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摘要 

 

本文採用邊界積分方程法結合傅立葉級數與退化核來求解含圓形

邊界拉普拉斯或雙諧和方程之格林函數。其中退化核即為分離核，係

基本解中將場、源點分離所導得的級數形式，藉由退化核的內外域表

示式可避免主值積分的計算。而未知的邊界密度函數則以傅立葉級數

做展開。求得未知的傅立葉係數之後，將之代回邊界積分方程中可得

場解。本方法在單圓與同心圓的領域下可屬於解析法，其主要誤差來

源為所截取的傅立葉項數，經由項數的增加，可收斂到正解。本文所

得之解析解將與有限元素法套裝軟體 (ABAQUS) 之執行結果與一些

學者做一比較，以驗證本法的可行性。 

 

關鍵字：拉普拉斯方程，雙諧和方程，退化核，零場積分方程，邊界積

分方程，傅立葉級數 
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Abstract 
 
In this thesis, the boundary integral equation methods (BIEMs) in 

conjunction with Fourier series and degenerate kernels are proposed to 

solve the Green’s function of Laplace or biharmonic equations with circular 

boundaries. The degenerate kernels in the direct BIEM are expanded by 

separating the field point and source point in the fundamental solution. The 

singular boundary integrals are avoided since the appropriate interior and 

exterior expansion of degenerate kernels are used. All the unknown 

boundary densities are expressed in terms of Fourier series. After 

determining the unknown Fourier coefficients, the Green’s function can be 

obtained by using the boundary integral equations. The present method can 

be regarded as an analytical approach in the circular and annular domain 

since error only occurs in truncating the Fourier terms. Finally, the 

analytical solutions are compared with the finite element method software 

(ABAQUS) data and Adewale’s and Melnikov’s results to demonstrate the 

validity of the present method. 

 

Keyword: Laplace and biharmonic equation, degenerate kernel, null-field 

integral equation, boundary integral equation, Fourier series 
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Chapter 1 Introduction 
 

1.1 Overview of BEM and motivation 
The boundary element method (BEM) by discretizing the boundary integral equation 

(BIE) has been applied extensively for certain engineering problems [8, 11, 15, 46, 62] 

with general geometries as shown in Fig. 1-1, more than domain type methods, e.g. 

finite element method (FEM) or finite difference method (FDM). The finite element 

method had been, for many years, the most widely used numerical technique for the 

solution of general problems as shown in Table 1-1. However, a few problems are not so 

easy tasks for FEM that another numerical method, thus BEM is born. The boundary 

element method, sometimes referred to as the boundary integral equation method, is 

now establishing a position as a natural alternative to FEM in many fields of mechanics. 

BEM is suited for many engineering problems, in general, for all types of external fields 

and infinite or semi-infinite domains which FEM can not do it well. Domain type 

methods, FEM and FDM, have been deeply investigated in the engineering. Boundary 

type method, BEM, MFS, boundary collocation method and Trefftz method, have 

received attention in the recent decades. In analogy of clinical medicine, FEM behaves 

like operation. BEM is similar to Chinese medicine. Boundary collocation method 

resembles acupuncture and moxibustion. In other words, BEM and meshless methods 

can be seen as a supplement of FEM. BEM utilizes the discretization concept of FEM as 

well as the limitation. Whether the supplement is needed or not depends on its 

absolutely superior area than FEM. Two areas in crack and large scale problems can be 

well solved by BEM. For the crack problems, dual BEM with the hypersingularity is the 

key to solve. Degenerate kernel plays the role for modeling large scale problems using 

fast multipole method. Although BEM has been involved as an alternative numerical 

method for solving engineering problems, five critical issues are of concern:  

(1) Treatment of singularity and hypersingularity. Most of the efforts have been 

focused on the singular boundary integral equation for problems with ordinary 

boundaries. In some situations, the singular boundary integral equation is not 

sufficient, e.g. degenerate boundary, fictitious frequency and spurious eigenvalue. 

Therefore, the hypersingular equation is required. The role of hypersingularity in 

computational mechanics has been examined in the review article of Chen and 

Hong [17]. In the past, several regularizations for hypersingularity were offered to 
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handle it in direct and indirect ways. Hong and Chen [62] have developed the 

theory of dual BIEM and dual BEM with hypersingular kernels. Recently, Chen 

and Chiu [19] had derived the separable expression of fundamental solution and 

can avoid calculating the improper integrals along the boundary. The singularity 

and hypersingularity disappear in boundary integral equation after describing the 

potential into two parts. Singularity can be transformed to summability of Fourier 

series.  

(2) Boundary-layer effect. Boundary-layer effect in BEM has received attention in the 

recent years. In real applications, data near boundary can be smoothened since 

maximum principle always exists for potential problems. Nevertheless, it also 

deserves study to know how to manipulate the nearly singular integrals in applied 

mathematics. How to eliminate the boundary-layer effect in BEM is vital for 

researchers. In this thesis, boundary layer effect is eliminated by using the 

null-field equation. A demonstration is shown in Fig. 1-2 which was done by Wu 

[59].  

(3) Convergence rate. BEM is very popular for boundary value problems with general 

geometries since it requires discretization on the boundary only. Regarding to 

constant, linear and quadratic elements, the discretization scheme does not take 

the special geometry into consideration. It leads to the slow convergence rate. 

Exponential convergence rate using null-field integral equation was achieved as 

demonstrated in Fig. 1-3 which was done by Hsiao [27]. Moreover, the present 

method can be directly applied to problems with general boundaries without any 

difficulty once the fundamental solution can be separated in the other coordinate, 

e.g. Cartesian coordinate or elliptic coordinate. 

(4) Ill-posed model. To avoid directly calculating the singular and hypersingular 

integrals by using null-field approach or fictitious BEM yields an ill-conditioned 

system. The influence matrix is not diagonally dominated and needs 

preconditioning. We may wonder is it possible to push the null-field point on the 

real boundary but free of facing the singular or hypersingular integrals. The 

answer is yes and the key idea is to describe the jump behavior of potential 

distribution in the separate region by using degenerate (separate) kernels for 

fundamental solutions. The resulted algebraic system is well-posed.  
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(5) Mesh domain. Mesh is not required since we collocate on the boundary only, and 

introduce the generalized Fourier coefficients for circular boundary.  

 

Based on the null-field integral equations, Shen, Chen and Hsiao in 2005 had 

successfully solved the Laplace, Helmholtz and biharmonic of boundary value 

problems with circular holes, respectively. Following the success of their experiences, 

Chen and Wu in 2006 have extended to inclusion problems. A dozen of papers were 

published as shown in Fig 1-4. The purpose of this thesis is to study the Green’s 

function of Laplace and biharmonic equations with circular boundaries by using the 

null-field integral equation approach in conjunction with degenerate kernels and 

Fourier series. The displacement, slope, normal moment and effective shear force of 

the plate with circular boundaries can be obtained by using the boundary integral 

equations for the domain point.  

 
1.2 Literature review  
  Boundary integral equations (BIEs) for the plate problems were acquired from the 

Rayleigh-Green identity [20] and the null-field integral equations were derived by 

moving the field points outside the domain. A null-field integral equation in conjunction 

with degenerate kernel is proposed to solve the biharmonic equations with circular 

boundaries. The circular boundary density is expressed in terms of Fourier series to 

fully capture geometric shape. It is well known that Fourier series is always 

incorporated to formulate the solution for problems with circular boundaries. For the 

regular straight boundary, the unknown boundary density in the BIEs can be expanded 

by Legendre polynomials. In the past, Shen [49] applied the null-field integral 

formulation, Fourier series and degenerate kernels to solve Laplace problems with 

circular boundaries. Based on this idea, the applications to the plate problems with 

multiple holes were proposed by Hsiao [27]. Here, we will extend to solve the Green’s 

function of circular plates. In this thesis, the annular plate subject to a concentrated load 

is the main concern.  

  Annular plate problems occur in engineering applications, for example in the design 

of structures where a load is supported by a circular overhang. Some of the early 
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attempts to solve the annular plate problems included the work of Conway [23] who 

considered an annular plate with linearly varying thickness subject to a uniformly 

distributed load and a line load uniformly distributed along the edge of the hole. Bird 

and Steele [9, 10] presented a Fourier series procedure to solve circular plate problems 

containing multiple circular holes in a similar way of Trefftz method by adopting the 

interior and exterior T-complete sets. Recently, Sharafutdinov [48] had considered the 

problems of an annular plate subject to a concentrated load along its edges using the 

theory of functions of a complex variable. Lately, the problem of an isotropic annular 

plate clamped along one edge and free at the other and subject to a concentrated force 

was solved by Adewale [1]. The same case will be revisited by using the present method, 

and the details will be addressed in chapter 3.  

  Green’s function is another concern in this thesis. Green’s function was widely 

applicable to the qualitative analysis of initial and boundary value problems for 

equations of all the standard (elliptic, parabolic and hyperbolic) types in mathematical 

physics. Wang and Sudak [56] derived two-dimensional antiplane time-harmonic 

Green’s functions for a circular inhomogeneity with an imperfect interface. 

Time-harmonic Green’s functions can be applied to formulate the boundary element 

method for the time-harmonic problems, and can also be employed to investigate the 

dynamic Echelby problem and scattering problems in elastodynamics. A semi-analytical 

technique had earlier been developed and can successfully be utilized for computing 

Green’s functions for a certain class of multiply connected regions. In Melnikov’s paper 

[38], a semi-analytical approach is applied to the construction of Green’s functions and 

matrices of Green’s type for Laplace and Klein-Gordon equation in two dimensions. 

Mixed boundary value problems posed in multiply connected regions were also 

concerned by Melnikov [39]. Melnikov [41] also investigated the Green’s function of 

the plate problems. The Green’s function of a boundary value problem for a partial 

differential equation that models bending of a thin plate is usually referred to as its 

influence function. According to this, the work in [41] was devoted to the construction 

of representations of influence functions for a circular Poisson-Kirchhoff plate that are 

suitable for immediate computational applications.  

  The purpose of this thesis is to study the Green’s function of the annular plate by 

using the null-field integral equation approach in conjunction with degenerate kernels 

and Fourier series. The unknown boundary densities of the displacement, slope, normal 
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moment and effective shear force are expressed in terms of Fourier series. It is noticed 

that all the improper integrals are avoided when the degenerate kernels are used. After 

determining the unknown Fourier coefficients, the displacement, slope, normal moment 

and effective shear force of the plate with circular boundaries can be obtained by using 

the boundary integral equations for the domain point. Finally, FEM program will play 

an important role in verifying the validity of the present method. 

 

1.3 Organization of the thesis 
 The main concern in this thesis is that an analytical approach is proposed to solve the 

plate problems with circular boundaries under a concentrated load. In chapter 2, the 

derivation to the Green’s function of Robin problem for Laplace equation with a circular 

domain is considered. Although the present formulation is suitable for the Laplacian, 

Helmholtz, biharmonic and biHelmholtz operators in one, two and three dimensional 

problems, only two-dimensional Laplace problems are adopted here. The Green’s 

function of Robin Laplace equation is presented to demonstrate the validity of the 

present method and is compared with the Melnikov’s solution [37]. The mathematical 

equivalence for the analytical solution of Melnikov’s results and present method is 

proved.  

In chapter 3, the analytical solution for the Green’s function of biharmonic equations 

is derived using null-field integral equation in conjunction with Fourier expansion. The 

displacement, slope, normal moment and effective shear force of the plate with circular 

boundaries can be obtained by using the boundary integral equations for the domain 

point. A closed-form solution is obtained for the concentrated load on the center of the 

circular plate and is verified by the Szilard’s solution [51]. For the eccentric loading, the 

analytical solution is derived and is compared with the Melnikov’s solution [42]. 

Regarding the annular case, Adewale’s results [1] are reexamined. FEM program, 

ABAQUS, and the present method are used to verify the validity of Adewale’s results. 

Three annular examples solved by using the present method are compared with 

ABAQUS results. Finally, some conclusions are made and the further researches are 

indicated in chapter 4. 
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Table 1-1 Number of Papers of FEM, BEM and FDM 
Numerical method Search phrase in topic field No. of entries Rank Ratio 

FEM “Finite element” or “finite elements” 66237 1 66.77% 
FDM “Finite difference” or “Finite differences” 19531 2 19.69% 

BEM 
“Boundary element” or “Boundary 
elements” or “boundary integral” 

10126 3 10.21% 

FVM 
“Finite volume method” or “finite volume 

methods” 
1695 4 1.71% 

CM 
“Collocation method” or “collocation 

methods” 
1615 5 1.63% 

Search data: May, 3, 2004 
Data from: Prof. Cheng A. H. D. 
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Fig. 1-1 The Laplace or biharmonic problems with arbitrary boundaries 
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Fig. 1-2 Boundary-layer effect analysis [59] 
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Fig. 1-3 Comparison for convergence rate [27] 
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Fig. 1-4 Flowchart research topics of NTOU / MSVLAB on null-field BIE (2003-2007) 
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Chapter 2 Green’s function for Laplace equation 
 

Summary 

In this chapter, an analytical approach for the Green’s function of a circular domain is 

presented. Null-field integral equation is employed to solve the Robin problem while 

the kernel functions in the null-field integral equation are expanded to degenerate 

kernels which can separate the field and source points in the fundamental solution. The 

unknown boundary densities are expressed in terms of Fourier series. It is noticed that 

all the improper integrals are avoided when the degenerate kernels are used. By 

matching the boundary conditions at the collocation points, a linear algebraic system is 

obtained. After determining the unknown Fourier coefficients in the algebraic system, 

the potential can be obtained by using the boundary integral equations. The present 

method can be regarded as an analytical approach since error only occurs in truncating 

the Fourier terms. Finally, the Green’s function for the Robin problem solved by 

Melnikov [37] is revisited to demonstrate the validity of the present method. Also, the 

mathematical equivalence between the Melnikov solution and ours is proved as shown 

in Appendix 1. The convergence rates of the Melnikov’s result and the present solution 

are also our concern. 
 

2.1 Dual boundary integral equations and dual null-field integral 
equations for constructing the Green’s function 

Supposing there are N  randomly distributed circular holes bounded to the contours 

kB  ( 0,1, 2, ,k N= ) as shown in Fig. 2-1. We define 

0

N

k
k

B B
=

=∪ . (2-1)

In mathematical physics, the Green’s function satisfies the governing equation, 
(x, ) ( )G xζ δ ζℑ = − , x ∈Ω , (2-2)

subject to boundary conditions, where ℑ  may be the Laplacian, Helmholtz, 
biharmonic or biHelmholtz operators, (x, )G ζ  is the Green’s function and can be seen 
as the potential function, (x )δ ζ−  denotes the Dirac-delta function of source at ζ  and 
Ω  is the domain of interest. In order to employ the Green’s third identity as follows 

2 2 ( ) ( )[ ( ) ( ) ( ) ( )] ( ) [( ( ) ( ) ] ( )
D B

v x u xu x v x v x u x d x u x v x dB x
n n

∂ ∂∇ − ∇ Ω = −
∂ ∂∫∫ ∫  (2-3)
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We need two systems, ( )u x  and ( )v x . We choose ( )u x  as ( , )G x ζ  and set ( )v x  as 

the fundamental solution ( , )U x s . For the two-dimensional second-order operators of 

Laplacian and Helmholtz, the boundary integral equation for the domain point can be 

derived from Eq. (2-3) as shown below 

s

(s, )2 (x, ) (s, x) (s, ) (s) (s, x) (s)
n

( , x), x

B B

GG T G dB U dB

U

ζπ ζ ζ

ζ

∂= −
∂

+ ∈Ω

∫ ∫  (2-4)

x s

(x, ) (s, )2 (s, x) (s, ) (s) (s, x) (s)
n n

( , x), x

B B

G GM G dB L dB

L

ζ ζπ ζ

ζ

∂ ∂= −
∂ ∂

+ ∈Ω

∫ ∫  (2-5)

where s  and x  are the source and field points, respectively, B  is the boundary, xn  

denotes the outward normal vector at the field and point x , sn  is the outward normal 

vector at the source point s  and the kernel function (s, x)U  is the fundamental 

solution which satisfies 
(s, x) 2 (x s)U πδℑ = − , (2-6)

The other kernel functions, (s, x)T , (s, x)L  and (s, x)M , are defined by 

s

(s, x)(s, x)
n

UT ∂≡
∂

, 
x

(s, x)(s, x)
n

UL ∂≡
∂

, 
2

s x

(s, x)(s, x)
n n
UM ∂≡

∂ ∂
, (2-7)

By moving the field point to the boundary, Eqs. (2-4) and (2-5) reduce to 

s

(s, )(x, ) . . . (s, x) (s, ) (s) . . . (s, x) (s)
n

( , x), x

B B

GG C PV T G dB R PV U dB

U B

ζπ ζ ζ

ζ

∂= −
∂

+ ∈

∫ ∫  (2-8)

x s

(x, ) (s, ). . . (s, x) (s, ) (s) . . . (s, x) (s)
n n

( , x), x

B B

G GH PV M G dB C PV L dB

L B

ζ ζπ ζ

ζ

∂ ∂= −
∂ ∂

+ ∈

∫ ∫  (2-9)

where . . .C PV , . . .R PV  and . . .H PV  denote the Cauchy principal value, Riemann 

principal value and Hadamard principal value, respectively. Once the field point x  

locates outside the domain, the null-field integral equation of the direct method in Eqs. 

(2-4) and (2-5) yield 

s

(s, )0 (s, x) (s, ) (s) (s, x) (s)
n

( , x), x

B B

c

GT G dB U dB

U

ζζ

ζ

∂= −
∂

+ ∈Ω

∫ ∫  (2-10)
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s

(s, )0 (s, x) (s, ) (s) (s, x) (s)
n

( , x), x

B B

c

GM G dB L dB

L

ζζ

ζ

∂= −
∂

+ ∈Ω

∫ ∫  (2-11)

where cΩ  is the complementary domain. Note that the conventional null-field integral 

equations are not singular since s  and x  never coincide. If the kernel function in Eqs. 

(2-4), (2-5), (2-10) and (2-11) can be described as degenerate (separate) forms for the 

inside Ω  or outside cΩ  domain, we have 

s

(s, )2 (x, ) (s, x) (s, ) (s) (s, x) (s)
n

( , x), x

B B

GG T G dB U dB

U B

ζπ ζ ζ

ζ

∂= −
∂

+ ∈Ω∪

∫ ∫  (2-12)

x s

(x, ) (s, )2 (s, x) (s, ) (s) (s, x) (s)
n n

( , x), x

B B

G GM G dB L dB

L B

ζ ζπ ζ

ζ

∂ ∂= −
∂ ∂

+ ∈Ω∪

∫ ∫  (2-13)

s

(s, )0 (s, x) (s, ) (s) (s, x) (s)
n

( , x), x

B B

c

GT G dB U dB

U B

ζζ

ζ

∂= −
∂

+ ∈Ω ∪

∫ ∫  (2-14)

s

(s, )0 (s, x) (s, ) (s) (s, x) (s)
n

( , x), x

B B

c

GM G dB L dB

L B

ζζ

ζ

∂= −
∂

+ ∈Ω ∪

∫ ∫  (2-15)

For simplicity, Table 2-1 summarizes the main difference between the present 

formulation and conventional BEM. It is noted that the boundary integral equation for 

the domain point and the null-field integral equation for the null-field point can include 

the collocation point on the real boundary since the appropriate kernel can be used as 

elaborated on later in the following section. 

 

2.2 Expansions of fundamental solution and boundary density 

Now, we adopt the mathematical tools, degenerate kernels and Fourier series, for the 

purpose of analytical study. The combination of degenerate kernels and Fourier series 

plays the major role in handling problems with circular boundaries. Instead of directly 

calculating the . . .C PV , . . .R PV  and . . .H PV  in Eqs. (2-8) and (2-9), we obtain the 

linear algebraic system from the null-field integral equation of Eqs. (2-14) and (2-15) 

through the kernel expansion by “exactly” collocating the point on the real boundary. 
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Based on the separable property, the kernel function (s, x)U  can be expanded into the 

separable form by dividing the source and field points: 

(s, x) (s) (x), s x
(s, x)

(s, x) (x) (s), x s

i
j j

j

e
j j

j

U A B
U

U A B

 = ≥= = >

∑

∑
, (2-16)

where the bases of ( )A ⋅  and ( )B ⋅  can be found for the Laplacian, Helmholtz, 

biharmonic and biHelmholtz operators and the superscripts “ i ” and “ e ” denote the 

interior ( s x≥ ) and exterior ( x s> ) cases, respectively. To classify the interior (left, 

1-D) and exterior (right, 1-D) regions, Fig. 2-2 shows for one, two and three 

dimensional cases. For the degenerate form of T , L  and M  kernels, they can be 

derived according to their definitions in Eq. (2-7). Regarding the multiply-connected 

domain problems, the interior “ i ” and exterior “ e ” expansions for the kernel should be 

taken with care. Although the mathematical tools of degenerate kernels, are suitable for 

the Laplacian, Helmholtz, biharmonic and biHelmholtz operators in one, two and three 

dimensional problems, we focus on the two-dimensional Laplace problems in this 

chapter as explained below. 

