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Scattering problems of water waves impinging on bottom-mounted vertical cylinders are solved by

using the dual boundary element method (DBEM). Both resonances due to near-trapped mode (physics)

and fictitious frequency (mathematics) are examined. It is found that the near-trapped mode is a

physical phenomenon and the fictitious frequency stems from the numerical instability. A trapped

mode is associated with a singularity that lies on the real axis of complex wave number. A near-trapped

mode means a localized behavior that energy is trapped in a truncated periodical structure. Critical

wave number for the near-trapped mode and fictitious frequency of numerical instability are detected

in this work. Numerical oscillation of the resultant force near the fictitious frequency is also observed

by using the DBEM. Fictitious frequencies depend on the formulation instead of the specified boundary

condition. Both the Burton and Miller approach and the CHIEF method are employed to alleviate the

problem of irregular frequencies. Highly rank-deficiency matrices for four identical cylinders are

numerically examined and the rank is promoted by adding valid CHIEF constraints. Parameter study of

spacing and radius of cylinders on the near-trapped mode and fictitious frequency is also addressed.

Several examples of water wave interaction by circular and square cylinders are demonstrated to see

the validity of the present formulation.

& 2012 Elsevier Ltd. All rights reserved.
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1. Introduction

For designing the offshore platforms mounted on the seabed,
such as oil platforms which consist of a number of legs, it is
important to understand the interaction between the vertical
cylinders and water waves. For a scattering problem of plane waves
impinging on vertical cylinders, a closed-form solution of force on a
single vertical cylinder was derived by MacCamy and Fuchs [1].
A similar analysis extended to two cylinders was investigated by
Spring and Monkmeyer [2]. They used the addition theorem to
analytically derive the solution of wave scattering problems. Two
cylinders of equal and unequal sizes subject to the incident wave of
arbitrary angle were analyzed. They claimed that their method was
a direct approach, since they formulated the problem by using a
linear algebraic system and the solution was obtained easily from a
single matrix inversion. A different method presented by Twersky
[3] is called the multiple-scattering approach. In his approach, he
87
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took one cylinder at a time and scattering coefficients were solved
sequentially. Besides, the boundary conditions of the problem which
they solved are also different. Duclos and Cl�ement [4] proposed a
simplified model under linearized theory to simulate the interaction
between cylinders subject to an incident wave. Simon [5] as well as
McIver and Evans [6] proposed an approximate solution based on
the assumption that the cylinders are widely spaced. Later, Linton
and Evans [7] also used the same approximate method as proposed
earlier by Spring and Monkmeyer [2]. The main contribution was to
provide a simple formula for the potential on the surfaces of the
cylinders which makes the computation of forces much more
straightforward. However, their results of four cylinders [7] were
incorrect and corrigendum was given in Ref. [8]. Chen et al. [9]
successfully employed the null-field integral equation approach to
solve scattering problems of water wave across an array of circular
cylinders. Based on the null-field integral equations in conjunction
with degenerate kernels and Fourier series, the principal-value sense
for singular integrals in boundary element method can be avoided.
Only circular cylinders have been considered in Ref. [9], although
elliptical case has been studied by Chen and Lee [10]. Extension to
solve problems of general shape is not trivial by using the dual
boundary element method (BEM).
91
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It is well known that periodical pattern may result in band
gaps, trapped mode and local resonance. There are several sources
for the periodical pattern, e.g., material distribution, geometric
shape and boundary condition as given by Ref. [11] and Table 1
for a flexural beam. Trapped modes and near-trapped modes
appear in different fields, such as flexural wave in beam vibration,
hydraulics in civil engineering, love wave in earthquake engineer-
ing, water wave in ocean engineering and bound state in quantum
mechanics are summarized in Table 1. Here, we focus on the
water wave. Near-trapped mode means a localized behavior that
energy is trapped in a truncated periodical structure. A trapped
mode is associated with a singularity that lies on the real axis of
complex wave number. Water wave diffraction and near-trapped
mode by a multi-column mounted structure were studied by
Evans and Porter [12]. Near-trapped modes were found for the
cases of four, five and six cylinders. The wave number to excite
the near-trapped mode was numerically determined by detecting
the real value of ka which results in the maximum force, where k

and a are the wave number and the radius of cylinder, respec-
tively. Sphaier and Yeung [13] solved the 3-D truncated cylinder
problem of an infinite array before the two-dimensional (2-D)
work of Linton and Evans [7] (bottom-mounted cylinders are 2-D
problems), whereas Kashiwagi [14] reported a useful formulation
for handling a very large number of cylinders with some period-
ical structures. Besides, experiments were conducted by Kashi-
wagi [15] and Kagemoto et al. [16]. The results were all in good
agreement with the computed results using a linearized model.
Also, theoretical, computational and experimental methods were
investigated by Ohl et al. [17]. Time-dependent water-wave
scattering by arrays of cylinders and the approximation of near-
trapped mode were studied in a complex ‘‘k’’ plane by Meylan and
Eatock Taylor [18]. Dirichlet and Neumann trapped modes of
large number of cylinders (100) in an infinite domain were found
to approach those of infinite number of cylinders by Maniar and
Newman [19]. McIver and Evans [6] used an approximate method
to estimate the wave forces for a group of five cylinders. Trapped
modes for a semi-infinite domain were studied by Thompson
et al. [20]. For multiple cylinders in a channel, trapped modes
were also found by Evans and Porter [21]. Yao et al. [22] also
examined the behavior at cut-off frequencies in a channel.
Table 1
Near-trapped modes in physics and engineering.

