radius of the  circular hole.

is the  boundary of the circular domain. 

are the displacement, slope, normal moment, 

and effective  shear force on the boundary, respectively.

are the Fourier coefficients.
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Boundary Integral formulation

The Rayleigh-Green identity ：

{ }8 ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) ( ),
B

u x U s x s s x m s M s x s V s x u s dB s x Dπ θ= − +Θ − + ∈∫ v

{ }0 ( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) ( ),
B

U s x s s x m s M s x s V s x u s dB s x Dθ= − +Θ − + ∉∫ v

xD
x

Interior problem

x

D

x

Exterior problem



http://ind.ntou.edu.tw/~msvlab 9海洋大學海河工程學系力學聲響振動實驗室

The boundary integral formulation of the domain point：

{ }8 ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) ( ),
B

u x U s x s s x m s M s x s V s x u s dB s x Dπ θ= − +Θ − + ∈∫ v

{ }8 ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) ( ),
B

x U s x s s x m s M s x s V s x u s dB s x Dθ θ θ θπθ θ= − +Θ − + ∈∫ v

{ }8 ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) ( ),m m m m
B

m x U s x s s x m s M s x s V s x u s dB s x Dπ θ= − +Θ − + ∈∫ v

{ }8 ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) ( ),
B

x U s x s s x m s M s x s V s x u s dB s x Dπ θ= − +Θ − + ∈∫ v v v vv v
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Null-field boundary integral formulation ：

{ }0 ( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) ( ),
B

U s x s s x m s M s x s V s x u s dB s x Dθ= − +Θ − + ∉∫ v

{ }0 ( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) ( ),
B

U s x s s x m s M s x s V s x u s dB s x Dθ θ θ θθ= − +Θ − + ∉∫ v

{ }0 ( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) ( ),m m m m
B

U s x s s x m s M s x s V s x u s dB s x Dθ= − +Θ − + ∉∫ v

{ }0 ( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) ( ),
B

U s x s s x m s M s x s V s x u s dB s x Dθ= − +Θ − + ∉∫ v v v vv
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The degenerate kernels for the sixteen kernel functions

, ( )m sK ⋅ , ( )sK ⋅v, ( )sKθ ⋅

( , ) ( , ) ( , ) ( , )

( , ) ( , ) ( , ) ( , )

( , ) ( , ) ( , ) ( , )

( , ) ( , ) ( , ) ( , )

m m m m

U s x s x M s x V s x

U s x s x M s x V s x

U s x s x M s x V s x

U s x s x M s x V s x

θ θ θ θ

Θ

Θ

Θ

Θv v v v

, ( )xKθ ⋅

, ( )m xK ⋅

, ( )xK ⋅v
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Operator：

,
( )( ) ,s

s

K
nθ
∂ ⋅

⋅ =
∂

2
2

,
( )( ) ( ) (1 ) ,m s
s

K
n

ν ν ∂ ⋅
⋅ = ∇ ⋅ + −

∂
2

,
( ) ( )( ) (1 ) ,s
s s s s

K
n t n t

ν
⎡ ⎤⎛ ⎞∂∇ ⋅ ∂ ∂ ∂ ⋅

⋅ = + − ⎢ ⎥⎜ ⎟∂ ∂ ∂ ∂⎢ ⎥⎝ ⎠⎣ ⎦
v

where      the is Poisson ratio .ν
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Degenerate kernels
2 2

2

1
2 2
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21 2
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Linear algebraic system

By using the null-field integral equations for            and
we have：

0 0

( , ) ( , ) ( , ) ( , )
( , ) ( , ) ( , ) ( , )

j j

nj nj

nj nj

a p

U s x s x M s x V s x
a p

U s x s x M s x V s x

b q

θ θ θ θ

⎧ ⎫ ⎧ ⎫⎪ ⎪ ⎪ ⎪⎪ ⎪ ⎪ ⎪⎪ ⎪ ⎪ ⎪⎪ ⎪ ⎪ ⎪⎪ ⎪ ⎪ ⎪⎡ ⎤ ⎪ ⎪ ⎡ ⎤ ⎪ ⎪Θ ⎪ ⎪ ⎪ ⎪⎪ ⎪ ⎪ ⎪⎢ ⎥ ⎢ ⎥=⎨ ⎬ ⎨ ⎬⎢ ⎥ ⎢ ⎥⎪ ⎪ ⎪ ⎪Θ⎣ ⎦ ⎣ ⎦⎪ ⎪ ⎪ ⎪⎪ ⎪ ⎪ ⎪⎪ ⎪ ⎪ ⎪⎪ ⎪ ⎪ ⎪⎪ ⎪ ⎪ ⎪⎪ ⎪ ⎪ ⎪⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭

( )u x ( )xθ
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Flowchart of present method

{ }0 ( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) ( ),
B

U s x s s x m s M s x s V s x u s dB s x Dθ= − +Θ − + ∉∫ v

{ }0 ( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) ( ),
B

U s x s s x m s M s x s V s x u s dB s x Dθ θ θ θθ= − +Θ − + ∉∫ v

{ }0 ( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) ( ),m m m m
B

U s x s s x m s M s x s V s x u s dB s x Dθ= − +Θ − + ∉∫ v

{ }0 ( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) ( ),
B

U s x s s x m s M s x s V s x u s dB s x Dθ= − +Θ − + ∉∫ v v v vv

4
2 6C options=

Fourier coefficients

Linear algebraic system

BIE of domain point Potential

Degenerate kernels Fourier series
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A numerical example

Given：

Unknown：

are expanded by Fourier series

1r

2r

1B

2B

θ

2 22 2, ( ) 0, ( ) 2sins B s Br u s sθ θ∈ ∈= = =
1 11 1, ( ) 3sin , ( ) 5sins B s Br u s sθ θ θ∈ ∈= = − = −

1 1 2 2
( ) , ( ) , ( ) , ( )s B s B s B s Bm s s m s s∈ ∈ ∈ ∈v v

Exact solution：

4( , ) ( )sinu ρ φ ρ φ
ρ

= −
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Comparison
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Exact solution Present method
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Conclusions

We have expanded Laplace problems to the 
biharmonic problems  successfully.
Numerical results agree very well with the 
exact solution. 
It can be extended to plate problems with 
multiple circular holes.
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Thank you for your kind attention!
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