 

Degenerate kernels for fundamental solutions 

Based on the separable property, the kernel function (s, x) lnU r= , ( x sr ≡ − ), is 

expanded into the degenerate form by separating the source point and field point in the 

polar coordinate [19]: 

1

1

1( , ; , ) ln ( ) cos ( ),
(s, x)

1( , ; , ) ln ( ) cos ( ),

i m

m

e m

m

U R R m R
m R

U
RU R m R

m

ρθ ρ φ θ φ ρ

θ ρ φ ρ θ φ ρ
ρ

∞

=
∞

=

 = − − ≥= = − − >

∑

∑
, (2-17)

where the superscripts “ i ” and “ e ” denote the interior ( R ρ≥ ) and exterior ( Rρ> ) 

cases, respectively. The origin of the observer system to describe x  and s  for the 

degenerate kernel is ( 0,0 ). Figure 2-3 shows the graph of the separate expression of 

fundamental solutions where source point s  located at 10.0R=  and / 3θ π= . By 

setting the origin for the observer system, a circle with radius R  from the origin to the 
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source point s  is plotted. If the field point x  is situated inside the circular region, the 

degenerate kernel belongs to the interior expression of iU ; otherwise, it is the exterior 

case. It is noted that the leading term and numerator term in Eq. (2-17) involve the 

larger argument to ensure the log singularity and series convergence, respectively. After 

taking the normal derivative / R∂ ∂  with respect to Eq. (2-17), the (s, x)T  kernel 

yields 

1
1

1

1

1( , ; , ) ( ) cos ( ),
(s, x)

( , ; , ) ( ) cos ( ),

m
i

m
m

m
e

m
m

T R m R
R R

T
RT R m R

ρθ ρ φ θ φ ρ

θ ρ φ θ φ ρ
ρ

∞

+
=

−∞

=

 = + − >= =− − >

∑

∑
, (2-18)

and the higher-order kernel functions, (s, x)L  and (s, x)M , are shown below 

1

1

1
1

( , ; , ) ( ) cos ( ),
(s, x)

1( , ; , ) ( ) cos ( ),

m
i

m
m

m
e

m
m

L R m R
R

L
RL R m R

ρθ ρ φ θ φ ρ

θ ρ φ θ φ ρ
ρ ρ

−∞

=

∞

+
=

 =− − >= = + − >

∑

∑
, (2-19)

1

1
1

1

1
1

( , ; , ) ( ) cos ( ),
(s, x)

( , ; , ) ( ) cos ( ),

m
i

m
m

m
e

m
m

mM R m R
R

M
mRM R m R

ρθ ρ φ θ φ ρ

θ ρ φ θ φ ρ
ρ

−∞

+
=

−∞

+
=

 = − ≥= = − >

∑

∑
. (2-20)

Since the potentials resulted from (s, x)T  and (s, x)L  kernels are discontinuous 

across the boundary, the potentials of (s, x)T  and (s, x)L  for R ρ+→  and R ρ−→  

are different as shown in [59]. This is the reason why R ρ=  is not included for 

degenerate kernels of (s, x)T  and (s, x)L  in Eqs. (2-18) and (2-19). 

 

Fourier series expansions for unknown boundary densities 

For problems with circular boundaries, we apply the Fourier series expansions to 

approximate the potential and its normal derivative on the boundary kB  as 

0
1

(s , ) ( cos sin )
M

k k k
k n k n k

n

G a a n b nζ θ θ
=

= + +∑ , sk kB∈ , 0,1, 2, ,k N= , (2-20)
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0
1s

(s , ) ( cos sin )
n

M
k k kk

n k n k
n

G p p n q nζ θ θ
=

∂ = + +
∂ ∑ , sk kB∈ , 0,1, 2, ,k N= , (2-21)

where k
na , k

nb , k
np  and k

nq  ( 0,1, 2, ,n M= ) are the Fourier coefficients and kθ  is 

the polar angle. In the real computation, only 2 1M +  finite terms are considered 

where M  indicates the truncated terms of Fourier series. 

 

2.3 Derivation of analytical solution for Green’s function of Laplace 
problem with the impedance boundary condition 

For the Robin problem subject to a concentrated load as shown in Fig. 2-4, the unknown 
Fourier series can be analytically derived. By collocating x on ( , )a φ+ , the null-field 
equations yields 

( )

( )

( )

0
1 1

0
1 1

1

10 cos cos sin

1ln cos cos sin

1ln cos , ( , )

n nB m n

n nB m n

m

m

m p p n q n ad
a

a m p p n q n ad
m

R
a m x a

m a
ζ

ζ

θ φ θ θ θ

θ φ β θ θ θ

θ φ φ

∞ ∞

= =

∞ ∞

= =

∞
+

=

   
   = − − + +      

      − − − − + +          
  + − − →   

∑ ∑∫

∑ ∑∫

∑

 (2-22)

where a  and β  are the radius and impedance coefficient. For the Robin case, the 
explicit form for the unknown Fourier series can be obtained as 

0
1

2
p

aπ β
=− , 

( )
cos

n

n

R
a

p n
n a

ζ

ζθπ β

     =−
+

, 
( )

sin

n

n

R
a

q n
n a

ζ

ζθπ β

     =−
+

 
(2-23)

where 0p , np  and nq  are the Fourier coefficients and the boundary densities as 
shown below 

( )
0

, cos sin , boundaryn n
n

G s p n q n sζ θ θ
∞

=

= + ∈∑  (2-24)

( )
0

,
cos sin , boundaryn n

ns

G s
p n q n s

n
ζ

β θ θ
∞

=

∂
=− + ∈

∂ ∑  (2-25)

By substituting all the boundary densities into the integral representation for the domain 
point, we have the series-form Green’s function as shown below: 

( ) ( ) ( )0
1

ln
, 1 ln cos sin

2 2

n

n nn
n

xn aG x a a p p n q n
a n

ζρ βζ β φ φ
π

∞

=

−−= + + + +∑  (2-26)

Also, two limiting cases are our concern. One is the free boundary condition case of β  
to zero and the other is the fixed boundary condition case for β  to infinity. Here, we 
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present a Green’s function for the Robin problem with a circular boundary. This 
problem was also analytically solved by Melnikov, and the analysis of the convergence 
is compared between the present method and the Melnikov’s result. The present method 
is shows consistency with the Melnikov’s approach in the convergence rate as shown in 
Fig. 2-5. Another matter is, equivalence is also derived. It will be equivalence after 
rearranging between the present solution and the Melnikov’s result as shown in 
Appendix 1. Finally, two potential contours are plotted by using the present solution and 
the Melnikov’s result as shown in Figs 2-6 and 2-7. Good agreement is obtained. 

 

2.4 Concluding remarks 
For the Robin problem of Laplace equation, we have proposed an analytical approach to 

construct the Green’s function by using degenerate kernels and Fourier series. Our result 

is also compared with the Melnikov’s series form solution. The convergence rates of the 

present method and Melnokov’s result is also addressed. The present solution and 

Melnikov’s result will converge at the same value. It is found that our series solution 

converges shows consistency with that of Melnikov’s. In addition. The mathematical 

equivalence for the two series solutions, ours and Melnikov’s were also proved. 

Following the success of Laplace case, we will extend to biharmonic equation in the 

next chapter. 
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Table 2-1 Comparison of formulation between the present approach and conventional BEM  
 Conventional BEM Present formulation 

Es
se

nt
ia

l f
or

m
ul

at
io

n 

s

(s, )2 (x, ) ( , x) (s, x) (s, ) (s) (s, x) (s), x
nB B

GG U T G dB U dBζπ ζ ζ ζ ∂= + − ∈Ω
∂∫ ∫  

s

(s, )(x, ) ( , x) . . . (s, x) (s, ) (s) . . . (s, x) (s), x
nB B

GG U C PV T G dB R PV U dB Bζπ ζ ζ ζ ∂= + − ∈
∂∫ ∫  

s

(s, )0 ( , x) (s, x) (s, ) (s) (s, x) (s), x
n

e e c

B B

GU T G dB U dBζζ ζ ∂= + − ∈Ω
∂∫ ∫  

s

(s, )2 (x, ) ( , x) (s, x) (s, ) (s) (s, x) (s), x
n

i i

B B

GG U T G dB U dB Bζπ ζ ζ ζ ∂=
∂

∪+ − ∈Ω∫ ∫  

s

(s, )0 ( , x) (s, x) (s, ) (s) (s, x) (s), x
n

e e c

B B

GU T G dB U BdBζζ ζ ∂+ −
∂

∪= ∈Ω∫ ∫  

N
at

ur
al

 fo
rm

ul
at

io
n 

x s

(x, ) (s, )2 ( , x) (s, x) (s, ) (s) (s, x) (s), x
n nB B

G GL M G dB L dBζ ζπ ζ ζ∂ ∂= + − ∈Ω
∂ ∂∫ ∫  

x s

(x, ) (s, )( , x) . . . (s, x) (s, ) (s) . . . (s, x) (s), x
n nB B

G GL H PV M G dB C PV L dB Bζ ζπ ζ ζ∂ ∂= + − ∈
∂ ∂∫ ∫  

s

(s, )0 ( , x) (s, x) (s, ) (s) (s, x) (s), x
n

e e c

B B

GL M G dB L dBζζ ζ ∂= + − ∈Ω
∂∫ ∫  

x s

(x, ) (s, )2 ( , x) (s, x) (s, ) (s) (s, x) (s), x
n n

i i

B B
BG GL M G dB L dBζ ζπ ζ ζ∂ ∂= + − ∈Ω

∂ ∂
∪∫ ∫  

s

(s, )0 ( , x) (s, x) (s, ) (s) (s, x) (s), x
n

e e c

B B

GL M G dB L BdBζζ ζ ∂+ −
∂

∪= ∈Ω∫ ∫  

where CPV, RPV and HPV are the Cauchy principal value, Riemann principal value and Hadamard principal value, respectively. It is noted that 
the kernel in the present method should be properly expanded in terms of interior and exterior expressions of degenerate kernels. 
Mathematically speaking, our domain is a closed set ( BΩ∪ ) instead of the open set (Ω  only) of conventional method. 
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Fig. 2-1 Randomly distributed circular inclusions or holes bounded to the 

contour kB  
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Fig. 2-2 Degenerate kernels for one, two and three dimensional problems 
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Figure 2-3 Graph of the degenerate kernel for the fundamental solution 
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Fig. 2-4 Green’s function for the Laplace problem subjected to the Robin 
boundary condition 
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( ) ( ), , 0,
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( ) ( ), 2,0ρ φ =  

( ), 2,
4
πρ φ

 =   
 

Fig. 2-5 Convergence study between the Melnikov’s approach and the present 
method 
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Fig. 2-6 Potential contour of the Green’s function for the Laplace problem subjected 
to the Robin boundary condition using the Melnikov’ approach 
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Fig. 2-7 Potential contour of the Green’s function for the Laplace problem subjected 
to the Robin boundary condition using the present method 
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Chapter 3 Green’s function for biharmonic equation 
 

Summary 
In this chapter, an analytical approach for deriving the Green’s function of circular and 

annular plates is presented. Null-field integral equations are employed to solve the plate 

problems while kernel functions are expanded to degenerate kernels. The unknown boundary 

data of the displacement, slope, normal moment and effective shear force are expressed in 

terms of Fourier series. It is noticed that all the improper integrals are avoided when the 

degenerate kernels are used. By matching the boundary conditions, a linear algebraic system 

is obtained. After determining the unknown Fourier coefficients in the algebraic system, the 

displacement, slope, normal moment and effective shear force of the plate can be obtained by 

using the boundary integral equations. The present approach is seen as an “analytical” 

approach since error only ascribes to the truncated Fourier terms. Finally, several numerical 

examples are utilized to demonstrate the validity of the present method. We also examine the 

Adewale’s results [1] by using our approach and FEM (ABAQUS). Other results are 

compared well between the present method and FEM using ABAQUS. 

 

3.1 Problem statement for a plate 
Considering a Kirchhoff plate for the two-dimensional domain under the concentrated load, 

the governing equation is written as follows: 

( ) ( )4 , , ,
x

G x x
D

δ ζ
ζ

−
∇ = ∈Ω  (3-1)

where ( , )G x ζ  is the Green’s function and can be seen as the displacement, ( )xδ ζ−  

denotes the Dirac-delta function of source at ζ , Ω  is the domain of the thin plate and D  
is the flexural rigidity of the plate which is expressed as 

( )
3

212 1
EhD

ν
=

−
, (3-2)

in which E  is the Young’s modulus, ν  denotes the Poisson ratio, and h  is the plate 

thickness. In order to employ the Rayleigh-Green identity [20], we need two systems, ( )u x  

and ( )v x . We choose for ( ),G x ζ  as ( )u x  and ( ),U s x  as the fundamental solution ( )v x . 

The fundamental solution satisfies 

( ) ( )4 , 8 ,U s x s xπδ∇ = −  (3-3)

and we have 
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( ) 2, ln ,U s x r r=  (3-4)

in which r  is the distance between source point s  and field point x  ( )r x s≡ − . After 

exchanging with the variables x  and s , we have four boundary integral equations as shown 

in the next section. 

 

3.2 Boundary integral and null-field equations 
The boundary integral equations for the domain point can be derived from the 

Rayleigh-Green identity [20] as shown below: 

, ,

,

8 ( , ) ( , ) [ ( , )] ( ) ( , ) [ ( , )] ( )

( , ) [ ( , )] ( ) ( , ) ( , ) ( )

( , ),

v s m sB B

sB B

G x U s x K G s dB s s x K G s dB s

M s x K G s dB s V s x G s dB s

U x x
θ

π ζ ζ ζ

ζ ζ

ζ

=− + Θ

− +

+ ∈Ω

∫ ∫
∫ ∫  (3-5)

, , ,

,

8 [ ( , )] ( , ) [ ( , )] ( ) ( , ) [ ( , )] ( )

( , ) [ ( , )] ( ) ( , ) ( , ) ( )

( , ),

x v s m sB B

sB B

K G x U s x K G s dB s s x K G s dB s
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where B  is the boundary of the domain Ω , ( , )G x ζ , , [ ( , )]sK G xθ ζ , , [ ( , )]m sK G x ζ  and 

, [ ( , )]v sK G x ζ  are the displacement, slope, normal moment and effective shear force, , [ ]xKθ ⋅ , 

, [ ]m xK ⋅  and , [ ]v xK ⋅  are the slope, moment and shear force operators with respect to the point 

x , respectively. The kernel functions U , Θ , M , V , Uθ , θΘ , Mθ , Vθ , mU , mΘ , mM , 

mV , vU , vΘ , vM  and vV  in Eqs.(3-5)-(3-8) which are expanded to degenerate kernels by 

using the separation of source point and field point will be elaborated on later. The , [ ]sKθ ⋅ , 

, [ ]m sK ⋅  and , [ ]v sK ⋅  are the slope, moment and shear force operators and defined as follows: 
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, (3-9) 

2
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, 2[ ] (1 )m x x
x

K
n

ν ν ∂⋅ = ∇ + −
∂

, (3-10)
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, (3-11)

where / xn∂ ∂  is the normal derivative with respect to the field point x , / xt∂ ∂  is the 

tangential derivative with respect to the field point x , 2
x∇  means the Laplacian operator. By 

moving the field point to the boundary, Eqs. (3-5) ~ (3-8) reduce to  
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where C.P.V., R.P.V., H.P.V. and F.P. denote the Cauchy principal value, Riemann principal 

value, Hadamard principal value and finite part [60], respectively. The null-field integral 

equations by moving the field point x  outside the domain are shown follows: 
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where CΩ  is the complementary domain of Ω . If the kernel functions in Eqs. (3-5) ~ (3-8) 
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and (3-16) ~ (3-19) can be expressed by degenerate (separate) forms for Ω  or cΩ  domain, 

we have  
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Although the four equations of Eqs. (3-24) ~ (3-27) in the plate formulation are provided, 

only the first two equations are employed to solve boundary unknowns for simplicity. In the 

real implementation, the collocation point in the null-field integral equation can be exactly 

located on the real boundary from CΩ  once the kernel functions is expressed in terms of 
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interior and exterior appropriate forms of degenerate kernels. In other words, Eqs. 

(3-24)-(3-27) can be implemented for cx B∈Ω ∪  if kernels of degenerate forms are used. 

Novelly, all the improper integrals disappear in the BIEs since the potential across the 

boundary can be determined in both sides by using degenerate kernels. For simplicity, Table 

3-1 summarizes the main difference between the present method and conventional BEM.  

 

3.3 Expansion of fundamental solution and boundary densities 
The displacement ( , )G s ζ , slope , [ ( , )]sK G sθ ζ , normal moment , [ ( , )]m sK G s ζ  and effective 

shear force , [ ( , )]v sK G s ζ  along the circular boundaries in the null-field integral equations are 

expanded in terms of Fourier series respectively, which are expressed as follows: 

0
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= + + ∈∑ , (3-28)
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K G s a a n b n s Bζ θ θ
=

= + + ∈∑ , (3-30)

, 0
1

[ ( , )] ( cos sin ),
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v s n n
n

K G s p p n q n s Bζ θ θ
=

= + + ∈∑ , (3-31)

where 0 0 0 0, , , , , , , , , ,n n n n n n na a b c c d g g h p p  and nq  are the Fourier 

coefficients and M  is the number of Fourier series terms. 

 

3.3.1 Expansion of kernels 

For the kernel function ( , )U s x , it can be expanded in terms of degenerate kernels in a series 

form as shown below: 
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(3-32,b)

where the superscripts “ I “ and “ E “ denote the interior and exterior cases of ( , )U s x  kernel 

depending on the geometry as shown in Fig. 3-1. The other kernels in the boundary integral 

equations can be obtained by utilizing the operators of Eqs.(3-9) ~ (3-11) with respect to the 

( , )U s x  kernel. The degenerate kernels U , Θ , M , V , Uθ , θΘ , Mθ , Vθ , mU , mΘ , 
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mM , mV , vU , vΘ , vM  and vV  in Eqs. (3-20) ~ (3-23) are listed in the Appendix 3. It is 

noted that the interior and exterior cases of U , Θ , M , Uθ , θΘ  and mU  are the same 

when they both approach to the boundary ( Rρ = ), since the degenerate kernels are 

continuous functions across the boundary as shown in Table 3-2. Then, the kernel function 

with the superscript “ I ” is chosen while the field point is inside the circular region; otherwise, 

the kernels with the superscript “ E ” are chosen. 

 

3.3.2 Series representation for the Green’s function of the clamped-free annular plate 
For the annular case as shown in Fig. 3-2 subject to the fixed-free boundary condition, the 
unknown Fourier series can be analytically derived. By collocating x on ( , )b φ+  and ( , )a φ− , 
the null-field equations yield  
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(3-36) 

where a  and b  are the inner and outer radii, respectively. For the fixed-free case, the 
explicit form for the unknown Fourier series can be obtained. The Fourier expansions of the 
boundary densities for the radial slope, normal moment and shear force are shown below: 
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where the unknown coefficients can be obtained according to Eqs. (3-37) ~ (3-40) and are 
shown below: 

0
1

2
a

bπ
=  (3-41) 

2 2
0

2 2 2

( ( 1) 2 ( 1)(ln ln )

( 1) ) /(4 ( ( 1) ( 1)))

a b a b R

R b a
ζ

ζ

ν ν

ν π ν ν

=− − + + +

− − − − + +
 (3-42) 

2 2
0

2 2

( ( ( 1 2ln 2ln ) ))

/(4 ( ( 1 ) (1 )))

p a b b R R

b a
ζ ζ

π ν ν

= − + − +

− − + + +
 (3-43) 



 34

2 2 2 2

0 2 2

2 2 2 2 2

2 2

2 2 2 2

2 (1 )(( ) 2 (ln ln ))(1 ln )
(

( 1 ) (1 )
(( )( 1 ) 2 (1 )(ln ln ))( (1 2ln ) )

( 1 ) (1 )
2( ln (1 ln ) ) 2 (1 ln ) ln ) /16

a a b b b a R
p

b a
b a a a b b b R

b a
b b b R a R R R

ζ

ζ

ζ ζ ζ ζ

ν
ν ν

ν ν
ν ν

π

+ − + − +
=

− − + + +
− − + + + − + +

+
− − + + +

+ + + − + +

 (3-44) 

4 2 4 4 2 2 4
1

2 4 4

(( (3 ) ( 3 ( 1 ) (3 )) ( 1 ) ))

        /(2 ( ( 1 ) (3 )) )

cosa a b b a R b R

b b a R
ζ ζζ

ζ

ν ν ν ν

ν

θ

π ν

=− + + − − + + + + − +

− + − +
 (3-45) 

2 2 4 2 2
1

4 4

(( )( (3 ) ( 1 ) ))

/(2

cos

( ( 1 ) (3 )) )

a b R a b R

b b a R
ζ ζζ

ζ

ν ν

π ν ν

θ= − − + + − +

− + − +
 (3-46) 

2 2 2 2 2 2
1

4 4 4 4 2

2 2 4 4 4

(( ( ( 3 ) (3 )) ( 2 ( 3 )

( 1 ) (3 ) 2( ( 1 ) (3 ))(ln ln ))

( ( 3 ) ( 1 )) )) /(8 (co ( 1 ) (3s )) )

p a b b a a b
b a b a b R R

a b R b a R
ζ ζ

ζ ζζ

ν ν ν
ν ν ν

θ

ν

ν ν π ν ν

=− − − − + + + + − − +
+ − + + + + − − + + + −

+ − + − − + − − + + +

 (3-47) 

2 2 2 2 2
1

2 4 4 2

2 2 4 4 4

( ( ( (1 ) (3 )) ( ( )( )( ( 1 )

(3 )) 2( ( 1 ) (3 ))( ln ln ))