Engineering and physics in the trapped m
Vibration Hydraulic engineering Earthquake engineering C

Trapped modes on a 
ridge

Love wave in a 
layer-elastic 
half-space Nea

n=

n=

n=

x

y

Beam vibration [11]

Please cite this article as: Chen IL, et al. On physical and numerical
element method. Eng. Anal. Boundary Elem. (2012), http://dx.doi.or
Mathematically speaking, the array-guided cylinders may result
in non-trivial solutions of the homogeneous problem at particular
values of wave number. It can be understood as eigen vectors
corresponding to eigen values of certain differential operators on
unbounded domains even though there is no characteristic length
as mentioned by Linton and McIver [23]. A characteristic length is
only available for a finite-domain problem.

We will study the near-trapped mode by using the DBEM. The
DBEM has been successfully employed to solve scattering pro-
blems of plane wave [24], the vibration of membrane with a
degenerate boundary [25], the vibration of membrane with
multiply-connected domain problems [26] and the plate vibration
[27]. By using the DBEM to solve the water wave problem, two
kinds of peaks for the resultant force on the cylinder versus the
wave number will be examined. One is the near-trapped mode in
physics; the other is the irregular frequency in mathematics.
Existence of the irregular frequencies stems from integral for-
mulation for exterior Helmholtz problems. A near-trapped mode
is physical phenomenon and a fictitious frequency stems from the
numerical instability. Since near-trapped modes and fictitious
frequencies both contribute peaks in the resultant force, how to
recognize the source becomes an interesting and important issue.
Dokumaci [28] and Juhl [29] both pointed out that numerical
oscillation become serious as the number of boundary elements
increases. The physical phenomenon in real practice depends on
the boundary condition. But, the fictitious frequency is not
physically realizable, it is imbedded in the adopted formulation
of BIEM (singular integral equation or hypersingular integral
equation). Fictitious frequencies depend only on the formulation
instead of the specified boundary condition. A proof in continuous
and discrete systems can be found in Ref. [30]. Regarding the
fictitious frequency, two ideas of the Burton and Miller method
[31] and the combined Helmholtz interior integral equation
formulation (CHIEF method) [32], have been proposed to deal
with this problem. The former one needs hypersingular formula-
tion while the latter one may take risk once the CHIEF point falls
on the nodal line of corresponding interior eigen modes. Based on
the circulant properties and degenerate kernels, an analytical and
numerical experiment in a discrete system of a cylinder was
achieved [33]. The optimum numbers and proper positions for the
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collocation of CHIEF points in the complementary domain are
analytically studied [33]. The literature of using the CHIEF method
to solve multiple radiators or scattering problems is very limited
until now. Only two papers by Schenck [34] and Dokumaci and
Sarigul [35] can be found to our knowledge. For Dokumaci and
Sarigul’s paper, it is questionable that extra CHIEF points excite
another unsymmetric fictitious frequency although it can sup-
press the appearance of one symmetric fictitious frequency. For
the oscillation of new fictitious frequency, the rank is not
previously deficient if the CHIEF point is not added. Mathemati-
cally speaking, this is unreasonable since more constraint can
improve the rank. Regarding the Schneck paper [34] for sonar
applications using the Helmholtz integral equation, the details of
how to choose the CHIEF point for two spheres was not clearly
reported. For the single radiator or scatter of 2-D case, the rank
deficiency is at most 2 for a circular radiator or scatterer in case of
a fictitious frequency. For the 3-D case of single radiator or
scatterer, the rank deficiency may be higher, e.g., a sphere case.
We may wonder what happens for the rank deficiency of multiple
identical radiators or scatters. This issue is also our interest since
an array of cylinders in water wave is one kind of multiple
scatterers. A more rigorous study to examine the serious rank-
deficiency matrices due to multiple equal scatters is our concern.
Besides, the numerical experiment of extra CHIEF points to
promote the rank will be numerically performed.