( ( 1 ) (1 )) )) /(8 ( ( 1 ) (3 )co ) )s

p a a b b a a b a b b
a b a b R R

b a R b a Rζ

ζ ζ

ζ ζ

ν ν ν
ν ν ν

ν ν π ν νθ

= − + + + + − − + − − +
+ + + − − + + + − +

− − − + + + − − + + +

 (3-48) 

4 2 4 4 2 2 4
1

2 4 4

(( (3 ) ( 3 ( 1 ) (3 sin

     

)) ( 1 ) ))

/(  2 ( ( 1 ) (3 )) )

b a b b a R b R

b b a R
ζ ζζ

ζ

ν ν ν ν

ν

θ

π ν

=− + + − − + + + + − +

− + − +
 (3-49) 

2 2 4 2 2
1

4 4

(( )( (3 ) ( 1 ) ))

/(2

sin

( ( 1 ) (3 )) )

b b R a b R

b b a R
ζ ζζ

ζ

ν ν

π ν ν

θ= − − + + − +

− + − +
 (3-50) 

2 2 2 2 2 2 4
1

4 4 4 2 2

2 4 4 4

(( ( ( 3 ) (3 )) ( 2 ( 3 ) ( 1 )

(3 ) 2( ( 1 ) (3 ))(ln ln )) ( ( 3 )

( 1 )) )) /(8 (si ( 1 ) (3n )) )

q a b b a a b b
a b a b R R a

b R b a R
ζ ζ

ζ ζζ

ν ν ν ν
ν ν

θ

ν ν

ν π ν ν

=− − − − + + + + − − + + − +
+ + + − − + + + − + − +

− − + − − + + +

 (3-51) 

2 2 2 2 2
1

2 4 4 2

2 2 4 4 4

( ( ( (1 ) (3 )) ( ( )( )( ( 1 )

(3 ))+2( ( 1 ) (3 ))( ln ln ))

( ( 1 ) (1 )) )) /(8 ( ( 1 ) (3 )sin ) )

q a a b b a a b a b b
a b a b R R

b a R b a Rζ

ζ ζ

ζ ζ

ν ν ν
ν ν ν

ν ν π ν νθ

= − + + + + − − + − − +
+ + − − + + + − +

− − − + + + − − + + +

 (3-52) 



 35

( )

( )

2 11 2 2 2 2 2

2 2 2 2 2 2 2 2

2 1 2 2 2 2 2

2 2 2 2

( ( ( ( 2 )( 1 )(3 ) ( ( 2 )( 1

) ( ( 1 ) 8(1 )))) ( 1 )( ( (1 ) (2

))( 1 ) (3 )) ( ( 1 )(3 )( (2

) ) ( ( ( 2 )(1

nn n n n
n

n n

n n n

n

a b R a a b n b b n n

a n a n b a n b

n a R R a b b

n nR a a b n

ζ

ζ ζ

ζ

ν ν

ν ν ν ν

ν ν ν ν

+− + −

+

= − + − + + + − − + + −

+ + − + + + + − + − + +

+ − + − + + − − + +

+ − + − − + + 2 2 2 2

2 2 2 2

2 4 2 2 2 4 2 2 4 2

2 2 2 2 2 4 2 2

)( 1 ) ( ( 1 )

8(1 ))) ( ( 2 ) ( 1 )) ( 1 ) ))))

   /(2 ( ( 1 )(3 ) ( 1 )(3 ) ( ( 1
) 2 ( 1 )( 1 ) ( ( 1 ) 8(1 ))

co

))

s

)

n n n n

n a n

b n a n n R

a b a b a b b n
a b n a n

nζ ζ

ν ν

ν ν

π ν ν ν ν
ν ν ν

θ

ν

+ +

− + + − +

+ + − − − + + − + − +

− − + + − − + + + −
+ − − + − + + − + + +

 (3-53) 

( )

( )

2 1 2 2 2 2 2

2 2 2 2 2 2 2

2 1 2 2 2 2 2 2 2 2

2 2 2 2 2

( ( ( ( 1 )(3 ) ( ( 1 ) ( 1 )

( ( 1 ) 8(1 )))) ( 1 )( ( (1 ))

( 1 ) (3 )) ( ( 1 )(3 )( ) (

( (1 )( 1 ) ( ( 1 ) 8(

nn n n n
n

n n

n n n n

a b R a a b n b b n n

a n a n b b n a n

a R R a b n b R a a

b n n a n

ζ

ζ ζ ζ

ν ν ν

ν ν ν

ν ν ν ν

ν ν

+−

+

=− − + + + − + − +

− − + + + + − + − + +

− + − + + − + + − +

− + − + + − + + 2

2 2 2 2 4 2

2 2 4 2 2 4 2 2 2 2 2

2 4 2 2

1 ))) ( ( 1 )
)( 1 ) )))) /(2 ( ( 1 )(3 )

( 1 )(3 ) ( ( 1 ) 2 ( 1 )
( 1 ) ( ( 1 ) 8(1 )

cos

))))

n

n n n

n a n
b n R n a b

a b a b b n a b n

n

a n

ζ ζ

ν
ν π ν ν

ν ν ν
ν ν ν

θ +

+

+ − − +
− − + − − + +

− − + + + − + − − +
− + + − + + +

 (3-54) 

( )

( )

( )

2 11 2 2

2 12 2 2 2 2

2 2 2 2

2 12 2 2 2

( ( ( 1 )( ( 4 ( 1 ))

   ( (1 )(4 ( 1 )) ( 1 ))) (1 )(
   ( 1 ) ( ( 1 )( 1 ) ( 4 )))

   ( (1 )( (4 ( 1 )) ( ( 1 )( 4 ( 1 )

nn n n
n

nn n

n

nn n

p a R b n a b n

a a n n b n b n n b
a b n a n n R

R b n a n b a n n

ζ

ζ

ζ

ν

ν ν
ν ν ν

ν ν

++ −

+

+

= − + − − + − +

+ + + − + − − + + +
− + + − + − + + − + −

+ + + − + + − + − + − +
2 2 2 2 2 2

2 2 2 4 2

2 2 4 2 2 4 2 2 2 2 2

2 4 2 2

)

   ( 1 ))) ( 1 ) ( ( 1 ) ( (1 )( 1 )
   (4 ))) ))) /(2( 1 ) (1 ) ( ( 1 )

   (3 ) ( 1 )(3 ) ( ( 1 ) 2 ( 1 )
   ( 1 ) ( ( 1 ) 8(

cos

n n

n

n n n

b n n n a b b b n
a n n R n n n a b

a b a b b n a

n

b n
a n

ζ ζ

ν ν ν
ν π ν

ν ν ν

θ

ν
ν ν

+

+

− − + + − + − − + + + − +
+ + − − + + − − +

+ − − + + + − + − − +
− + + − + + 1 )))))ν+

 (3-55) 

( )

( )

( ) ( )

2 12 2 2

2 2 2 2

2 12 2 2

2 12 2 2 2

2 2 2

( ( ( 1 )( (2 (2 ) )

   ( ( 1 ) (1 )( ( 1 ) 2(1 ))))

   (1 )( ( 1 ) ( ( 1 )( 1 )

   (2 2 ))) ( 1 ( ( ( 1 )

   2(1 )) ( (

nn n n
n

n

nn n

nn

n

p a R b n a b n n

a b n a n n

b n n b a b n

a n n R R b n a n

b b n

ζ

ζ ζ

ν

ν ν ν

ν ν

ν ν ν

ν

++ −

+

+

= − + − + +

+ − − + + + − + − +

+ + − − + + − + − +

+ + + − + + − +

− + + 2

2 2 2 2 2

2 2 2 4 2

2 2 4 2 2 4 2 2 2 2 2

1 ) ( 1 )(2 (2 ) )))
   ( 1 ) ( ( 1 ) ( (1 )( 1 ) (2
   (2 ) ))) ))) /(2(1 ) (1 ) ( ( 1 )(3 )

   ( 1 )(3 ) ( ( 1 ) 2 ( 1 )
  

co

 ( 1

s

n n

n

n n n

n

a n n n
n n a b b b n a n

n R n n n a b

a b a b b n a b n
ζ ζ

ν ν
ν ν

ν π ν ν

ν ν ν

θ +

+

− + − − + − + +
+ − + − − + + − + − + + −
+ + − + − − + +

− − + + + − + − − +
− + 2 4 2 2) ( ( 1 ) 8(1 )))))a nν ν ν+ − + + +

 (3-56) 



 36

( )

( )

2 11 2 2 2 2 2

2 2 2 2 2 2 2 2

2 1 2 2 2 2 2

2 2 2 2

( ( ( ( 2 )( 1 )(3 ) ( ( 2 )( 1

) ( ( 1 ) 8(1 )))) ( 1 )( ( (1 ) (2

))( 1 ) (3 )) ( ( 1 )(3 )( (2

) ) ( ( ( 2 )(1

nn n n n
n

n n

n n n

n

b b R a a b n b b n n

a n a n b a n b

n a R R a b b

n nR a a b n

ζ

ζ ζ

ζ

ν ν

ν ν ν ν

ν ν ν ν

+− + −

+

= − + − + + + − − + + −

+ + − + + + + − + − + +

+ − + − + + − − + +

+ − + − − + + 2 2 2 2

2 2 2 2

2 4 2 2 2 4 2 2 4 2

2 2 2 2 2 4 2 2

)( 1 ) ( ( 1 )

8(1 ))) ( ( 2 ) ( 1 )) ( 1 ) ))))

   /(2 ( ( 1 )(3 ) ( 1 )(3 ) ( ( 1
) 2 ( 1 )( 1 ) ( ( 1 ) 8(1 ))

si

))

n

)

n n n n

n a n

b n a n n R

a b a b a b b n
a b n a n

nζ ζ

ν ν

ν ν

π ν ν ν ν
ν ν ν

θ

ν

+ +

− + + − +

+ + − − − + + − + − +

− − + + − − + + + −
+ − − + − + + − + + +

 (3-57) 

( )

( )

2 1 2 2 2 2 2

2 2 2 2 2 2 2

2 1 2 2 2 2 2 2 2 2

2 2 2 2 2

( ( ( ( 1 )(3 ) ( ( 1 ) ( 1 )

( ( 1 ) 8(1 )))) ( 1 )( ( (1 ))

( 1 ) (3 )) ( ( 1 )(3 )( ) (

( (1 )( 1 ) ( ( 1 ) 8(

nn n n n
n

n n

n n n n

b b R a a b n b b n n

a n a n b b n a n

a R R a b n b R a a

b n n a n

ζ

ζ ζ ζ

ν ν ν

ν ν ν

ν ν ν ν

ν ν

+−

+

=− − + + + − + − +

− − + + + + − + − + +

− + − + + − + + − +

− + − + + − + + 2

2 2 2 2 4 2

2 2 4 2 2 4 2 2 2 2 2

2 4 2 2

1 ))) ( ( 1 )
)( 1 ) )))) /(2 ( ( 1 )(3 )

( 1 )(3 ) ( ( 1 ) 2 ( 1 )
( 1 ) ( ( 1 ) 8(1 )

sin

))))

n

n n n

n a n
b n R n a b

a b a b b n a b n

n

a n

ζ ζ

ν
ν π ν ν

ν ν ν
ν ν ν

θ +

+

+ − − +
− − + − − + +

− − + + + − + − − +
− + + − + + +

 (3-58) 

( )

( )

( )

2 11 2 2

2 12 2 2 2 2

2 2 2 2

2 12 2 2 2

( ( ( 1 )( ( 4 ( 1 ))

   ( (1 )(4 ( 1 )) ( 1 ))) (1 )(
   ( 1 ) ( ( 1 )( 1 ) ( 4 )))

   ( (1 )( (4 ( 1 )) ( ( 1 )( 4 ( 1 )

nn n n
n

nn n

n

nn n

q a R b n a b n

a a n n b n b n n b
a b n a n n R

R b n a n b a n n

ζ

ζ

ζ

ν

ν ν
ν ν ν

ν ν

++ −

+

+

= − + − − + − +

+ + + − + − − + + +
− + + − + − + + − + −

+ + + − + + − + − + − +
2 2 2 2 2 2

2 2 2 4 2

2 2 4 2 2 4 2 2 2 2 2

2 4 2 2

)

   ( 1 ))) ( 1 ) ( ( 1 ) ( (1 )( 1 )
   (4 ))) ))) /(2( 1 ) (1 ) ( ( 1 )

   (3 ) ( 1 )(3 ) ( ( 1 ) 2 ( 1 )
   ( 1 ) ( ( 1 ) 8(

sin

n n

n

n n n

b n n n a b b b n
a n n R n n n a b

a b a b b n a

n

b n
a n

ζ ζ

ν ν ν
ν π ν

ν ν ν

θ

ν
ν ν

+

+

− − + + − + − − + + + − +
+ + − − + + − − +

+ − − + + + − + − − +
− + + − + + 1 )))))ν+

 (3-59) 

( )

( )

( ) ( )

2 12 2 2

2 2 2 2

2 12 2 2

2 12 2 2 2

2 2 2

( ( ( 1 )( (2 (2 ) )

   ( ( 1 ) (1 )( ( 1 ) 2(1 ))))

   (1 )( ( 1 ) ( ( 1 )( 1 )

   (2 2 ))) ( 1 ( ( ( 1 )

   2(1 )) ( (

nn n n
n

n

nn n

nn

n

q a R b n a b n n

a b n a n n

b n n b a b n

a n n R R b n a n

b b n

ζ

ζ ζ

ν

ν ν ν

ν ν

ν ν ν

ν

++ −

+

+

= − + − + +

+ − − + + + − + − +

+ + − − + + − + − +

+ + + − + + − +

− + + 2

2 2 2 2 2

2 2 2 4 2

2 2 4 2 2 4 2 2 2 2 2

1 ) ( 1 )(2 (2 ) )))
   ( 1 ) ( ( 1 ) ( (1 )( 1 ) (2
   (2 ) ))) ))) /(2(1 ) (1 ) ( ( 1 )(3 )

   ( 1 )(3 ) ( ( 1 ) 2 ( 1 )
  

si

 ( 1

n

n n

n

n n n

n

a n n n
n n a b b b n a n

n R n n n a b

a b a b b n a b n
ζ ζ

ν ν
ν ν

ν π ν ν

ν ν ν

θ +

+

− + − − + − + +
+ − + − − + + − + − + + −
+ + − + − − + +

− − + + + − + − − +
− + 2 4 2 2) ( ( 1 ) 8(1 )))))a nν ν ν+ − + + +

, (3-60) 

where 2,3,4n= . By substituting all the boundary densities into the integral representation 
for the domain point, we have the series-form Green’s function as shown below: 



 37

( ) ( ) ( )( )

( ) ( ) ( ) ( )

( ) ( ) ( )

2
2 2

0 0 0

3 3

1 1 1 12

1 1 1

8 ( , ) 2 1 ln ln 2 1 2ln 2 2 1 1 ln

1 11 2ln cos sin 3 2ln cos sin
2 2

13 cos sin 3 cos

G x b b b b a b b b a a p
b

b b b a b b b a b
b b

a a p q a p q

ρπ ζ π ρ π π ν ρ

ρ ρρ π φ φ ρ π φ φ

ν π φ φ ν π φ
ρ ρ

     =− + + + + + − + +       
   
   + + + + − + − +      
 
 + + + + − − +  

( )

( ) ( ) ( )

( ) ( )
( ) ( ) ( ) ( )

( )( ) ( )

1

2

2
2

2

1 1
2

2

2
2

1 3

sin

1 1 cos sin
1 1

1 2 cos sin
1 1

1 2 1
1 cos sin

1 4 1

m m

m mm m
m

m m

m mm m
m

m m

m mm m
m

m m

m

b a m b m
m m b m m b

m b a m b m
m b m m b

m a a a p m q m
m

a am m

φ

ρ ρ π φ φ

ρ ρ π φ φ

ν ν
ν π φ φ

ρ ρ

ν ν
ρ ρ

+∞

−
=

+∞

+ −
=

−∞

−
=

− −

 
 + − + + −  
 − + − + + −  
 − − + − + − +  

+ − − − −

∑

∑

∑

( )2
2

cos sin

( , ) , ,

m mm
m

a p m q m

U x a b

π φ φ

ζ ρ

∞

−
=

 
  +  

+ ≤ ≤

∑
 

(3-61) 

If we expand the ( , )U xζ  function, we have 
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(3-63) 

where na , nb , na , nb , np , nq , np  and nq  ( 0,1, 2n= ) are shown in Eqs. 

(3-41)~(3-60). 

 

3.4 Discussions on Adewale’s results 
In the Adewale’s paper [1], the Green’s function of clamped-free annular plate was also 
solved. The problem domain was divided into two parts by the cylindrical section where a 
concentrated load was applied [1]. The author used the Trefftz method to construct the 
homogeneous solution  

( )
0

cosm
m

u R r mθ
∞

=

=∑ , (3-64) 

in each part. By substituting Eq. (3-64) into the governing equation, the author could 

determine ( )mR r . Mathematically speaking, the series in Eq. (3-64) can be seen as the 

summation of Trefftz bases. Chen et al. have found that the base of the Trefftz method is 

imbedded in the degenerate kernel [22]. To simulate the concentrated force, a ring-distributed 

force using the Fourier series was used. Then, the author utilized two B.C.s in each part, two 

continuity and two equilibrium conditions on the interface to determine the eight unknown 

coefficients. Variation of deflection coefficients, radial moment coefficients and shear 

coefficients along radial positions and angles were presented. However, some results are 

misleading. To investigate these inconsistencies, both null-field integral formulation and FEM 

using the ABAQUS are adopted to revisit this problem. In addition, two unclear issues in [1] 

are discussed. One is the simulation of concentrated load and the other is the operator of shear 
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force. 
 
3.4.1 Concentrated Load 
In Adewale’s paper [1], the author expanded the concentrated load to the Fourier series, 

( )

( ) ( )
1

2 1
2sin1 2 cos 2 1 ,0

2 2 1 2k

k

P P k
k

π
πθ θ

π

∞

=

 − 
 ≈ + − ≤ ≤ 
 −
 
  

∑  (3-65)

By summing the series of Eq. (3-65), the result converges to one as shown in Fig. 3-3, which 
does not show the behavior of the Dirac-Delta function. The author seems to improperly 
transform the concentrated load to a ring-distributed one. Is it reasonable ? If this load is 
distributed along angle from 0 to / 2π , the results of deflection coefficient in Fig. 5 of [1] 
would be untrue. In addition, the Dirac-Delta function ( )xδ  should satisfy the identity as 
follows  

( ) 1x dxδ
∞

−∞
=∫  (3-66)

Equation (3-65) can not satisfy the Eq. (3-66) such that the strength of the concentrated 

loading is one. 
 
3.4.2 Definition of shear force 
For the clamped-free annular plate problem as shown in Fig. 3-2, the moment and the shear 
force on the inner circle are zero for the free boundary on the inner circle. Therefore the 
author obtained the moment and shear force 

( )
2 2

2 2

1 0m

r a

m R r
r r r r r

ν
=

  ∂ ∂ ∂   + − =     ∂ ∂ ∂  
, moment free, (3-67)

( )
3 2 2

3 2 2 2

1 1 0m

r a

m R r
r r r r r r r

=

 ∂ ∂ ∂ ∂  − + − =  ∂ ∂ ∂ ∂ 
, shear force free, (3-68)

respectively, where ν  is the Poisson ratio. Equation (3-68) is unreasonable since it dose not 
involve the Poisson ratio. According to the displacement of Eq. (3-64) and the definition of 
moment and shear force in the Szilard’s book [51], the moment and shear can be derived as 

( ) ( ) ( )
2 2

2 2

1m m
m

R r R r m R r
r r r r

ν
 ∂ ∂  + −  ∂ ∂ 

 for moment  (3-69)
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( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
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 for shear force (3-70)

In the literature, many articles had reported the definitions of the moment and shear force, e.g.  

Szilard [51], Leissa [31], Adewale [1] and Chen et al. [21]. We summarize the moment and 

shear force in Table 3-3. After careful comparisons, Adewale’s shear force of Eq. (3-68) 

differs from the others and consequently this difference may cause inconsistent results. All the 

definitions are found to be the same except the shear force in [1]. 
 
3.4.3 Results and discussions 

In order to verify the accuracy of the Adewale’s results, two alternatives, null-field approach 

and FEM using ABAQUS, are employed to revisit the annular problem. For the clamped-free 

boundary condition, Figs. 3-4 and 3-5 show the potential contours of Green’s function by 

using FEM (ABAQUS) and the present method, respectively. Good agreement is obtained 

between our analytical solution and FEM result although Adewale [1] did not provide the 

displacement contour of his analytical solution. To compare with the available results of [1], 

Figs. 3-6~3-8 show the variation of deflection coefficients, moment coefficients and shear 

force coefficients along radial positions for different values of inner radius. It is also found 

that FEM results match well with our solutions but deviates from the analytical solution of [1]. 

The larger the inner radius is, the less the deflection coefficient of free edge is as shown in Fig. 

3-6. Figure 3-8(a) shows the smooth discontinuity of shear force coefficients due to the 

Dirac-Delta function. The jump of shear force in Fig. 3-8(a) is not obvious, while Figs. 3-8(b) 

and (c) have a discontinuity at the position of the concentrated loading. According to the 

equilibrium of force, the shear force can be considered as the reaction force on the outer edge 

which direction should be inverse of the applied load. But in [1], the direction of shear force 

on the outer edge is the same as the applied concentrated load as shown in Fig. 3-8(a), which 

is unreasonable. Furthermore, the shear force in [1] is always positive, which implies that the 

moment will always increase according to the relation of shear force and moment. But the 

tendency of moment in [1] is not the case, which may be wrong. The above misleading 

phenomena do not happen in our results and FEM data. Variation of deflection coefficients 

versus the radial angle for different values of inner radius is shown in Fig. 3-9. Also, FEM 

data agree well with our analytical formula but deviates from the Adewale’s solution. To 

verify the accuracy of the Adewale’s results and examine the response of the clamped-free 

annular plate subjected to a concentrated load, the null-field integral formulation was 
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employed to solve this problem. The transverse displacement, moment and shear force along 

the radial positions and angles for different inner radii were determined by using the present 

method in comparison with the FEM results using the ABAQUS. Good agreements between 

our analytical results and those of ABAQUS are made but deviating the Adewale’s data. The 

outcome of the Adewale’s results remains uncertain. 

 

3.5 Illustrative examples  
Case 1: Green’s function of the biharmonic equation for the circular plate problem  
A circular plate subjected to a concentrated load as shown in Fig. 3-10 has been solved by 
Szilard [51] and Melnikov [42]. The load is at the center of the plate in the Szilard’s solution. 
Here, we resolve the same problem to obtain an analytical solution, and then verify the 
validity of our approach after comparing with Szilard and Melnikov solutions. Appendix 2 
shows the equivalence among the Szilard, Melnikov and present solutions. The displacement 
contours of a circular plate subjected to a concentrated load which is located on the center of 
the plate are plotted in Fig. 3-11. Good agreement is obtained. Also, two displacement 
contours with the source at different directions and radial positions are plotted by using the 
Melnikov’s solution and the present analytical solution as shown in Figs 3-12~3-15. Good 
agreement is made. 
 
Case 2: Green’s function of the biharmonic equation for the clamped-free annular plate 
problem  

The radial slope, normal moment and shear force contours as shown in Figs 3-16~3-18. For 

the clamped-free annular plate problem, the moment and the shear force on the inner circle 

are zero for the free boundary, and the displacement and the slope on the outer circle are zero 

for the clamped boundary. Good results are obtained. But we do not show the validity with 

any figures and just offer an indication. Next, we present different cases. 

 

Case 3: Green’s function of the biharmonic equation for the clamped-clamped annular plate 

problem 

For the clamped-clamped annular plate problem, the displacement and the slope on the outer 

and inner circles are both zero for the clamped boundary. Figures 3-19 and 3-20 are the 

displacement contours by using the present method and the ABAQUS program. Good 

agreement is obtained. 

 

Case 4: Green’s function of the biharmonic equation for the free-simply supported annular 

plate problem with circular 
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For the free-simply supported annular plate problem, the moment and the shear force on the 

inner circle are zero for the free boundary and the displacement and the moment on the outer 

circle are zero for the simply supported boundary. Figures 3-21 and 3-22 are the displacement 

contours using the present method and the ABAQUS program. Good agreement is obtained. 

 

3.6 Concluding remarks 
For plate problems with circular boundaries, an analytical approach by using degenerate 

kernels, null-field integral equation and Fourier series was obtained. The main advantage of 

the present method over BEM is that all the improper integrals are avoided when degenerate 

kernels are used. The potential on the boundary can be determined from both sides (interior 

and exterior). Also, discretzation of boundaries are not required. Once the Fourier coefficients 

of the unknown boundary densities were determined, the displacement, slope, normal moment 

and effective shear force of the circular plate can be easily determined by substituting the 

boundary densities into the boundary integral equations for the domain point. Not only the 

circular plate but also the annular problems have been solved easily and effectively by using 

the present method in comparison with available exact solution and FEM results. The present 

method can be applied to plate containing any number of circular holes.  
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Table 3-1 Comparisons of the conventional BIEM and the present method 
Conventional BIEM 

D
om

ain point 

, ,

,

8 ( , ) ( , ) [ ( , )] ( ) ( , ) [ ( , )] ( )

( , ) [ ( , )] ( ) ( , ) ( , ) ( ) ( , ),

v s m sB B

sB B

G x U s x K G s dB s s x K G s dB s

M s x K G s dB s V s x G s dB s U x xθ

π ζ ζ ζ

ζ ζ ζ

=− + Θ

− + + ∈Ω

∫ ∫
∫ ∫

 

, , ,

,

8 [ ( , )] ( , ) [ ( , )] ( ) ( , ) [ ( , )] ( )

( , ) [ ( , )] ( ) ( , ) ( , ) ( ) ( , ),

x v s m sB B

sB B

K G x U s x K G s dB s s x K G s dB s

M s x K G s dB s V s x G s dB s U x x

θ θ θ

θ θ θ θ

π ζ ζ ζ

ζ ζ ζ

=− + Θ

− + + ∈Ω

∫ ∫
∫ ∫

 

, , ,

,

8 [ ( , )] ( , ) [ ( , )] ( ) ( , ) [ ( , )] ( )

( , ) [ ( , )] ( ) ( , ) ( , ) ( ) ( , ),

m x m v s m m sB B

m s m mB B

K G x U s x K G s dB s s x K G s dB s

M s x K G s dB s V s x G s dB s U x xθ

π ζ ζ ζ

ζ ζ ζ

=− + Θ

− + + ∈Ω

∫ ∫
∫ ∫

 

, , ,

,

8 [ ( , )] ( , ) [ ( , )] ( ) ( , ) [ ( , )] ( )

( , ) [ ( , )] ( ) ( , ) ( , ) ( ) ( , ),

v x v v s v m sB B

v s v mB B

K G x U s x K G s dB s s x K G s dB s

M s x K G s dB s V s x G s dB s U x xθ

π ζ ζ ζ

ζ ζ ζ

=− + Θ

− + + ∈Ω

∫ ∫
∫ ∫

 

B
oundary point 

, ,

,

4 ( , ) . . . ( , ) [ ( , )] ( ) . . . ( , ) [ ( , )] ( )

. . . ( , ) [ ( , )] ( ) . . ( , ) ( , ) ( ) ( , ),

v s m sB B

sB B

G x R PV U s x K G s dB s R PV s x K G s dB s

R PV M s x K G s dB s C PV V s x G s dB s U x x Bθ

π ζ ζ ζ

ζ ζ ζ

=− + Θ

− + + ∈

∫ ∫
∫ ∫

 

, , ,

,

4 [ ( , )] . . . ( , ) [ ( , )] ( ) . . . ( , ) [ ( , )] ( )

. . . ( , ) [ ( , )] ( ) . . . ( , ) ( , ) ( ) ( , ),

x v s m sB B

sB B

K G x R PV U s x K G s dB s R PV s x K G s dB s

C PV M s x K G s dB s H PV V s x G s dB s U x x B

θ θ θ

θ θ θ θ

π ζ ζ ζ

ζ ζ ζ

=− + Θ

− + + ∈

∫ ∫
∫ ∫

 

, , ,

,

4 [ ( , )] . . . ( , ) [ ( , )] ( ) . . . ( , ) [ ( , )] ( )

. . . ( , ) [ ( , )] ( ) . . ( , ) ( , ) ( ) ( , ),

m x m v s m m sB B

m s m mB B

K G x R PV U s x K G s dB s C PV s x K G s dB s

H PV M s x K G s dB s F P V s x G s dB s U x x Bθ

π ζ ζ ζ

ζ ζ ζ

=− + Θ

− + + ∈

∫ ∫
∫ ∫

 

, , ,

,

4 [ ( , )] . . . ( , ) [ ( , )] ( ) . . . ( , ) [ ( , )] ( )

. . ( , ) [ ( , )] ( ) . . ( , ) ( , ) ( ) ( , ),

v x v v s v m sB B

v s v mB B

K G x C PV U s x K G s dB s H PV s x K G s dB s

F P M s x K G s dB s F P V s x G s dB s U x x Bθ

π ζ ζ ζ

ζ ζ ζ

=− + Θ

− + + ∈

∫ ∫
∫ ∫

 

N
ull-field point 

, ,

,

0 ( , ) [ ( , )] ( ) ( , ) [ ( , )] ( )

( , ) [ ( , )] ( ) ( , ) ( , ) ( ) ( , ),

v s m sB B

c
sB B

U s x K G s dB s s x K G s dB s

M s x K G s dB s V s x G s dB s U x xθ

ζ ζ

ζ ζ ζ

=− + Θ

− + + ∈Ω

∫ ∫
∫ ∫

 

, ,

,

0 ( , ) [ ( , )] ( ) ( , ) [ ( , )] ( )

( , ) [ ( , )] ( ) ( , ) ( , ) ( ) ( , ),

v s m sB B

c
sB B

U s x K G s dB s s x K G s dB s

M s x K G s dB s V s x G s dB s U x x

θ θ

θ θ θ θ

ζ ζ

ζ ζ ζ

=− + Θ

− + + ∈Ω

∫ ∫
∫ ∫

 

, ,

,

0 ( , ) [ ( , )] ( ) ( , ) [ ( , )] ( )

( , ) [ ( , )] ( ) ( , ) ( , ) ( ) ( , ),

m v s m m sB B

c
m s m mB B

U s x K G s dB s s x K G s dB s

M s x K G s dB s V s x G s dB s U x xθ

ζ ζ

ζ ζ ζ

=− + Θ

− + + ∈Ω

∫ ∫
∫ ∫

 

, ,

,

0 ( , ) [ ( , )] ( ) ( , ) [ ( , )] ( )

( , ) [ ( , )] ( ) ( , ) ( , ) ( ) ( , ),

v v s v m sB B

c
v s v mB B

U s x K G s dB s s x K G s dB s

M s x K G s dB s V s x G s dB s U x xθ

ζ ζ

ζ ζ ζ

=− + Θ

− + + ∈Ω

∫ ∫
∫ ∫

 

Continue 

 



 44

Present method 
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where CPV, RPV, HPV, FP, , [ ]sKθ ⋅ , , [ ]m sK ⋅  and , [ ]v sK ⋅  are the Cauchy principal value, Riemann 
principal value, Hadamard principal value, finite part, slope operator, normal moment operator and 
effective shear operator, respectively. It is noted that the kernels in the present method should be 
properly expanded in terms of interior and exterior expressions of degenerate kernels. 
Mathematically speaking, our domain is a closed set ( D B∪ ) instead of the open set ( D  only) of 
conventional method. 
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Table 3-2 Influence coefficients for the singularity distribution on the circular boundary 
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the boundary 

( )

( )

( )

( )

2
2

3
2

2

3
2

2

2
2

1 1 2

lim 2 ( 1 2ln ) 4 (1 ln )

1 5lim ( 3 2ln )cos ( 2ln )cos
2 2
1 5lim ( 3 2ln )sin ( 2ln )sin
2 2

1 2 2lim ( )cos cos
1 1 ( 1)

1lim (
1

R

R

R

n n

n nR

R

R R R R R
R

R R R R
R

R R R R
R

nR n R n
n R n n R n n

R
n

ρ

ρ

ρ

ρ

ρ

ρπ π

ρπ ρ φ π φ

ρπ ρ φ π φ

ρ ρπ φ π φ

ρπ

→

→

→

+

+ −→

→

+ + = +

− + − =− +

− + − =− +

−− =
+ − −

+ ( )
2

2
1 1 2

2 2)sin sin
1 ( 1)

n n

n n

n n R n
R n n R n n

ρ φ π φ
+

+ −

−− =
− −

 Continuous 
( )Rρ ρ− +→ ←  

( )

( )

( )

( )

( )

2

2
2

2
2

1 1
2

2 2

lim 2 (2 1 ln ) 4 (1 ln )

3 5lim ( 1 2ln )cos ( 2ln )cos
2 2
3 5lim ( 1 2ln )sin ( 2ln )sin
2 2

2 1 2lim ( )cos cos
1 1 ( 1)

2lim (
1

R

R

R

n n

n nR

n

R

R R R R

RR R R

RR R R

n R RR n R n
n n n n n

n RR
n n

ρ

ρ

ρ

ρ

ρ

π ρ π

π ρ ρ φ π φ
ρ

π ρ ρ φ π φ
ρ

π φ π φ
ρ ρ

π

→

→

→

+ −

−→

→

+ = +

− + + =− +

− + + =− +

+− − =
+ − −

+−
+

1 1
2

2 2

1 2)sin sin
1 ( 1)

n

n n

R n R n
n n n

φ π φ
ρ ρ

+ −

−− =
− −

 

Continue 
 
 
 
 
 
 
 



 47

  Interior     Exterior 

D
egenerate kernel 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

2

2

3

3

2

2
2

( , ; , ) 1 3 2 1 ln

21 1 cos

1 2 1
1 cos ,

i

m m

m m
m

M R R
R

R R

m
m R

R m R

ρθ ρ φ ν ν ν

ρ ρν ν θ φ

ν νρ ρν θ φ ρ
+∞

+
=

= − + + + +

 
 − + − − −  

 − − + − − + − >  
∑

 

( )( )

( ) ( )

( ) ( ) ( ) ( )
2

2
2

( , ; , ) 2 1 1 ln

3 cos

1 2 1
1 cos ,

e

m m

m m
m

M R
R

m R R m R
m

θ ρ φ ν ρ

ν θ φ
ρ
ν ν

ν θ φ ρ
ρ ρ

−∞

−
=

= + +

− + −

 − − + + + − − >  
∑

 

O
rthogonal process 

( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( )

22

20

32

30

32

30

22

20

[ ][1] 2 ( 1 3 2 1 ln ),

2[ ][cos ] ( 1 1 )cos ,

2[ ][sin ] ( 1 1 )sin ,

1 2 1
[ ][cos ] ( 1 )cos ,

[ ][sin

i

i

i

n n
i

n n

i

M Rd R R R
R

M Rd R R
R R

M Rd R R
R R

n
M n Rd R n R

R n R

M

π

π

π

π

ρθ π ν ν ν ρ

ρ ρθ θ π ν ν φ ρ

ρ ρθ θ π ν ν φ ρ

ν νρ ρθ θ π ν φ ρ
+

+

= − + + + + >

=− + − − >

=− + − − >

− − +
=− − + >

∫

∫

∫

∫

( ) ( ) ( )22

20

1 2 1
] ( 1 )sin ,

n n

n n

n
n Rd R n R

R n R
π ν νρ ρθ θ π ν φ ρ

+

+

− − +
=− − + >∫

 

( )( )

( )

( )

( ) ( ) ( )

( ) ( )

2

0

2

0

2

0

22

20

2

0

[ ][1] 2 (2 1 1 ln ),

[ ][cos ] ( 3 )cos ,

[ ][sin ] ( 3 )sin ,

1 2 1
[ ][cos ] ( 1 )cos ,

1 2 1
[ ][sin ] (

e

e

e

n n
e

n n

n
e

n

M Rd R R

RM Rd R R

RM Rd R R

n R RM n Rd R n R
n

n RM n Rd R
n

π

π

π

π

π

θ π ν ρ ρ

θ θ π ν φ ρ
ρ

θ θ π ν φ ρ
ρ

ν ν
θ θ π ν φ ρ

ρ ρ
ν ν

θ θ π
ρ

−

−

= + + >

=− + >

=− + >

− − +
= + − >

− − +
= +

∫

∫

∫

∫

∫ ( )
2

21 )sin ,
n

n

R n Rν φ ρ
ρ

−

−− >

 

(s,x)M  

Lim
iting behavior across 

the boundary 

( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( ) ( )

( )

2

2

3

3

3

3

2

2

lim 2 ( 1 3 2 1 ln ) 4 (1 )(1 ln )

2lim ( 1 1 )cos ( 3)cos

2lim ( 1 1 )sin ( 3)sin

1 2 1 2 1
lim ( 1 )cos cos

lim ( 1

R

R

R

n n

n nR

n

R

R R R R
R

R R
R R

R R
R R

n
R n R n

R n R n

R

ρ

ρ

ρ

ρ

ρ

ρπ ν ν ν π ν

ρ ρπ ν ν φ π ν φ

ρ ρπ ν ν φ π ν φ

ν ν νρ ρπ ν φ π φ

ρπ ν

→

→

→

+

+→

→

− + + + + = + +

− + − − =− +

− + − − =− +

− − + +
− − + =

− −
( ) ( ) ( )2

2

1 2 1 2 1
)sin sin

n

n n

n
n R n

R n R n
ν ν νρ φ π φ

+

+

− − + +
+ =

 Continuous 
( )Rρ ρ− +→ ←  

( )( )

( )

( )

( ) ( ) ( ) ( )

( ) ( ) ( )

2

2

2

2

lim 2 (2 1 1 ln ) 4 (1 )(1 ln )

lim ( 3 )cos ( 3)cos

lim ( 3 )sin ( 3)sin

1 2 1 2 1
lim ( 1 )cos cos

1 2 1
lim ( 1 )sin

R

R

R

n n

n nR

n n

n nR

R R R

RR R

RR R

n R RR n R n
n n

n R RR n
n

ρ

ρ

ρ

ρ

ρ

π ν ρ π ν

π ν φ π ν φ
ρ

π ν φ π ν φ
ρ

ν ν ν
π ν φ π φ

ρ ρ
ν ν

π ν φ
ρ ρ

→

→

→

−

−→

−

−→

+ + = + +

− + =− +

− + =− +

− − + +
− + − =

− − +
− + − =

( )2 1
sinR n

n
ν

π φ
+

 

Continue 
 
 
 
 
 
 
 
 



 48

  Interior     Exterior 

D
egenerate kernel 

( ) ( ) ( )

( ) ( )( ) ( )

3

2 4

2

3 1
2

4( , ; , )

2 3 1 cos

1 4 1 cos ,

i

m m

m m
m

V R
R

R R

m m m R
R R

θ ρ φ

ρ ρν ν θ φ

ρ ρν ν θ φ ρ
+∞

+ +
=

=

 
 + − − − −  

 
 − − − + − − >  

∑

 ( ) ( )

( )( ) ( ) ( )
1 3

2
2

( , ; , )
13 cos

1 4 1 cos ,

e

m m

m m
m

V R

R Rm m m R

θ ρ φ

ν θ φ
ρ

ν ν θ φ ρ
ρ ρ

− −∞

−
=

=

− − −

 
 + − − − − − >  

∑

 

O
rthogonal process 

( ) ( )

( ) ( )

( ) ( )( )

2

0

32

2 40

32

2 40

22

3 10

2

0

4[ ][1] 2 ( ),

2[ ][cos ] ( 3 1 )cos ,

2[ ][sin ] ( 3 1 )sin ,

[ ][cos ] ( 1 4 1 )cos ,

[ ][sin ] ( 1

i

i

i

n n
i

n n

i

V Rd R R
R

V Rd R R
R R

v Rd R R
R R

V n Rd R n n n R
R R

V n Rd R n

π

π

π

π

π

θ π ρ

ρ ρθ θ π ν ν φ ρ

ρ ρθ θ π ν ν φ ρ

ρ ρθ θ π ν ν φ ρ

θ θ π

+

+ +

= >

= − − − >

= − − − >

=− − − + − >

=− −

∫

∫

∫

∫

∫ ( ) ( )( )
2

3 14 1 )sin ,
n n

n nn n R
R R
ρ ρν ν φ ρ
+

+ +− + − >

 

( )

( )

( )( ) ( )

( )( ) ( )

2

0

2

0

2

0

1 32

20

1 32

20

[ ][1] 0,

1[ ][cos ] ( 3 )cos ,

1[ ][sin ] ( 3 )sin ,

[ ][cos ] ( 1 4 1 )cos ,

[ ][sin ] ( 1 4 1 )sin

e

e

e

n n
e

n n

n n
e

n n

V Rd R

V Rd R R

V Rd R R

R RV n Rd R n n n R

R RV n Rd R n n

π

π

π

π

π

θ ρ

θ θ π ν φ ρ
ρ

θ θ π ν φ ρ
ρ

θ θ π ν ν φ ρ
ρ ρ

θ θ π ν ν
ρ ρ

− −

−

− −

−

= >

= − − >

= − − >

= − − − − >

= − − − −

∫

∫

∫

∫

∫ ,n Rφ ρ>

 

(s,x)V  

Lim
iting behavior across 

the boundary 

( ) ( )

( ) ( )

( ) ( )( )

( ) ( )( )

3

2 4

3

3

2

3 1

2

3 1

4lim 2 ( ) 8

2lim ( 3 1 )cos (5 )cos

2lim ( 1 1 )sin (5 )sin

lim ( 1 4 1 )cos 4 cos

lim ( 1 4 1 )sin 4 sin

R

R

R

n n

n nR

n n

n nR

R
R

R
R R

R
R R

R n n n n
R R

R n n n n
R R

ρ

ρ

ρ

ρ

ρ

π π

ρ ρπ ν ν φ π ν φ

ρ ρπ ν ν φ π ν φ

ρ ρπ ν ν φ π φ

ρ ρπ ν ν φ π φ

→

→

→

+

+ +→

+

+ +→

=

− − − = −

+ − − = −

− − − + − =

− − − + − =

 Discontinuous 
( )Rρ ρ− +→ ←  

( )

( )

( )( ) ( )

( )( ) ( )

1 3

2

1 3

2

lim 0 0

1lim ( 3 )cos ( 3)cos

1lim ( 3 )sin ( 3)sin

lim ( 1 4 1 )cos 4 cos

lim ( 1 4 1 )sin 4 sin

R

R

R

n n

n nR

n n

n nR

R

R

R RR n n n n

R RR n n n n

ρ

ρ

ρ

ρ

ρ

π ν φ π ν φ
ρ

π ν φ π ν φ
ρ

π ν ν φ π φ
ρ ρ

π ν ν φ π φ
ρ ρ

→

→

→

− −

−→

− −

−→

=

− − =− +

− − =− +

− − − − =−

− − − − =−

 

Continue 
 
 
 
 
 
 
 
 



 49

  Interior     Exterior 

D
egenerate kernel 

( )

( ) ( )

( ) ( )

2

1 1

2
2

( , ; , ) 2 1 ln

31 2ln cos
2

2 1 cos ,
1 1

i

m m

m m
m

U R R

R R
R

m m R
m m R m R

θ θ ρ φ ρ

ρ θ φ

ρ ρ θ φ ρ
+ −∞

−
=

= +
 
 − + + −  

 + − − − > + −  
∑

 

( )

( ) ( )

( ) ( )

2

3

2

2

1 1
2

( , ; , ) 1 2ln

13 2ln cos
2

1 2 cos ,
1 1

e

m m

m m
m

RU R

RR

R m R m R
m m m

θ θ ρ φ ρ ρ
ρ

ρ θ φ
ρ

θ φ ρ
ρ ρ

+∞

+ −
=

= + +

 
 − + − −  

 − + − − > + −  
∑

 

O
rthogonal process 

( )

( )

( )

( )

2

0

22

0

22

0

1 12

20

2

0

[ ][1] 2 (2 1 ln ),

3[ ][cos ] ( 1 2ln )cos ,
2
3[ ][sin ] ( 1 2ln )sin ,
2

2 1[ ][cos ] ( )cos ,
1 1

[ ][sin ]

i

i

i

n n
i

n n

i

U Rd R R R

U Rd R R R R
R

U Rd R R R R
R

nU n Rd R n R
n n R n R

U n Rd

π

θ

π

θ

π

θ

π

θ

π

θ

θ π ρ ρ

ρθ θ π φ ρ

ρθ θ π φ ρ

ρ ρθ θ π φ ρ

θ θ

+ −

−

= + >

=− + + >

=− + + >

+=− − >
+ −

∫

∫

∫

∫

( )
1 1

2

2 1( )sin ,
1 1

n n

n n

nR n R
n n R n R

ρ ρπ φ ρ
+ −

−

+=− − >
+ −∫

 

( )

( )

( )

( )

22

0

32

20

32

20

22

1 10

[ ][1] 2 ( 1 2ln ),

1[ ][cos ] ( 3 2ln )cos ,
2
1[ ][sin ] ( 3 2ln )sin ,
2

1 2[ ][cos ] ( )cos ,
1 1

[ ][sin ]

e

e

e

n n
e

n n

e

RU Rd R R

RU Rd R R R

RU Rd R R R

R n RU n Rd R n R
n n n

U n R

π

θ

π

θ

π

θ

π

θ

θ

θ π ρ ρ ρ
ρ

θ θ π ρ φ ρ
ρ

θ θ π ρ φ ρ
ρ

θ θ π φ ρ
ρ ρ

θ

+

+ −

= + + >

=− + − >

=− + − >

−= − >
+ −

∫

∫

∫

∫

( )
22

1 10

1 2( )sin ,
1 1

n n

n n

R n Rd R n R
n n n

π
θ π φ ρ

ρ ρ

+

+ −

−= − >
+ −∫

 

(s,x)Uθ  

Lim
iting behavior across the 

boundary 

( )

( )

( )

( )

( )

2

2
2

2
2

1 1
2

2 2

lim 2 (2 1 ln ) 4 (1 ln )

3 5lim ( 1 2ln )cos ( 2ln )cos
2 2
3 5lim ( 1 2ln )sin ( 2ln )sin
2 2

2 1 2lim ( )cos cos
1 1 ( 1)

2lim (
1

R

R

R

n n

n nR

n

R

R R R R

R R R R R
R

R R R R R
R

nR n R n
n n R n R n n

nR
n n

ρ

ρ

ρ

ρ

ρ

π ρ π

ρπ φ π φ

ρπ φ π φ

ρ ρπ φ π φ

ρπ

→

→

→

+ −

−→

→

+ = +

− + + =− +

− + + =− +

+− − =
+ − −

+−
+

1 1
2

2 2

1 2)sin sin
1 ( 1)

n

n n n R n
R n R n n

ρ φ π φ
+ −

−− =
− −

 Continuous 
( )Rρ ρ− +→ ←  

( )

( )

( )

( )

2
2

3
2

2

3
2

2

2
2

1 1 2

lim 2 ( 1 2ln ) 4 (1 ln )

1 5lim ( 3 2ln )cos ( 2ln )cos
2 2
1 5lim ( 3 2ln )sin ( 2ln )sin
2 2

1 2 2lim ( )cos cos
1 1 ( 1)

1lim (
1

R

R

R

n n

n nR

R

RR R R

RR R R R

RR R R R

R n RR n R n
n n n n n

RR
n

ρ

ρ

ρ

ρ

ρ

π ρ ρ π
ρ

π ρ φ π φ
ρ

π ρ φ π φ
ρ

π φ π φ
ρ ρ

π

→

→

→

+

+ −→

→

+ + = +

− + − =− +

− + − =− +

−− =
+ − −

+ ( )
2

2
1 1 2

2 2)sin sin
1 ( 1)

n n

n n

n R n R n
n n n n

φ π φ
ρ ρ

+

+ −

−− =
− −

 

Continue 
 
 
 
 
 
 
 



 50

  Interior     Exterior 

D
egenerate kernel 

( ) ( )

( )

2

2

1 1

1 1
2

2( , ; , )

33 2ln cos
2

2 2 cos ,
1 1

i

m m

m m
m

R
R

R
R

m m m R
m R m R

θ
ρθ ρ φ

ρ θ φ

ρ ρ θ φ ρ
+ −∞

+ −
=

Θ =

 
 − + − −  

 + − + − − > + − 
∑

 ( ) ( )

( )

2

2

1 1

1 1
2

2( , ; , )

33 2ln cos
2

2 2 cos ,
1 1

e

m m

m m
m

RR

R

m R m R m R
m m

θ θ ρ φ
ρ

ρ θ φ
ρ

θ φ ρ
ρ ρ

+ −∞

+ −
=

Θ =

 
 − + − −  

 + − + − − > + − 
∑

 

O
rthogonal process 

( )

( )

2

0

22

20

22

20

1 12

1 10

2

0

2[ ][1] 2 ( ),

3[ ][cos ] ( 3 2ln )cos ,
2
3[ ][sin ] ( 3 2ln )sin ,
2

2 2[ ][cos ] ( )cos ,
1 1

[ ][sin ]

i

i

i

n n
i

n n

i

Rd R R
R

Rd R R R
R

Rd R R R
R

n nn Rd R n R
n R n R

n Rd

π

θ

π

θ

π

θ

π

θ

π

θ

ρθ π ρ

ρθ θ π φ ρ

ρθ θ π φ ρ

ρ ρθ θ π φ ρ

θ θ

+ −

+ −

Θ = >

Θ =− + − >

Θ =− + − >

+ −Θ = − >
+ −

Θ =

∫

∫

∫

∫

∫
1 1

1 1

2 2( )sin ,
1 1

n n

n n

n nR n R
n R n R

ρ ρπ φ ρ
+ −

+ −

+ −− >
+ −

 

( )

( )

2

0

22

20

22

20

1 12

1 10

2

0

2[ ][1] 2 ( ),

3[ ][cos ] ( 3 2ln )cos ,
2
3[ ][sin ] ( 3 2ln )sin ,
2

2 2[ ][cos ] ( )cos ,
1 1

[ ][sin ]

e

e

e

n n
e

n n

e

RRd R R

RRd R R

RRd R R

n R n Rn Rd R n R
n n

n Rd

π

θ

π

θ

π

θ

π

θ

π

θ

θ π ρ
ρ

θ θ π ρ φ ρ
ρ

θ θ π ρ φ ρ
ρ

θ θ π φ ρ
ρ ρ

θ θ

+ −

+ −

Θ = >

Θ =− + − >

Θ =− + − >

+ −Θ = − >
+ −

Θ =

∫

∫

∫

∫

∫
1 1

1 1

2 2( )sin ,
1 1

n n

n n

n R n RR n R
n n

π φ ρ
ρ ρ

+ −

+ −

+ −− >
+ −

 

(s,x)θΘ  

Lim
iting behavior across 

the boundary 

( )

( )

2

2

2

2

1 1

1 1 2

1 1

1

2lim 2 ( ) 4

3 3lim ( 3 2ln )cos ( 2ln )cos
2 2
3 3lim ( 3 2ln )sin ( 2ln )sin
2 2

2 2 2lim ( )cos cos
1 1 1
2 2lim (
1 1

R

R

R

n n

n nR

n n

nR

R R
R

R R R R
R

R R R R
R

n n nR n R n
n R n R n
n nR
n R n

ρ

ρ

ρ

ρ

ρ

ρπ π

ρπ φ π φ

ρπ φ π φ

ρ ρπ φ π φ

ρ ρπ

→

→

→

+ −

+ −→

+ −

+→

=

− + − =− +

− + − =− +

+ −− =
+ − −
+ −−
+ − 1 2

2)sin sin
1n

nn R n
R n

φ π φ− =
−

 Continuous 
( )Rρ ρ− +→ ←  

( )

( )

2

2

2

2

1 1

1 1 2

1 1

1

2lim 2 ( ) 4

3 3lim ( 3 2ln )cos ( 2ln )cos
2 2
3 3lim ( 3 2ln )sin ( 2ln )sin
2 2

2 2 2lim ( )cos cos
1 1 1
2 2lim (
1 1

R

R

R

n n

n nR

n n

nR

RR R

RR R R

RR R R

n R n R nR n R n
n n n
n R n RR
n n

ρ

ρ

ρ

ρ

ρ

π π
ρ

π ρ φ π φ
ρ

π ρ φ π φ
ρ

π φ π φ
ρ ρ

π
ρ

→

→

→

+ −

+ −→

+ −

+→

=

− + − =− +

− + − =− +

+ −− =
+ − −
+ −−
+ − 1 2

2)sin sin
1n

nn R n
n

φ π φ
ρ − =

−

 

Continue 
 
 
 
 
 
 
 



 51

  Interior     Exterior 

D
egenerate kernel 

( )

( ) ( ) ( )

( ) ( )( ) ( )

2

2

3

1 1

2
2

2( , ; , ) 1

2 1 3 1 cos

( 2)( 1) 1 2 1 cos ,

i

m m

m m
m

M R
R

R R

m m m R
R R

θ
ρθ ρ φ ν

ρν ν θ φ

ρ ρν ν ν θ φ ρ
+ −∞

+
=

= −

 
 − + − − −  

 
 + + − + − − + − >  

∑

 

( )

( ) ( )

( ) ( )( ) ( )( ) ( )

2

2

1 1
2

2 1
( , ; , )

3 cos

1 2 1 2 1 cos ,

e

m m

m m
m

M R

R

R Rm m m R

θ
ν

θ ρ φ
ρ

ν θ φ
ρ

ν ν ν θ φ ρ
ρ ρ

−∞

+ −
=

+
=

+ + −

 
 − − − + + − − − >  

∑

 

O
rthogonal process 

( )

( ) ( )

( ) ( )

( ) ( )( )

2

20

22

30

22

30

12

20

1

2[ ][1] 2 ( 1 ),

2[ ][cos ] ( 1 3 1 )cos ,

2[ ][sin ] ( 1 3 1 )sin ,

[ ][cos ] (( 2)( 1)

1 2 1 )cos ,

[ ][sin

i

i

i

m
i

m

m

m

i

M Rd R R
R

M Rd R R
R R

M Rd R R
R R

M n Rd R m
R

m n R
R

M

π

θ

π

θ

π

θ

π

θ

θ

ρθ π ν ρ

ρθ θ π ν ν φ ρ

ρθ θ π ν ν φ ρ

ρθ θ π ν

ρν ν φ ρ

+

+

−

= − >

=− + − − >

=− + − − >

= + −

+ − − + >

∫

∫

∫

∫

( ) ( )( )

12

20

1

] (( 2)( 1)

1 2 1 )sin ,

m

m

m

m

n Rd R m
R

m n R
R

π ρθ θ π ν

ρν ν φ ρ

+

+

−

= + −

+ − − + >

∫

 

( )

( )

( )

( ) ( )( )

( )( )

( )

2

0

2

20

2

20

2

10

2

1

2

0

2 1
[ ][1] 2 ( ),

[ ][cos ] ( 3 )cos ,

[ ][sin ] ( 3 )sin ,

[ ][cos ] ( 1 2 1

2 1 )cos ,

[ ][sin ] ( 1 2

e

e

e

m
e

m

m

m

e

M Rd R R

RM Rd R R

RM Rd R R

RM n Rd R m

Rm n R

M n Rd R m

π

θ

π

θ

π

θ

π

θ

π

θ

ν
θ π ρ

ρ

θ θ π ν φ ρ
ρ

θ θ π ν φ ρ
ρ

θ θ π ν ν
ρ

ν φ ρ
ρ

θ θ π ν ν

+

−

−

+
= >

= + >

= + >

=− − − +

+ − − >

=− − − +

∫

∫

∫

∫

∫ ( )( )

( )( )

1

2

1

1

2 1 )sin ,

m

m

m

m

R

Rm n R

ρ

ν φ ρ
ρ

+

−

−+ − − >

 

(s, x)Mθ  

Lim
iting behavior across the 

boundary 

( )

( ) ( )

( ) ( )

( ) ( )( )

( )

2

2

3

2

3

1 1

2

1

2

2lim 2 ( 1 ) 4 ( 1)

2lim ( 1 3 1 )cos (5 )cos

2lim ( 1 3 1 )sin (5 )sin

lim (( 2)( 1) 1 2 1 )cos

4 cos

lim (( 2)( 1) 1 2

R

R

R

n n

n nR

m

mR

R
R

R
R R

R
R R

R n n n
R R

n

R n n
R

ρ

ρ

ρ

ρ

ρ

ρπ ν π ν

ρπ ν ν φ π ν φ

ρπ ν ν φ π ν φ

ρ ρπ ν ν ν φ

π φ
ρπ ν ν

→

→

→

+ −

+→

+

+→

− = −

− + − − =− −

− + − − =− −

+ − + − − +

=−

+ − + − − ( )( )
1

1 )sin

4 sin

n

n n
R

n

ρν φ

π φ

−

+

=−

 

Discontinuous 
( )Rρ ρ− +→ ←  

( )

( )

( )

( ) ( )( ) ( )( )

( ) ( )( ) ( )( )

2

2

2

1 1

2

1 1

2 1
lim 2 ( ) 4 (1 )

lim ( 3 )cos ( 3)cos

lim ( 3 )sin ( 3)sin

lim ( 1 2 1 2 1 )cos

4 cos

lim ( 1 2 1 2 1 )sin

4 sin

R

R

R

m n

m nR

m n

m nR

R

RR

RR

R RR n n n

n
R RR n n n

n

ρ

ρ

ρ

ρ

ρ

ν
π π ν

ρ

π ν φ π ν φ
ρ

π ν φ π ν φ
ρ

π ν ν ν φ
ρ ρ

π φ

π ν ν ν φ
ρ ρ

π φ

→

→

→

−

+ −→

−

+ −→

+
= +

+ = +

+ = +

− − − + + − −

=

− − − + + − −

=

 

Continue 
 
 



 52

  Interior     Exterior 

D
egenerate kernel 

( ) ( )

( )( ) ( )( ) ( )

2

2 4

1 1

3 1
2

( , ; , )

2 3 3 1 cos( )

2 1 4 1 cos ,

i

m m

m m
m

V R

R R

m m m m m R
R R

θ θ ρ φ

ρν ν θ φ

ρ ρν ν θ φ ρ
+ −∞

+ +
=

=
 
 − − − −  

 
 − + − − + − − >  

∑

 ( ) ( )

( )( ) ( )( ) ( )

2

1 3

1 1
2

( , ; , )
13 cos

1 4 2 1 cos ,

e

m m

m m
m

V R

R Rm m m m m R

θ θ ρ φ

ν θ φ
ρ

ν ν θ φ ρ
ρ ρ

− −∞

+ −
=

=

+ −

 
 − − − − − − − >  

∑

 

O
rthogonal process 

( ) ( )

( ) ( )

( )( )

( )( )

2

0
22

2 40

22

2 40

12

30

1

1

2

0

[ ][1] 0,

2[ ][cos ] ( 3 3 1 )cos ,

2[ ][sin ] ( 3 3 1 )sin ,

[ ][cos ] ( 2 1

4 1 )cos ,

[ ][sin ]

i

i

i

n
i

n

n

n

i

V Rd R

V Rd R R
R R

V Rd R R
R R

V n Rd R n n
R

n n n R
R

V n Rd

π

θ

π

θ

π

θ

π

θ

π

θ

θ ρ

ρθ θ π ν ν φ ρ

ρθ θ π ν ν φ ρ

ρθ θ π ν

ρν φ ρ

θ θ π

+

+

−

+

= >

= − − − >

= − − − >

=− + −

− + − >

=−

∫

∫

∫

∫

∫ ( )( )

( )( )

1

3

1

1

( 2 1

4 1 )sin ,

n

n

n

n

R n n
R

n n n R
R

ρν

ρν φ ρ

+

+

−

+

+ −

− + − >

 

( )

( )

( )( )

( )( )

( )( )

2

0

2

20

2

20

12

10

3

1

12

10

[ ][1] 0,

1[ ][cos ] ( 3 )cos ,

1[ ][sin ] ( 3 )sin ,

[ ][cos ] ( 1 4

2 1 )cos ,

[ ][sin ] ( 1 4

e

e

e

n
e

n

n

n

n
e

n

V Rd R

V Rd R R

V Rd R R

RV n Rd R n n

Rn n n R

RV n Rd R n n

π

θ

π

θ

π

θ

π

θ

π

θ

θ ρ

θ θ π ν φ ρ
ρ

θ θ π ν φ ρ
ρ

θ θ π ν
ρ

ν φ ρ
ρ

θ θ π ν
ρ

−

+

−

−

−

+

= >

= + >

= + >

=− − −

− − − >

=− − −

−

∫

∫

∫

∫

∫

( )( )
3

12 1 )sin ,
n

n

Rn n n Rν φ ρ
ρ

−

−− − >

 

(s, x)Vθ  

Lim
iting behavior across the 

boundary 

( ) ( )

( ) ( )

( )( ) ( )( )

( )( ) ( )( )

2

2 4

2

2 4

1 1

3 1

1 1

3 1

lim 0 0

2 (3 )lim ( 3 3 1 )cos cos

2 (3 )lim ( 3 3 1 )sin sin

lim ( 2 1 4 1 )cos

2 ( 1) cos

lim ( 2 1 4 1 )sin

R

R

R

n n

n nR

n n

n nR

R
R R R

R
R R R

R n n n n n
R R

n n
R

R n n n n n
R R

ρ

ρ

ρ

ρ

ρ

ρ νπ ν ν φ π φ

ρ νπ ν ν φ π φ

ρ ρπ ν ν φ

π ν φ

ρ ρπ ν ν φ

→

→

→

+ −

+ +→

+ −

+ +→

=

+− − − =

+− − − =

− + − − + −

+=

− + − − + −

2 ( 1) sinn n
R

π ν φ+=

 
Pseudo- 

continuous 
( )Rρ ρ− +→ ←  

( )

( )

( )( ) ( )( )

( )( ) ( )( )

2

2

1 3

1 1

1 3

1 1

lim 0 0

1 ( 3)lim ( 3 )cos cos

1 ( 3)lim ( 3 )sin sin

lim ( 1 4 2 1 )cos

2 (1 ) cos

lim ( 1 4 2 1 )sin

2 (1 ) sin

R

R

R

n n

n nR

n n

n nR

R
R

R
R

R RR n n n n n

n n
R

R RR n n n n n

n n
R

ρ

ρ

ρ

ρ

ρ

νπ ν φ π φ
ρ

νπ ν φ π φ
ρ

π ν ν φ
ρ ρ

π ν φ

π ν ν φ
ρ ρ

π ν φ

→

→

→

− −

+ −→

− −

+ −→

=

++ =

++ =

− − − − − −

+=

− − − − − −

+=

 

Continue 
 



 53

  Interior     Exterior 

D
egenerate kernel 

( )( )

( ) ( )

( ) ( ) ( ) ( )
2

2
2

( , ; , ) 2 1 1 ln

3 cos

1 2 1
1 cos ,

i
m

m m

m m
m

U R R

R
m

m R
m R R

θ ρ φ ν
ρν θ φ

ν ν ρ ρν θ φ ρ
−∞

−
=

= + +

− + −

 − − + + + − − >  
∑

 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

2

2

3

3

2

2
2

( , ; , ) 3 1 2ln 1

1 2 1 cos

1 2 1
1 cos ,

e
m

m m

m m
m

RU R

R R

m R Rm m R
m

θ ρ φ ν ν ρ ν
ρ

ν ν θ φ
ρ ρ

ν ν
ν θ φ ρ

ρ ρ

+∞

+
=

= + + − + +

 
 + − − + −  

 − − + + − − − >  
∑

 

O
rthogonal process 

( )( )

( )

( )

( ) ( ) ( )

( ) ( )

2

0

2

0

2

0

22

20

2

0

[ ][1] 2 (2 1 1 ln ),

[ ][cos ] ( 3 )cos ,

[ ][sin ] ( 3 )sin ,

1 2 1
[ ][cos ] ( 1 )cos ,

1 2 1
[ ][sin ] (

i
m

i
m

i
m

n n
i

m n n

i
m

U Rd R R R

U Rd R R
R

U Rd R R
R

n
U n Rd R n R

n R R
n

U n Rd R
n

π

π

π

π

π

θ π ν ρ

ρθ θ π ν φ ρ

ρθ θ π ν φ ρ

ν ν ρ ρθ θ π ν φ ρ

ν ν
θ θ π

−

−

= + + >

=− + >

=− + >

− − +
= + − >

− − +
=

∫

∫

∫

∫

∫ ( )
2

21 )sin ,
n n

n n n R
R R
ρ ρν φ ρ

−

−+ − >

 

( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( )

22

20

32

30

32

30

22

20

[ ][1] 2 ( 3 1 2ln 1 ),

[ ][cos ] ( 1 2 1 )cos ,

[ ][sin ] ( 1 2 1 )sin ,

1 2 1
[ ][cos ] ( 1 )cos ,

[ ][

e
m

e
m

e
m

n n
e

m n n

e
m

RU Rd R R

R RU Rd R R

R RU Rd R R

n R RU n Rd R n n R
n

U

π

π

π

π

θ π ν ν ρ ν ρ
ρ

θ θ π ν ν φ ρ
ρ ρ

θ θ π ν ν φ ρ
ρ ρ
ν ν

θ θ π ν φ ρ
ρ ρ

+

+

= + + − + + >

= − − + >

= − − + >

− − +
= − − >

∫

∫

∫

∫
( ) ( ) ( )

22

20

1 2 1
sin ] ( 1 )sin ,

n n

n n

n R Rn Rd R n n R
n

π ν ν
θ θ π ν φ ρ

ρ ρ

+

+

− − +
= − − >∫

 

(s,x)mU  

Lim
iting behavior across the boundary 

( )( )

( )

( )

( ) ( ) ( )

( ) ( ) ( )

2

2

2

2

lim 2 (2 1 1 ln ) 4 (1 )(1 ln )

lim ( 3 )cos (3 )cos

lim ( 3 )sin (3 )sin

1 2 1
lim ( 1 )cos

2 ( 1) cos

1 2 1
lim ( 1 )sin

R

R

R

n n

n nR

n n

n nR

R R R R

R R
R

R R
R

n
R n

n R R
R n

n
n

R n
n R R

ρ

ρ

ρ

ρ

ρ

π ν π ν

ρπ ν φ π ν φ

ρπ ν φ π ν φ

ν ν ρ ρπ ν φ

π ν φ

ν ν ρ ρπ ν φ

→

→

→

−

−→

−

−→

+ + = + +

− + =− +

− + =− +

− − +
+ −

+=−

− − +
+ −

2 ( 1) sinR n
n

π ν φ+=−

 Discontinuous 
( )Rρ ρ− +→ ←  

( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( )

( )

2

2

3

3

3

3

2

2

lim 2 ( 3 1 2ln 1 ) 4 (1 )(1 ln )

lim ( 1 2 1 )cos ( 3)cos

lim ( 1 2 1 )sin ( 3)sin

1 2 1
lim ( 1 )cos

2 ( 1) cos

1
lim (

R

R

R

n n

n nR

R

RR R R

R RR R

R RR R

n R RR n n
n

R n
n

n
R

ρ

ρ

ρ

ρ

ρ

π ν ν ρ ν π ν
ρ

π ν ν φ π ν φ
ρ ρ

π ν ν φ π ν φ
ρ ρ
ν ν

π ν φ
ρ ρ

π ν φ

ν
π

→

→

→

+

+→

→

+ + − + + = + +

− − + =− +

− − + =− +

− − +
− −

+=−

− − ( ) ( )
2

2

2 1
1 )sin

2 ( 1) sin

n n

n n

R Rn n
n

R n
n

ν
ν φ

ρ ρ
π ν φ

+

+

+
− −

+=−

 

Continue 
 
 
 



 54

  Interior     Exterior 

D
egenerate kernel 

( )

( ) ( )

( ) ( )( ) ( )( ) ( )

2

2

1 1
2

2 1
( , ; , )

3 cos

1 2 1 1 2 cos ,

i
m

m m

m m
m

R
R

R

m m m R
R R

ν
θ ρ φ

ρν θ φ

ρ ρν ν ν θ φ ρ
−∞

+ −
=

+
Θ =

+ + −

 
 + − + + − − − − >  

∑

 

( )

( ) ( ) ( )

( ) ( )( ) ( )( ) ( )

2

2

3

1 1

2
2

2 1
( , ; , )

2 1 3 1 cos

1 2 1 1 2 cos ,

e
m

m m

m m
m

R
R

R

R Rm m m R

ν
θ ρ φ

ρ
ν

ν θ φ
ρ ρ

ν ν ν θ φ ρ
ρ ρ

− +∞

+
=

−
Θ =

 − + + + − −  
 
 + − − + − − + − >  

∑

 

O
rthogonal process 

( )

( )

( )

( ) ( )( ) ( )( )

( ) ( )( )

2

0

2

20

2

20

22

1 10

2

0

2 1
[ ][1] 2 ( ),

[ ][cos ] ( 3 )cos ,

[ ][sin ] ( 3 )sin ,

[ ][cos ] ( 1 2 1 1 2 )cos ,

[ ][sin ] ( 1 2 1

i
m

i
m

i
m

n n
i

m n n

i
m

Rd R R
R

Rd R R
R

Rd R R
R

n Rd R n n n R
R R

n Rd R n

π

π

π

π

π

ν
θ π ρ

ρθ θ π ν φ ρ

ρθ θ π ν φ ρ

ρ ρθ θ π ν ν ν φ ρ

ρθ θ π ν ν

−

+ −

+
Θ = >

Θ = + >

Θ = + >

Θ = − + + − − − >

Θ = − + +

∫

∫

∫

∫

∫ ( )( )
2

1 11 2 )sin ,
n n

n nn n R
R R

ρν φ ρ
−

+ −− − − >

 

( )

( ) ( )

( ) ( )

( ) ( )( ) ( )( )

2

20

22

30

22

30

1 12

20

2 1
[ ][1] 2 ( ),

2 1 3[ ][cos ] ( 1 )cos ,

2 1 3[ ][sin ] ( 1 )sin ,

[ ][cos ] ( 1 2 1 1 2 )cos ,

[ ][sin ]

e
m

e
m

e
m

n n
e

m m n

e
m

R
Rd R R

RRd R R

RRd R R

R Rn Rd R n n n R

n R

π

π

π

π

ν
θ π ρ

ρ
ν

θ θ π ν φ ρ
ρ ρ

ν
θ θ π ν φ ρ

ρ ρ

θ θ π ν ν ν φ ρ
ρ ρ

θ

− +

+

−
Θ = >

− +
Θ = + − >

− +
Θ = + − >

Θ = − − + − − + >

Θ

∫

∫

∫

∫

( ) ( )( ) ( )( )
1 12

20
( 1 2 1 1 2 )sin ,

n n

n n

R Rd R n n n R
π

θ π ν ν ν φ ρ
ρ ρ

− +

+= − − + − − + >∫

 

(s,x)mΘ  

Lim
iting behavior across 

the boundary 

( )

( )

( )

( ) ( )( ) ( )( )

( ) ( )( ) ( )( )

2

2

2

1 1

2

1 1

2 1
lim 2 ( ) 4 (1 )

lim ( 3 )cos (3 )cos

lim ( 3 )sin (3 )sin

lim ( 1 2 1 1 2 )cos 4 cos

lim ( 1 2 1 1 2 )sin 4 sin

R

R

R

n n

n nR

n n

n nR

R
R

R
R

R
R

R n n n n
R R

R n n n n
R R

ρ

ρ

ρ

ρ

ρ

ν
π π ν

ρπ ν φ π ν φ

ρπ ν φ π ν φ

ρ ρπ ν ν ν φ π φ

ρ ρπ ν ν ν φ π φ

→

→

→

−

+ −→

−

+ −→

+
= +

+ = +

+ = +

− + + − − − =

− + + − − − =

 Discontinuous 
( )Rρ ρ− +→ ←  

( )

( ) ( )

( ) ( )

( ) ( )( ) ( )( )

( ) ( )( ) ( )( )

2

2

3

2

3

1 1

2

1 1

2

2 1
lim 2 ( ) 4 ( 1)

2 1 3lim ( 1 )cos ( 5)cos

2 1 3lim ( 1 )sin ( 5)sin

lim ( 1 2 1 1 2 )cos 4 cos

lim ( 1 2 1 1 2 )

R

R

R

n n

m nR

n n

m nR

R
R

RR

RR

R RR n n n n

R RR n n

ρ

ρ

ρ

ρ

ρ

ν
π π ν

ρ
ν

π ν φ π ν φ
ρ ρ

ν
π ν φ π ν φ

ρ ρ

π ν ν ν φ π φ
ρ ρ

π ν ν ν
ρ ρ

→

→

→

− +

+→

− +

+→

−
= −

− +
+ − = −

− +
+ − = −

− − + − − + =−

− − + − − + sin 4 sinn nφ π φ=−

 

Continue 
 
 
 
 
 
 
 



 55

  Interior     Exterior 

D
egenerate kernel 

( )

( )( ) ( )

( ) ( )( )( )( )

( ) ( ) ( )( )
( )

2

2

3

2

2
2

2 1
( , ; , )

2 1 3 cos

[ 1 2 1 1 1
cos ,

1 2 1 1 1 ]

i
m

m

m

m
m

m

M R
R

R

m m
R m R

m m
R

ν
θ ρ φ

ρν ν θ φ

ρν ν ν
θ φ ρ

ρν ν ν

−

∞

=
+

−
=

+ − + −

− − + − −
+ − >

 + − + + + − 

∑

 

( )

( )( ) ( )

( ) ( )( )( )( )

( )( ) ( ) ( )( )
( )

2

2

3

2

2
2

2 1
( , ; , )

2 1 3 cos

[ 1 2 1 1 1
cos ,

1 1 1 2 1 ]

e
m

m

m

m
m

m

M R

R

Rm m
m R

Rm m

ν
θ ρ φ

ρ

ν ν θ φ
ρ

ν ν ν
ρ

θ φ ρ
ν ν ν

ρ

−

∞

=
+

−
=

+ − + −

− + + − −
+ − >

− + − − − +
∑

 

O
rthogonal process 

( )( )

( )( )

( ) ( )( )( )( )

( ) ( ) ( )( )

22

20

2

30

2

30

22

0

2

2( 1)[ ][1] 2 ( ),

[ ][cos ] (2 1 3 )cos ,

[ ][sin ] (2 1 3 )sin ,

[ ][cos ] ( 1 2 1 1 1

1 2 1 1 1 )cos ,

[

i
m

i
m

i
m

n
i

m n

n

n

i
m

M Rd R R
R

M Rd R R
R

M Rd R R
R

M n Rd R n n
R

n n n R
R

M

π

π

π

π

νθ π ρ

ρθ θ π ν ν φ ρ

ρθ θ π ν ν φ ρ

ρθ θ π ν ν ν

ρν ν ν φ ρ

−

+

−= >

= − + >

= − + >

= − − + − −

 + − + + + − > 

∫

∫

∫

∫

( ) ( )( )( )( )

( ) ( ) ( )( )

22

0

2

][sin ] ( 1 2 1 1 1

1 2 1 1 1 )sin ,

n

n

n

n

n Rd R n n
R

n n n R
R

π ρθ θ π ν ν ν

ρν ν ν φ ρ

−

+

= − − + − −

 + − + + + − > 

∫

 

( )

( )( )

( )( )

( ) ( )( )( )( )

( )( ) ( ) ( )( )

2
2

20

2

30

2

30

22

0

2

2 1
[ ][1] 2 ( ),

[ ][cos ] (2 1 3 )cos ,

[ ][sin ] (2 1 3 )sin ,

[ ][cos ] ( 1 2 1 1 1

1 1 1 2 1 )cos ,

[ ][sin

e
m

e
m

e
m

n
e

m n

n

n

e
m

M Rd R R

RM Rd R R

RM Rd R R

RM n Rd R n n

Rn n n R

M n

π

π

π

π

ν
θ π ρ

ρ

θ θ π ν ν φ ρ
ρ

θ θ π ν ν φ ρ
ρ

θ θ π ν ν ν
ρ

ν ν ν φ ρ
ρ

−

+

−
= >

= − + >

= − + >

= − + + − −

− + − − − + >

∫

∫

∫

∫

( ) ( )( )( )( )

( )( ) ( ) ( )( )

22

0

2

] ( 1 2 1 1 1

1 1 1 2 1 )cos sin ,

n

n

n

n

RRd R n n

Rn n n n R

π
θ θ π ν ν ν

ρ

ν ν ν φ φ ρ
ρ

−

+

= − + + − −

− + − − − + >

∫

 

(s,x)mM  

Lim
iting behavior across the boundary 

( )

( )( )

( )( )

( ) ( )( )( )( )

( ) ( ) ( )( )

2 2

2

3

3

2

2

2 1 ( 1)lim 2 ( ) 4

2 ( 1)( 3)lim (2 1 3 )cos cos

2 ( 1)( 3)lim (2 1 3 )sin sin

lim ( 1 2 1 1 1

2 ( 1)( 3)1 2 1 1 1 )cos cos

lim

R

R

R

n

nR

n

n

R

R
R R

R
R R

R
R R

R n n
R

nn n n n
R R

ρ

ρ

ρ

ρ

ρ

ν νπ π

ρ π ν νπ ν ν φ φ

ρ π ν νπ ν ν φ φ

ρπ ν ν ν

ρ π ν νν ν ν φ φ

→

→

→

−

→

+

→

− −=

− +− + =

− +− + =

− − + − −

− + + − + + + − = 

( ) ( )( )( )( )

( ) ( ) ( )( )

2

2

( 1 2 1 1 1

2 ( 1)( 3)1 2 1 1 1 )sin sin

n

n

n

n

R n n
R

nn n n n
R R

ρπ ν ν ν

ρ π ν νν ν ν φ φ

−

+

− − + − −

− + + − + + + − = 

 
Pseudo- 

continuous 
( )Rρ ρ− +→ ←  

( )

( )( )

( )( )

( ) ( )( )( )( )

( )( ) ( ) ( )( )

2 2

2

3

3

2

2

2 1 4 ( 1)lim 2 ( )

2 ( 1)( 3)lim (2 1 3 )cos cos

2 ( 1)( 3)lim (2 1 3 )sin sin

lim ( 1 2 1 1 1

2 ( 1)( 3)1 1 1 2 1 )cos cos

lim (

R

R

R

n

nR

n

n

R

R
R

RR
R

RR
R
RR n n

R nn n n n
R

R n

ρ

ρ

ρ

ρ

ρ

ν π νπ
ρ

π ν νπ ν ν φ φ
ρ

π ν νπ ν ν φ φ
ρ

π ν ν ν
ρ

π ν νν ν ν φ φ
ρ

π

→

→

→

−

→

+

→

− −=

− +− + =

− +− + =

− + + − −

− +− + − − − + =

( ) ( )( )( )( )

( )( ) ( ) ( )( )

2

2

1 2 1 1 1

2 ( 1)( 3)1 1 1 2 1 )sin sin

n

n

n

n

Rn

R nn n n n
R

ν ν ν
ρ

π ν νν ν ν φ φ
ρ

−

+

− + + − −

− +− + − − − + =

 



 56

  Interior     Exterior 

D
egenerate kernel 

( )( ) ( )

( )( ) ( ) ( )( )

( )( ) ( )( )
( )

4

3

2
2

1

( , ; , )

2 1 3 cos

[ 1 1 1 2 1
cos ,

1 1 4 1 ]

i
m

m

m

m
m

m

V R

R

m m m
R m R

m m m
R

θ ρ φ
ρν ν θ φ

ρν ν ν
θ φ ρ

ρν ν

∞ +

−
=

+

=

− + −

+ − − + +
+ − >

+ − − + −
∑

 
( )( ) ( )

( )( ) ( ) ( )( )

( )( ) ( )( )
( )

3

3

1
2

2

( , ; , )
2 1 3

cos

[ 1 1 1 2 1
cos ,

1 1 1 4 ]

e
m

m

m

m
m

m

V R

Rm m m
m R

Rm m m

θ ρ φ
ν ν

θ φ
ρ

ν ν ν
ρ

θ φ ρ
ν ν

ρ

−

∞

−
=

+

=
− +

−

− − − − +
+ − >

+ + − − −
∑

 

O
rthogonal process 

( )( )

( )( )

( )( ) ( ) ( )( )

( )( ) ( )( )

2

0

2

40

2

40

2

30

2

1

2

0

[ ][1] 0,

[ ][cos ] (2 1 3 )cos ,

[ ][sin ] (2 1 3 )sin ,

[ ][cos ] ( 1 1 1 2 1

1 1 4 1 )cos ,

[ ][sin ]

i
m

i
m

i
m

n
i

m n

n

n

i
m

V Rd R

V Rd R R
R

V Rd R R
R

V n Rd R n n n
R

n n n n R
R

V n Rd

π

π

π

π

π

θ ρ

ρθ θ π ν ν φ ρ

ρθ θ π ν ν φ ρ

ρθ θ π ν ν ν

ρν ν φ ρ

θ θ

+

−

+

= >

= − + >

= − + >

= + − − + +

+ − − + − >

=

∫

∫

∫

∫

∫ ( )( ) ( ) ( )( )

( )( ) ( )( )

3

2

1

( 1 1 1 2 1

1 1 4 1 )sin ,

n

n

n

n

R n n n
R

n n n n R
R

ρπ ν ν ν

ρν ν φ ρ

+

−

+

+ − − + +

+ − − + − >

 

( )( )

( )( )

( )( ) ( ) ( )( )

( )( ) ( )( )

2

0

2

30

2

30

32

0

1

2

2

0

[ ][1] 0,

2 1 3
[ ][cos ] ( )cos ,

2 1 3
[ ][sin ] ( )sin ,

[ ][cos ] ( 1 1 1 2 1

1 1 1 4 )cos ,

[ ][sin ]

e
m

e
m

e
m

n
e

m n

n

n

e
m

V Rd R

V Rd R R

V Rd R R

RV n Rd R n n n

Rn n n n R

V n Rd R

π

π

π

π

π

θ ρ

ν ν
θ θ π φ ρ

ρ
ν ν

θ θ π φ ρ
ρ

θ θ π ν ν ν
ρ

ν ν φ ρ
ρ

θ θ π

−

−

+

= >

− +
= >

− +
= >

= − − − − +

+ + − − − >

=

∫

∫

∫

∫

∫ ( )( ) ( ) ( )( )

( )( ) ( )( )

3

1

2

( 1 1 1 2 1

1 1 1 4 )cos sin ,

n

n

n

n

Rn n n

Rn n n n n R

ν ν ν
ρ

ν ν φ φ ρ
ρ

−

−

+

− − − − +

+ + − − − >

 

(s,x)mV  

Lim
iting behavior across the 

boundary 

( )( )

( )( )

( )( ) ( ) ( )( )

( )( ) ( )( )

( )( ) ( ) ( )( )

4 2

4 2

3

2

1 2

lim 0 0

2 ( 1)( 3)lim (2 1 3 )cos cos

2 ( 1)( 3)lim (2 1 3 )sin sin

lim ( 1 1 1 2 1

2 ( 1)( 3)1 1 4 1 )cos cos

lim ( 1 1 1 2 1

R

R

R

n

nR

n

n

R

R
R R

R
R R

R n n n
R

nn n n n n
R R

R n n n

ρ

ρ

ρ

ρ

ρ

ρ π ν νπ ν ν φ φ

ρ π ν νπ ν ν φ φ

ρπ ν ν ν

ρ π ν νν ν φ φ

π ν ν ν

→

→

→

+→

−

+

→

=

− +− + =

− +− + =

+ − − + +

− ++ − − + − =

+ − − + +

( )( ) ( )( )

3

2

1 2

2 ( 1)( 3)1 1 4 1 )sin sin

n

n

n

n

R
nn n n n n

R R

ρ

ρ π ν νν ν φ φ

+

−

+

− ++ − − + − =

 Pseudo- 
continuous 

( )Rρ ρ− +→ ←  

( )( )

( )( )

( )( ) ( ) ( )( )

( )( ) ( )( )

( )( ) ( ) ( )( )

3 2

3 2

3

1

2 2

lim 0 0

2 1 3 2 ( 1)( 3)lim ( )cos cos

2 1 3 2 ( 1)( 3)lim ( )sin sin

lim ( 1 1 1 2 1

2 ( 1)( 3)1 1 1 4 )cos cos

lim ( 1 1 1 2 1

R

R

R

n

nR

n

n

n

R

R
R

R
R

RR n n n

R nn n n n n
R

RR n n n

ρ

ρ

ρ

ρ

ρ

ν ν π ν νπ φ φ
ρ

ν ν π ν νπ φ φ
ρ

π ν ν ν
ρ

π ν νν ν φ φ
ρ

π ν ν ν

→

→

→

−

→

−

+

→

=

− + − +=

− + − +=

− − − − +

− ++ + − − − =

− − − − +

( )( ) ( )( )

3

1

2 2

2 ( 1)( 3)1 1 1 4 )sin sin

n

n

n

R nn n n n n
R

ρ
π ν νν ν φ φ

ρ

−

−

+

− ++ + − − − =

 

Continue 



 57

  Interior     Exterior 

D
egenerate kernel 

( ) ( )

( )( ) ( ) ( )
1 3

2
2

( , ; , )
3

cos

4 1 1 cos ,

i
v

m m

m m
m

U R

R

m m m R
R R

θ ρ φ
ν

θ φ

ρ ρν ν θ φ ρ
− −∞

−
=

=
+

− −

 
 + − + − − − − >  

∑

 ( ) ( ) ( )

( )( ) ( ) ( )

3

2 4

2

1 3
2

4( , ; , )

23 1 cos

4 1 1 cos ,

e
v

m m

m m
m

U R

R R

R Rm m m R

θ ρ φ
ρ

ν ν θ φ
ρ ρ

ν ν θ φ ρ
ρ ρ

+∞

+ +
=

=

 
 + − − − −  

 
 + + − − − − >  

∑

 

O
rthogonal process 

( )

( )

( )( ) ( )

( )( ) ( )

2

0

2

0

2

0

1 32

20

1 32

0

[ ][1] 0,

3
[ ][cos ] ( )cos ,

3
[ ][sin ] ( )sin ,

[ ][cos ] ( 4 1 1 )cos ,

[ ][sin ] ( 4 1 1

i
v

i
v

i
v

n n
i

v n n

n n
i

v n n

U Rd R

U Rd R R
R

U Rd R R
R

U n Rd R n n n R
R R

U n Rd R n n
R R

π

π

π

π

π

θ ρ

ν
θ θ π φ ρ

ν
θ θ π φ ρ

ρ ρθ θ π ν ν φ ρ

ρ ρθ θ π ν ν

− −

−

− −

−

= >

+
=− >

+
=− >

= − + − − − >

= − + − − −

∫

∫

∫

∫

∫ 2 )sin ,n Rφ ρ>

 

( ) ( )

( ) ( )

( )( ) ( )

2

0

32

2 40

32

2 40

22

1 30

2

0

4[ ][1] 2 ( ),

2[ ][cos ] ( 3 1 )cos ,

2[ ][sin ] ( 3 1 )sin ,

[ ][cos ] ( 4 1 1 )cos ,

[ ][sin ] (

e
v

e
v

e
v

n n
e

v n n

e
v

U Rd R R

R RU Rd R R

R RU Rd R R

R RU n Rd R n n n R

U n Rd R

π

π

π

π

π

θ π ρ
ρ

θ θ π ν ν φ ρ
ρ ρ

θ θ π ν ν φ ρ
ρ ρ

θ θ π ν ν φ ρ
ρ ρ

θ θ π

+

+ +

= >

= − − − >

= − − − >

= + − − − >

=

∫

∫

∫

∫

∫ ( )( ) ( )
2

1 34 1 1 )cos sin ,
n n

n n

R Rn n n n Rν ν φ φ ρ
ρ ρ

+

+ ++ − − − >

 

(s,x)vU  

Lim
iting behavior across 

the boundary 

( )

( )

( )( ) ( )

( )( ) ( )

1 3

2

1 3

2

lim 0 0

3
lim (( ))cos ( 3)cos

3
lim (( ))sin ( 3)sin

lim ( 4 1 1 )cos 4 cos

lim ( 4 1 1 )sin 4 sin

R

R

R

n n

n nR

n n

n nR

R
R

R
R

R n n n n
R R

R n n n n
R R

ρ

ρ

ρ

ρ

ρ

ν
π φ π ν φ

ν
π φ π ν φ

ρ ρπ ν ν φ π φ

ρ ρπ ν ν φ π φ

→

→

→

− −

−→

− −

−→

=

+
− =− +

+
− =− +

− + − − − =−

− + − − − =−

 Discontinuous 
( )Rρ ρ− +→ ←  

( ) ( )

( ) ( )

( )( ) ( )

( )( ) ( )

3

2 4

3

2 4

2

1 3

2

1 3

4lim 2 ( ) 8

2lim ( 3 1 )cos (5 )cos

2lim ( 3 1 )sin (5 )sin

lim ( 4 1 1 )cos 4 cos

lim ( 4 1 1 )sin 4 sin

R

R

R

n n

n nR

n n

n nR

R

R RR

R RR

R RR n n n n

R RR n n n n

ρ

ρ

ρ

ρ

ρ

π π
ρ

π ν ν φ π ν φ
ρ ρ

π ν ν φ π ν φ
ρ ρ

π ν ν φ π φ
ρ ρ

π ν ν φ π φ
ρ ρ

→

→

→

+

+ +→

+

+ +→

=

− − − = −

− − − = −

+ − − − =

+ − − − =

 

Continue 
 
 
 
 
 
 
 



 58

  Interior     Exterior 

D
egenerate kernel 

( ) ( )

( )( ) ( )( ) ( )

2

1 3

1 1
2

( , ; , )
3

cos

4 1 2 1 cos ,

i
v

m m

m m
m

R

R

m m m m m R
R R

θ ρ φ
ν

θ φ

ρ ρν ν θ φ ρ
− −∞

+ −
=

Θ =
+

−

 
 + + − + − − − >  

∑

 ( ) ( ) ( )

( )( ) ( )( ) ( )

2

2 4

1 1

1 3
2

( , ; , )

23 3 1 cos

4 1 2 1 cos ,

e
v

m m

m m
m

R

R

R Rm m m m m R

θ ρ φ

ν ν θ φ
ρ ρ

ν ν θ φ ρ
ρ ρ

− +∞

+ +
=

Θ =
 
 − + − −  

 
 + + − − + − − >  

∑

 

O
rthogonal process 

( )

( )

( )( ) ( )( )

( )( ) ( )

2

0

2

20

2

20

1 32

1 10

12

10

[ ][1] 0,

3
[ ][cos ] ( )cos ,

3
[ ][sin ] ( )sin ,

[ ][cos ] ( 4 1 2 1 )cos ,

[ ][sin ] ( 4 1 2

i
v

i
v

i
v

n n
i

v n n

n
i

v n

Rd R

Rd R R
R

Rd R R
R

n Rd R n n n n n R
R R

n Rd R n n n n
R

π

π

π

π

π

θ ρ

ν
θ θ π φ ρ

ν
θ θ π φ ρ

ρ ρθ θ π ν ν φ ρ

ρθ θ π ν

− −

+ −

−

+

Θ = >

+
Θ = >

+
Θ = >

Θ = + − + − − >

Θ = + − + −

∫

∫

∫

∫

∫ ( )
3

11 )sin ,
n

n n R
R
ρν φ ρ

−

−− >

 

( ) ( )

( ) ( )

( )( ) ( )( )

2

0
22

2 40

22

2 40

1 12

1 30

2

0

[ ][1] 0,

2[ ][cos ] ( 3 3 1 )cos ,

2[ ][sin ] ( 3 3 1 )sin ,

[ ][cos ] ( 4 1 2 1 )cos ,

[ ][sin ] (

e
v

e
v

e
v

n n
e

v n n

e
v

Rd R

RRd R R

RRd R R

R Rn Rd R n n n n n R

n Rd R

π

π

π

π

π

θ ρ

θ θ π ν ν φ ρ
ρ ρ

θ θ π ν ν φ ρ
ρ ρ

θ θ π ν ν φ ρ
ρ ρ

θ θ π

− +

+ +

Θ = >

Θ = − + − >

Θ = − + − >

Θ = + − − + − >

Θ =

∫

∫

∫

∫

∫ ( )( ) ( )( )
1 1

1 34 1 2 1 )cos sin ,
n n

n n

R Rn n n n n n Rν ν φ φ ρ
ρ ρ

− +

+ ++ − − + − >

 

(s,x)vΘ  

Lim
iting behavior across 

the boundary 

( )

( )

( )( ) ( )( )

( )( ) ( )( )

2

2

1 3

1 1

1 3

1 1

lim 0 0

3 ( 3)lim cos cos

3 ( 3)lim sin sin

2 (1 )lim ( 4 1 2 1 )cos cos

2 (1 )lim ( 4 1 2 1 )sin sin

R

R

R

n n

n nR

n n

n nR

R
R R

R
R R

nR n n n n n n
R R R

nR n n n n n n
R R R

ρ

ρ

ρ

ρ

ρ

ν π νπ φ φ

ν π νπ φ φ

ρ ρ π νπ ν ν φ φ

ρ ρ π νπ ν ν φ φ

→

→

→

− −

+ −→

− −

+ −→

=

+ +=

+ +=

++ − + − − =

++ − + − − =

 
Pseudo- 

continuous 
( )Rρ ρ− +→ ←  

( ) ( )

( ) ( )

( )( ) ( )( )

( )( ) ( )( )

2

2 4

2

2 4

1 1

1 3

1 1

1 3

lim 0 0

2 ( 3)lim ( 3 3 1 )cos cos

2 ( 3)lim ( 3 3 1 )sin sin

2 (1 )lim ( 4 1 2 1 )cos cos

2lim ( 4 1 2 1 )sin

R

R

R

n n

n nR

n n

n nR

RR
R

RR
R

R R nR n n n n n n
R

R RR n n n n n

ρ

ρ

ρ

ρ

ρ

π νπ ν ν φ φ
ρ ρ

π νπ ν ν φ φ
ρ ρ

π νπ ν ν φ φ
ρ ρ

π ν ν φ
ρ ρ

→

→

→

− +

+ +→

− +

+ +→

=

+− + − =

+− + − =

++ − − + − =

+ − − + − = (1 ) sinn n
R

π ν φ+

 

Continue 
 
 
 
 
 
 
 
 



 59

  Interior     Exterior 

D
egenerate kernel 

( )( ) ( )

( )( )

( ) ( )( )( ) ( )
( )

3

1

2

3
2

( , ; , )
2 3 1

cos

[ ( 1)( 1) 4 1
cos ,

1 2 1 1 1 ]

i
v

m

m

m
m

m

M R

R

m m m
R m R

m m m
R

θ ρ φ
ν ν

θ φ

ρν ν
θ φ ρ

ρν ν ν

−

∞ +

−
=

=
+ −

−

+ − − −
+ − >

− − − + − −
∑

 ( )( ) ( )

( )( ) ( )( )

( ) ( )( ) ( )( )
( )

4

2

1

2
3

( , ; , )

2 1 3 cos

[ 1 1 4 1
cos ,

1 2 1 1 1 ]

e
v

m

m

m
m

m

M R
R

Rm m m
m R

Rm m m

θ ρ φ

ν ν θ φ
ρ

ν ν
ρ

θ φ ρ
ν ν ν

ρ

−

+∞

=
+

=

− + −

− − − + −
+ − >

+ − − + + −
∑

 

O
rthogonal process 

( )( )

( )( )

( )( )

( ) ( )( )( ) ( )

2

0

2

30

2

30

12

20

3

2

0

[ ][1] 0,

2 3 1
[ ][cos ] ( )cos ,

2 3 1
[ ][sin ] ( )sin ,

[ ][cos ] ( ( 1)( 1) 4 1

1 2 1 1 1 )cos ,

[ ][sin ]

i
v

i
v

i
v

n
i

v n

n

n

i
v

M Rd R

M Rd R R
R

M Rd R R
R

M n Rd R n n n
R

n n n n R
R

M n Rd

π

π

π

π

π

θ ρ

ν ν
θ θ π φ ρ

ν ν
θ θ π φ ρ

ρθ θ π ν ν

ρν ν ν φ ρ

θ θ

−

+

−

= >

+ −
= >

+ −
= >

= + − − −

− − − + − − >

∫

∫

∫

∫

( )( )

( ) ( )( )( ) ( )

1

2

3

( ( 1)( 1) 4 1

1 2 1 1 1 )sin ,

n

n

n

n

R n n n
R

n n n n R
R

ρπ ν ν

ρν ν ν φ ρ

−

+

−

= + − − −

− − − + − − >

∫

 

( )( )

( )( )

( )( ) ( )( )

( ) ( )( ) ( )( )

2

0

2

40

2

40

22

10

3

2

0

[ ][1] 0,

[ ][cos ] (2 1 3 )cos ,

[ ][sin ] (2 1 3 )sin ,

[ ][cos ] ( 1 1 4 1

1 2 1 1 1 )cos ,

[ ][sin ]

e
v

e
v

e
v

n
e

v n

n

n

e
v

M Rd R

RM Rd R R

RM Rd R R

RM n Rd R n n n

Rn n n n R

M n Rd

π

π

π

π

π

θ ρ

θ θ π ν ν φ ρ
ρ

θ θ π ν ν φ ρ
ρ

θ θ π ν ν
ρ

ν ν ν φ ρ
ρ

θ θ

−

+

+

= >

= − + >

= − + >

= − − − + −

+ − − + + − >

∫

∫

∫

∫

∫ ( )( ) ( )( )

( ) ( )( ) ( )( )

2

1

3

( 1 1 4 1

1 2 1 1 1 )cos sin ,

n

n

n

n

RR n n n

Rn n n n n R

π ν ν
ρ

ν ν ν φ φ ρ
ρ

−

+

+

= − − − + −

+ − − + + − >

 

(s,x)vM  

Lim
iting behavior across the 

boundary 

( )( )

( )( )

( )( )

( ) ( )( )( ) ( )

3 2

3 2

1

2

3

2

lim 0 0

2 3 1 2 ( 3)( 1)lim ( )cos cos

2 3 1 2 ( 3)( 1)lim ( )sin sin

lim ( ( 1)( 1) 4 1

2 ( 1)( 3)1 2 1 1 1 )cos cos

lim ( ( 1)( 1) 4

R

R

R

n

nR

n

n

R

R
R R

R
R R

R n n n
R

nn n n n n
R R

R n n n

ρ

ρ

ρ

ρ

ρ

ν ν π ν νπ φ φ

ν ν π ν νπ φ φ

ρπ ν ν

ρ π ν νν ν ν φ φ

π ν

→

→

→

−

+→

−

→

=

+ − + −=

+ − + −=

+ − − −

− +− − − + − − =

+ − − ( )( )

( ) ( )( )( ) ( )

1

2

3

2

1

2 ( 1)( 3)1 2 1 1 1 )sin sin

n

n

n

n

R
nn n n n n

R R

ρν

ρ π ν νν ν ν φ φ

−

+

−

−

− +− − − + − − =

 Pseudo- 
continuous 

( )Rρ ρ− +→ ←  

( )( )

( )( )

( )( ) ( )( )

( ) ( )( ) ( )( )

( )( ) ( )( )

4 2

4 2

2

1

3 2

lim 0 0

2 ( 1)( 3)lim (2 1 3 )cos cos

2 ( 1)( 3)lim (2 1 3 )sin sin

lim ( 1 1 4 1

2 ( 1)( 3)1 2 1 1 1 )cos cos

lim ( 1 1 4 1

R

R

R

n

nR

n

n

R

RR
R

RR
R

RR n n n

R nn n n n n
R

RR n n n

ρ

ρ

ρ

ρ

ρ

π ν νπ ν ν φ φ
ρ

π ν νπ ν ν φ φ
ρ

π ν ν
ρ

π ν νν ν ν φ φ
ρ

π ν ν

→

→

→

−

+→

+

→

=

− +− + =

− +− + =

− − − + −

− ++ − − + + − =

− − − + −

( ) ( )( ) ( )( )

2

1

3 2

2 ( 1)( 3)1 2 1 1 1 )sin sin

n

n

n

n

R nn n n n n
R

ρ
π ν νν ν ν φ φ

ρ

−

+

+

− ++ − − + + − =

 

Continue 
 



 60

  Interior     Exterior 

D
egenerate kernel 

( )( ) ( )

( )( ) ( )( )

( )( ) ( )( )
( )

4

1
2

3

3
2 2

1

( , ; , )
2 1 3

cos

[ 1 1 4 1
cos ,

1 1 4 1 ]

i
v

m

m

m
m

m

V R

R

m m m
R m R

m m m
R

θ ρ φ
ν ν

θ φ

ρν ν
θ φ ρ

ρν ν

−

∞ +

−
=

+

=
− +

−

+ − + −
+ − >

− − − + −
∑

 
( )( ) ( )

( )( ) ( )( )

( )( ) ( )( )
( )

4

3
2

1

1
2 2

3

( , ; , )
2 1 3

cos

[ 1 1 4 1
cos ,

1 1 1 4 ]

e
v

m

m

m
m

m

V R

Rm m m
m R

Rm m m

θ ρ φ
ν ν

θ φ
ρ

ν ν
ρ

θ φ ρ
ν ν

ρ

−

+∞

−
=

+

=
− +

−

− − + −
+ − >

+ + − − −
∑

 

O
rthogonal process 

( )( )

( )( )

( )( ) ( )( )

( )( ) ( )( )

2

0

2

40

2

40

12
2

30

3
2

1

2
2

0

[ ][1] 0,

2 1 3
[ ][cos ] cos ,

2 1 3
[ ][sin ] sin ,

[ ][cos ] ( 1 1 4 1

1 1 4 1 )cos ,

[ ][sin ] (

i
v

i
v

i
v

n
i

v n

n

n

i
v

V Rd R

V Rd R R
R

V Rd R R
R

V n Rd R n n n
R

n n n n R
R

V n Rd R n

π

π

π

π

π

θ ρ

ν ν
θ θ π φ ρ

ν ν
θ θ π φ ρ

ρθ θ π ν ν

ρν ν φ ρ

θ θ π

−

+

−

+

= >

− +
= >

− +
= >

= + − + −

− − − + − >

=

∫

∫

∫

∫

∫ ( )( ) ( )( )

( )( ) ( )( )

1

3

3
2

1

1 1 4 1

1 1 4 1 )sin ,

n

n

n

n

n n
R

n n n n R
R

ρν ν

ρν ν φ ρ

−

+

−

+

+ − + −

− − − + − >

 

( )( )

( )( )

( )( ) ( )( )

( )( ) ( )( )

2

0

2

40

2

40

32
2

10

1
2

3

2
2

0

[ ][1] 0,

2 1 3
[ ][cos ] cos ,

2 1 3
[ ][sin ] sin ,

[ ][cos ] ( 1 1 4 1

1 1 1 4 )cos ,

[ ][sin ] (

e
v

e
v

e
v

n
e

v n

n

n

e
v

V Rd R

V Rd R R

V Rd R R

RV n Rd R n n n

Rn n n n R

V n Rd R n

π

π

π

π

π

θ ρ

ν ν
θ θ π φ ρ

ρ
ν ν

θ θ π φ ρ
ρ

θ θ π ν ν
ρ

ν ν φ ρ
ρ

θ θ π

−

+

−

+

= >

− +
= >

− +
= >

= − − + −

+ + − − − >

=

∫

∫

∫

∫

∫ ( )( ) ( )( )

( )( ) ( )( )

3

1

1
2

3

1 1 4 1

1 1 1 4 )cos sin ,

n

n

n

n

Rn n

Rn n n n n R

ν ν
ρ

ν ν φ φ ρ
ρ

−

+

−

+

− − + −

+ + − − − >

 

(s,x)vV  

Lim
iting behavior across the 

boundary 

( )( )

( )( )

( )( ) ( )( )

( )( ) ( )( )

( )( )

4 3

4 3

1
2

3

3 3
2

1 3

2

lim 0 0

2 1 3 2 ( 3)( 1)lim ( )cos cos

2 1 3 2 ( 3)( 1)lim ( )sin sin

lim (( 1 1 4 1

2 ( 1)( 3)1 1 4 1 ))cos cos

lim (( 1 1 4

R

R

R

n

nR

n

n

R

R
R R

R
R R

R n n n
R

nn n n n n
R R

R n n n

ρ

ρ

ρ

ρ

ρ

ν ν π ν νπ φ φ

ν ν π ν νπ φ φ

ρπ ν ν

ρ π ν νν ν φ φ

π ν ν

→

→

→

−

+→

−

+

→

=

− + + −=

− + + −=

+ − + −

− +− − − + − =

+ − + −( )( )

( )( ) ( )( )

1

3

3 3
2

1 3

1

2 ( 1)( 3)1 1 4 1 ))sin sin

n

n

n

n

R
nn n n n n

R R

ρ

ρ π ν νν ν φ φ

−

+

−

+

− +− − − + − =

 Pseudo- 
continuous 

( )Rρ ρ− +→ ←  

( )( )

( )( )

( )( ) ( )( )

( )( ) ( )( )

( )( ) ( )( )

4 3

4 3

3
2

1

1 3
2

3 3

2

lim 0 0

2 1 3 2 ( 1)( 3)lim ( )cos cos

2 1 3 2 ( 1)( 3)lim ( )sin sin

lim ( 1 1 4 1

2 ( 1)( 3)1 1 1 4 )cos cos

lim ( 1 1 4 1

R

R

R

n

nR

n

n

n

R

R
R

R
R

RR n n n

R nn n n n n
R

RR n n n

ρ

ρ

ρ

ρ

ρ

ν ν π ν νπ φ φ
ρ

ν ν π ν νπ φ φ
ρ

π ν ν
ρ

π ν νν ν φ φ
ρ

π ν ν

→

→

→

−

+→

−

+

→

=

− + − +=

− + − +=

− − + −

− ++ + − − − =

− − + −

( )( ) ( )( )

3

1

1 3
2

3 3

2 ( 1)( 3)1 1 1 4 )sin sin

n

n

n

R nn n n n n
R

ρ
π ν νν ν φ φ

ρ

−

+

−

+

− ++ + − − − =

 

 
 



 61

Table 3-3 The definitions of the moment and shear force (a) Szilard, (b) Leissa, (c) Chen et al. and (d) Adewale. 
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Fig. 3-2 Green’s function of the biharmonic equation for the annular plate problem  
 

Rζ  is the distance between the source and the center of the circle. 
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Fig. 3-3 Simulation of a concentrated force by Adewale [1] ( 101M = ) 
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Fig. 3-4 Displacement contour of the Green’s function of the biharmonic equation 
for the fixed-free plate problem using the present method 
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Fig. 3-5 Displacement contour of Green’s function of the biharmonic equation for 
fixed-free plate problem using the ABAQUS program 
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(a) Adewale’s result 
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Fig. 3-6 Variation of deflection coefficients versus radial position 
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(a) Adewale’s result 
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Fig. 3-7 Variation of moment coefficient versus radial position 
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(a) Adewale’s result 
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(a) Adewale’s result 
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Fig. 3-9 Variation of deflection coefficient versus radial angle 
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Fig. 3-10 Green’s function of the biharmonic equation for the plate problem 

sR  is the distance between the source and the center of the circle. 
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(a) Present method ( 1M = ) (b) Szilard’s approach (c) Melnikov’s approach 

Fig. 3-11 Displacement contour of the Green’s function of the biharmonic equation for the circular plate problem ( 3a= ) 
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Present method (Source at different directions) 
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(c) ζθ π=  (d) 3
2ζ
πθ =  

Fig. 3-12 Displacement contour of the Green’s function of the biharmonic equation 
for the circular problem using the present method ( 3a= , 1.5sR =  and 50M = ) 
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Melnikov’s approach (Source at different directions) 
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ζθ π=  3
2ζ
πθ =  

Fig. 3-13 Displacement contour of the Green’s function of the biharmonic equation 

for the circular plate problem using the Melnikov’s approach ( 3a=  and 1.5Rζ = )

 
 
 
 



 75

 
Present method (Source at different radial positions) 
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2Rζ =  2.5Rζ =  

Fig. 3-14 Potential contour of the Green’s function of the biharmonic equation for 

the circular plate problem using the present method ( 3a= ,
6ζ
πθ =  and 50M = ) 
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Melnikov’s approach (Source at different radial positions) 
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2Rζ =  2.5Rζ =  

Fig. 3-15 Potential contour of the Green’s function of the biharmonic equation for 

the circular plate problem using the Melnikov’s approach ( 3a=  and 
6ζ
πθ = ) 

 
 
 
 



 77

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

0.7Rζ = , 0ζθ = , 50M =  

Fig. 3-16 Radial slope contour of the Green’s function of the biharmonic equation 
for the fixed-free annular plate using the present method 
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Fig. 3-17 Normal moment contour of the Green’s function of the biharmonic 
equation for the fixed-free annular plate using the present method 
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Fig. 3-18 Shear force contour of the Green’s function of the biharmonic equation 
for the fixed-free annular plate using the present method 
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Fig. 3-19 Displacement contour of the Green’s function of the biharmonic equation 
for the fixed-fixed annular plate using the present method 
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Fig. 3-20 Displacement contour of Green’s function of the biharmonic equation for 

the fixed-fixed annular plate using the ABAQUS program 
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Fig. 3-21 Displacement contour of the Green’s function of the biharmonic equation 
for the free-simply supported annular plate using the present method 
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Fig. 3-22 Displacement contour of Green’s function of the biharmonic equation for 
the free-simply supported annular plate using the ABAQUS program 

⊗
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Chapter 4 Conclusions and further research 
 

4.1. Conclusions 
The Green’s function for Laplace and biharmonic equation of the circular and annular 

plate problems is the main concern in this thesis. From the study, some conclusions are 

made item by item as follows: 

 

1. The Green’s functions for the Laplace and biharmonic problems have been solved 

analytically in this thesis by using the null-field BIEs in conjunction with Fourier 

series and degenerate kernels. The singularity and hypersingularity were avoided 

due to the introduction of degenerate kernels for interior and exterior regions 

separated by the circular boundary. The limiting behaviors across the boundary for 

potential were also examined as shown in Table 3-2. Instead of directly calculating 

principal values, all the boundary integrals can be performed analytically by using 

the degenerate kernels and Fourier expansion. Therefore, the present approach is 

seen as an “analytical” approach in the circular or annular situation since error only 

ascribes to the truncated Fourier terms. 

 

2. For the Robin problem of Laplace equation, we have proposed an analytical 

approach to construct the Green’s function by using degenerate kernels and Fourier 

series. The mathematical equivalence between our result and Melnikov’s [37] 

analytical solution has been proved successfully as shown in Appendix 1. 

 

3. The Green’s function not only the circular plate but also the annular problems have 

been solved analytically by using the present method which are compared with 

available exact solutions and FEM results. For the circular plate, Appendix 2 also 

shows the mathematical equivalence between our result and Melnikov’s [42] 

closed form solution. For the annular case, the Adewale’s [1] result was examined. 

ABAQUS data are used to compare with Adewale’s [1] result and our result. 

Annular plates subject to different boundary conditions (fixed-fixed, simply 

supported-free and free-simply supported) are also verified with ABAQUS. Good 

agreements are made. 
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4. Five goals of singularity free, boundary-layer effect free, exponential convergence, 

well-posed model and mesh free are achieved. 

 

4.2. Further research 
  Problems with circular boundaries were studied by using the direct BIEM. However, 

several works needs further conduction as follows: 

 
1. From the viewpoint of geometry, only circular boundary was considered in this 

thesis. Degenerate kernels for ellipse or crack or square shape with BIEM need to be 
developed. 

 
2. In this thesis, Green’s function of the circular plate problems was solved by using 

the present method. The image method with degenerate kernel seems more 
convenient in constructing the Green’s function. It is worthy of further investigate. 

 
3. It is well known that the BIEM is a better approach for solving multiply-connected 

problems. Following the success of this thesis, extension to the Green’s function of 
circular plate with multiple holes or inclusions can be considered. 

 
4. The BIEM for solving three dimensional problems can be constructed in the further 

research. 
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Appendix 1. Equivalence between the present solution and Melnikov’s solution 
 

 
 

Fig. A-1 Green’s function for the Laplace problem subject to the Robin boundary condition

For the Green’s function of Laplace problem subject to the Robin boundary condition solved by 

Melnikov [37], the closed-form and series-form solutions are shown below: 
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where Re  is the real part of a function of a complex variable, a  is the radius, β  is the 

impedance coefficient, ( )iR e ζθ φ
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ζζ =  represent the field and 

force points, respectively. Based on the null-field integral equation approach, we have  
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where 2ln 1 x
a
ζ−  is expanded by using the degenerate kernel as shown below 
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After substituting Eq. (A1-5) into Eq. (A1-4), we can derive another series-form solution as shown 
below: 
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Second, we substitute the Fourier coefficients into Eq. (A1-3) to obtain 
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Eqs. (A1-6) and (A1-7) only differ by a sign due to the opposite loading. The two solutions are 
proved to be equivalence. 



 93

Appendix 2. Equivalence between the present solution and the Melnikov’s result 

 

Fig. A-2 Green’s function for the biharmonic equation 
For the circular plate subject to a concentrated load solved by Melnikov [42], the closed-form 
solution is shown below: 
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where D  is the flexural rigidity, a  is the radius, iz e φρ=  and iR e ζθ
ζζ =  denote the field and 

the force point, respectively. The problem is also solved by using the present method. Also, we have 
a series-form solution as shown below: 
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where 0
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By rearranging Eq. (A2-1), we have  
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 (A2-3) 

where 2ln 1 x
a
ζ−  can be expanded by using the degenerate kernel as shown below: 
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After substituting Eq. (A2-4) into Eq. (A2-3), we can have another series-form solution as shown 
below 
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(A2-5)

Eq. (A2-5) can be rearranged to  
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(A2-6)

By substituting the Fourier coefficients into Eq. (A2-2), we have 
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 (A2-7)

Although Eqs. (A2-6) and (A2-7) look different, we use Mathematica symbolic software to 
mathematical prove the equivalence between the two solutions in three aspects, constant term, 

cos( )ζθ φ−  and cos ( )m ζθ φ−  as shown in Table A2-1.



 96

Table A2-1 Comparison of the Melnikov solution and our solution in three aspects. 
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Appendix 3. Degenerate kernels 
 

Degenerate kernels for U , Θ , M , V  in the first boundary integral equation 
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Degenerate kernels for Uθ , θΘ , Mθ , Vθ  in the second boundary integral equation 
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where Uθ , θΘ , Mθ , Vθ  are equal to ( ), xU s x n∂ ∂ , ( ), xs x n∂Θ ∂ , ( ), xM s x n∂ ∂  and ( ), xV s x n∂ ∂ , respectively. 
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Degenerate kernels for mU , mΘ , mM , mV  in the third boundary integral equation 
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Degenerate kernels for vU , vΘ , vM , vV  in the fourth boundary integral equation 
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U s x U s x
n t n t

ν
 ∂∇ ∂ ∂ ∂

+ −   ∂ ∂ ∂ ∂   
, ( ) ( ) ( )2 , ,

1x

x x x x

s x s x
n t n t

ν
 ∂∇ Θ ∂Θ ∂ ∂

+ −   ∂ ∂ ∂ ∂   
, 

( ) ( ) ( )2 , ,
1x

x x x x

M s x M s x
n t n t

ν
 ∂∇ ∂ ∂ ∂

+ −   ∂ ∂ ∂ ∂   
 and ( ) ( ) ( )2 , ,

1x

x x x x

V s x V s x
n t n t

ν
 ∂∇ ∂ ∂ ∂

+ −   ∂ ∂ ∂ ∂   
, respectively. 
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Laplacian of the degenerate kernels with respect to U , Θ , M , V  

( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2

2

2

2

2

4, 4 1 ln 4 cos cos ,
,

4, 4 1 ln 4 cos cos ,

m
I

m
m

m
E

m
m

U s x R m R
R m R

U s x
R RU s x m R

m

ρ ρθ φ θ φ ρ

ρ θ φ θ φ ρ
ρ ρ

∞

∇
=

∇ ∞

∇
=


= + − − − − ≥= 

 = + − − − − >

∑

∑  

( )
( ) ( ) ( )

( ) ( ) ( )

2

2

2

2 1
2

1

2

4, 4 cos 4 cos ,
,

4, cos 4 cos ,

m
I

m
m

m
E

m
m

s x m R
R R R

s x
Rs x m R

ρ ρθ φ θ φ ρ

θ φ θ φ ρ
ρ ρ

∞

+∇
=

∇ −∞

∇
=


Θ = + − + − ≥Θ = 
Θ = − − − − >

∑

∑  

( )
( ) ( ) ( ) ( ) ( )( ) ( )

( ) ( )( ) ( )

2

2

2

2 3 2
2

2

2

4, 1 8 1 cos 4 1 1 cos ,
,

, 4 1 1 cos ,

m
I

m
m

m
E

m
m

M s x m m R
R R R

M s x
RM s x m m R

ρ ρν ν θ φ ν θ φ ρ

ν θ φ ρ
ρ

∞

+∇
=

∇ −∞

∇
=


= − + − − + + − − ≥= 

 = − − − >

∑

∑  

( )
( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )

2

2

2

4 3
2

3

2

, 8 1 cos 4 1 1 cos ,
,

, 4 1 1 cos ,

m
I

m
m

m
E

m
m

V s x m m m R
R R

V s x
RV s x m m m R

ρ ρν θ φ ν θ φ ρ

ν θ φ ρ
ρ

∞

+∇
=

∇ −∞

∇
=


= − − + + − − ≥= 

 = − − − − >

∑

∑  
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Binormal derivative with respect to the field point 

( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2

22
2

2 2 3 2

2 3 2
2

3 2, 2 1 ln cos cos ,
,

2 2, 3 2 ln cos cos ,

m m
I

m m
m

m m
x E

m m
m

mU s x R m R
R m R RU s x

n R R R R m RU s x m R
m

ρ ρ ρθ φ θ φ ρ

ρ θ φ θ φ ρ
ρ ρ ρ ρ ρ

−∞

−
=

+∞

+
=

  +
= + − − − − − ≥  ∂   = ∂    − = − + + − + − − − − >       

∑

∑  

( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

2

2 1 12
2

2 1 12

2 3 2
2

2 22 3, cos cos ,
,

2 22 2 3, cos cos ,

m m
I

m m
m

m m
x E

m m
m

m m
s x m R

R R R Rs x
n m R m RR Rs x m R

ρ ρρ θ φ θ φ ρ

θ φ θ φ ρ
ρ ρ ρ ρ ρ

−∞

+ −
=

+ −∞

+
=

  + −
Θ = + − + − − ≥  

∂ Θ   = ∂  + − Θ = − − + − − − − >      

∑

∑  

( )
( ) ( ) ( ) ( ) ( ) ( ) ( )( )( ) ( )

( ) ( ) ( ) ( ) ( ) ( )( )( ) ( )( )( ) ( )

2

2 3 22
2

2 2

2 3 2
2

2 1
, 6 1 cos 1 ( 2)( 1) 1 2 1 1 cos ,

,
2 1

, 2 3 cos 1 2 1 1 1 2 1 cos ,

m m
I

m m
m

m m
x E

m m
m

M s x m m m m m R
R R R RM s x

n R R RM s x m m m m m R

ν ρ ρ ρν θ φ ν ν ν θ φ ρ

ν
ν θ φ ν ν ν θ φ ρ

ρ ρ ρ ρ

−∞

+
=

−∞

+
=

 −  
= + − − + + + − + − − + − − ≥  ∂   = 

∂ +   = − − + − + − − + + + − − − − >   

∑

∑  

( )
( ) ( ) ( )( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( )( ) ( )( )( ) ( )

2

4 3 12
2

2 1 3

3 2
2

, 6 1 cos( ) 1 2 1 1 4 1 cos ,
,

2 3
, cos 1 1 4 1 2 1 cos ,

m m
I

m m
m

m m
x E

m m
m

V s x m m m m m m m R
R R RV s x

n R RV s x m m m m m m m R

ρ ρ ρν θ φ ν ν θ φ ρ

ν
θ φ ν ν θ φ ρ

ρ ρ ρ

−∞

+ +
=

− −∞

+
=

  
= − − − − + + − − − + − − ≥  ∂   = ∂ +   = − − + + − − − − − − − >   

∑

∑  
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Normal derivative of Laplacian of the degenerate kernels 
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( ) ( ) ( )

( ) ( ) ( )

2

2

2

1

,
2

,

2 1,
2

4, cos 4 cos ,
,

4, 4 cos 4 cos ,

m
I

mn
m

n m
E

mn
m

U s x m R
R R

U s x
R RU s x m R

ρθ φ θ φ ρ

θ φ θ φ ρ
ρ ρ ρ

−∞

∇
=

∇ ∞

+∇
=


= − − − − ≥= 

 = + − + − >

∑

∑  

( )
( ) ( ) ( )

( ) ( ) ( )

2

2

2

1

2 1,
2

, 1

2 1,
2

4, cos 4 cos ,
,

4, cos 4 cos ,

m
I

mn
m

n m
E

mn
m

s x m m R
R R

s x
Rs x m m R

ρθ φ θ φ ρ

θ φ θ φ ρ
ρ ρ

−∞

+∇
=

∇ −∞

+∇
=


Θ = − + − ≥Θ = 
Θ = − + − >

∑

∑  

( )
( ) ( ) ( ) ( )

( ) ( )( ) ( )

2

2

2

1

3 2,
2

, 2

1,
2

8 1
, cos 4 ( 1)( 1) cos ,

,
, 4 1 1 cos ,

m
I

mn
m

n m
E

mn
m

M s x m m m R
R R

M s x
RM s x m m m R

ν ρθ φ ν θ φ ρ

ν θ φ ρ
ρ

−∞

+∇
=

∇ −∞

+∇
=

−
= − + + − − ≥

= 
 = − − − − >

∑

∑  

( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2

2

2

1
2

4 3,
2

, 3
2

1,
2

8 1
, cos 4 1 1 cos ,

,
, 4 1 1 cos ,

m
I

mn
m

n m
E

mn
m

V s x m m m R
R R

V s x
RV s x m m m R

ν ρθ φ ν θ φ ρ

ν θ φ ρ
ρ

−∞

+∇
=

∇ −∞

+∇
=

−
= − + + − − ≥

= 
 = − − − >

∑

∑  
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Tangential derivative with respect to the field point 

( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2 1 1

2
2

3 2

2 1 1
2

1 1 1, 1 2 ln sin sin ,
2 1 1

,
1 1 1, 1 2 ln sin sin ,
2 1 1

m m
I
t m m

m
t m m

E
t m m

m

U s x R R m R
R m R m R

U s x
R R RU s x R m R

m m

ρ ρ ρθ φ θ φ ρ

ρ θ φ θ φ ρ
ρ ρ ρ

+ −∞

−
=

+∞

+ −
=

    
= − + + − − − − ≥    + −    = 

    = − + + − − − − >    + −   

∑

∑  

( )
( ) ( ) ( )

( ) ( ) ( )

2 1 1

2 1 1
2

2 1 1

2 1 1
2

1 2, 3 2 ln sin sin ,
2 1 1

,
3 2, 1 2 ln sin sin ,
2 1 1

m m
I
t m m

m
t m m

E
t m m

m

m ms x R m R
R m R m R

s x
R m R m Rs x m R

m m

ρ ρ ρθ φ θ φ ρ

ρ θ φ θ φ ρ
ρ ρ ρ

+ −∞

+ −
=

+ −∞

+ −
=

    −
Θ = − + − − + − − ≥    + −    Θ = 

   +Θ = − + + − − − − >    + −   

∑

∑  

( )
( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( )( ) ( ) ( )

2 1 1

3 2
2

2

2 1 1
2

2 1
, 1 sin 1 1 2 1 sin ,

,
, 3 sin 1 2 1 1 sin ,

m m
I
t m m

m
t m m

E
t m m

m

M s x m m m R
R R R R

M s x
R R RM s x m m m R

ν ρ ρ ρν θ φ ν ν ν θ φ ρ

ν θ φ ν ν ν θ φ ρ
ρ ρ ρ

+ −∞

+
=

−∞

+ −
=

 +   
= − − − − + − + − − + − ≥    

   = 
  = − + − + − − + + − − >   

∑

∑  

( )
( ) ( ) ( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )( ) ( ) ( )

2 1 1
2

2 4 3 1
2

1 3
2

2 1 1
2

2 3
, 1 sin 1 4 1 sin ,

,
3

, sin 1 4 1 sin ,

m m
I

t m m
m

t m m
E

t m m
m

V s x m m m m R
R R R R

V s x
R RV s x m m m m R

ν ρ ρ ρν θ φ ν ν θ φ ρ

ν
θ φ ν ν θ φ ρ

ρ ρ ρ

+ −∞

+ +
=

− −∞

+ −
=

 −   
= − − − − − − + − − ≥    

   = 
+   = − − + − − − − − >   

∑

∑  
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Tangential-normal-tangential derivative with respect to the field point 

( )
( ) ( ) ( )

( ) ( ) ( )

1 3

, , 2
2

, , 3 2

, , 2 4 3 1
2

1, cos cos ,
,

2, cos cos ,

m m
I
t x t m m

m
t x t m m

E
t x t m m

m

U s x m m R
R R R

U s x
R R R RU s x m m R

ρ ρθ φ θ φ ρ

θ φ θ φ ρ
ρ ρ ρ ρ

− −∞

−
=

+∞

+ +
=

  
= − + − − ≥  

  = 
    = − − − − − >       

∑

∑  

( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 3
2

, , 2 1 1
2

, , 2 1 1
2

, , 2 4 3 1
2

1, cos 2 cos ,
,

2 3, cos 2 cos ,

m m
I
t x t m m

m
t x t m m

E
t x t m m

m

s x m m m m R
R R R

s x
R R Rs x m m m m R

ρ ρθ φ θ φ ρ

θ φ θ φ ρ
ρ ρ ρ ρ

− −∞

+ −
=

+ −∞

+ +
=

  
Θ = − − − − − − ≥  
  Θ = 

   Θ = − − − + − − >       

∑

∑  

( )
( ) ( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( ) ( ) ( )( ) ( ) ( )( ) ( )

1 3
2

, , 3 2
2

, , 2
2

, , 4 3 1
2

2 1
, cos 1 1 1 2 1 1 cos ,

,
, 2 3 cos 1 2 1 1 1 1 cos ,

m m
I
t x t m m

m
t x t m m

E
t x t m m

m

M s x m m m m m m R
R R R

M s x
R R RM s x m m m m m m R

ν ρ ρθ φ ν ν ν θ φ ρ

ν θ φ ν ν ν θ φ ρ
ρ ρ ρ

− −∞

+
=

−∞

+ +
=

 −  
= − − + − + − − + − − ≥  

  = 
  = − + − + − − + + + − − − >   

∑

∑  
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( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )

1 3
3 2

, , 4 3 1
2
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, , 4 3 1
2

2 1
, cos 1 1 1 4 1 cos ,

,
2 3

, cos 1 1 4 1 1 cos ,

m m
I

t x t m m
m

t x t m m
E

t x t m m
m

V s x m m m m m m R
R R R

V s x
R RV s x m m m m m m R

ν ρ ρθ φ ν ν θ φ ρ

ν
θ φ ν ν θ φ ρ

ρ ρ ρ

− −∞

+ +
=

− −∞

+ +
=

 −  
= − + + − − − + − − ≥  

  = 
+   = − − + + − − − − − − >   

∑
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