In this paper, we focus on the dual boundary element method
to solve the scattering problem of water waves instead of solving
the problem by using the null-field BIEM, due to its limitation of
circular [9] or elliptical cylinder [10]. Without loss of the general-
ity, we employ the dual BEM to revisit the water wave problem
containing four square cylinders. Both the near-trapped mode
(resonance in physics) and the fictitious frequency (resonance in
mathematics) are addressed in this paper. The Burton and Miller
method and the CHIEF method will be employed to deal with
problems of numerical instability. In Section 2, we introduce the
formulation of dual boundary integral equation for the water
wave problem. Regularization techniques for the fictitious fre-
quencies, the CHIEF method and Burton and Miller approach, are
both implemented in Section 3. Some examples including one-
circular cylinder, four circular cylinders and four square cylinders
are demonstrated to verify the validity of the Burton and Miller
approach and the CHIEF method.
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2. Problem statement and integral formulation

2.1. Problem statement

Now we consider an array of four circular cylinders mounted
at z¼�h upward to the free surface as shown in Fig. 1. The
governing equation of the total velocity potential F(x1,x2,z;t)
satisfies the Laplace equation as shown below:

r
2Fðx1,x2,z; tÞ ¼ 0, ðx1,x2,zÞAD, ð1Þ
123

125

127

129

131

133

1x

2x
z

Fig. 1. Interaction of an incident water wave between four cylinders.

Please cite this article as: Chen IL, et al. On physical and numerica
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where r2 is the Laplacian operator and D is the domain of
interest. Based on the linearized water wave theory and using
the technique of separation variables for space and time, we have

Fðx1,x2,z; tÞ ¼ Refuðx1,x2Þf ðzÞe
�iotg, ð2Þ

where

f ðzÞ ¼
�igA

o
cos hkðzþhÞ

cos hkh
, ð3Þ

in which g is the gravity acceleration, A is the amplitude of
incident wave, o is the angular frequency, k represents the wave
number and i is the imaginary number of

ffiffiffiffiffiffiffi
�1
p

. The boundary
condition of the total velocity potential on seabed is

@F
@z

����
z ¼ �h

¼ 0, ð4Þ

and the linearized condition on the free surface is

�
o2

g
Fþ

@F
@z

� �����
z ¼ 0

¼ 0: ð5Þ

In addition, the total velocity potential also satisfy the bound-
ary condition on the wetted surface of all cylinders as follows:

@F
@n
¼ 0, �hrzr0, ð6Þ

where n stands for the normal vector of any cylinder with respect
to its local polar coordinate system. The free-surface elevation in
the time domain, H(x1,x2,t), can be defined by

Hðx1,x2,tÞ ¼ Zðx1,x2Þe
�iot , ð7Þ

where

Zðx1,x2Þ ¼ Auðx1,x2Þ, ð8Þ

in which Z(x1,x2) is the free-surface elevation in the frequency
domain, the total velocity potential F(x1,x2,z;t) can be expressed
by

Fðx1,x2,z; tÞ ¼FRðx1,x2,z; tÞþFIðx1,x2,z; tÞ, ð9Þ

where the subscripts R and I denote the radiation field and the
incident wave, respectively. Similarly, the function, u(x1,x2), can
also be expressed by

uðx1,x2Þ ¼ uRðx1,x2ÞþuIðx1,x2Þ: ð10Þ

The incident wave is given by

FIðx1,x2,z; tÞ ¼
�igA

o
cos hkðzþhÞ

cos hkh
eikðx1 cos yinc þ x2 sin yincÞe�iot , ð11Þ

where yinc is the incident angle. By substituting Eq. (2) into Eq.
(1), the governing equation of the total velocity potential can be
reduced to the two-dimensional Helmholtz equation as shown
below:

ðr
2
þk2
Þuðx1,x2Þ ¼ 0, ðx1,x2ÞAD, ð12Þ

where k is the wave number which satisfies the dispersion
relationship

ktan hkh¼
o2

g
: ð13Þ

The rigid cylinder yields the Neumann boundary condition as
shown below:

@uðx1,x2Þ

@n
¼ 0, ðx1,x2ÞAB: ð14Þ

The dynamic pressure can be obtained by

p¼�rf

@F
@t
¼ rf gA

cos hkðzþhÞ

cos hkh
uðx1,x2Þe

�iot , ð15Þ

where rf is the density of the fluid. The horizontal force can be
obtained by integrating the dynamic pressure, p, over the wetted
l resonances for water wave problems using the dual boundary
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surface of the cylinder. For the circular cylinder, the two compo-
nents (cos y, sin y) of the first-order force Xj on the jth cylinder are
given as follows:

Xj
¼�

rf gAaj

k
tan hkh

Z 2p

0
uðx1,x2Þ

cos yj

sin yj

( )
dyj, j¼ 1,2,3,4, ð16Þ

where aj denotes the radius of the jth cylinder.

2.2. Dual boundary integral equations

The integral equations for the domain point can be derived
from the third Green’s identity, we have

2puRðxÞ ¼

Z
B

Tðs,xÞuRðsÞdBðsÞ�

Z
B

Uðs,xÞtRðsÞdBðsÞ, xAD, ð17Þ

2ptRðxÞ ¼

Z
B

Mðs,xÞuRðsÞdBðsÞ�

Z
B

Lðs,xÞtRðsÞdBðsÞ, xAD, ð18Þ

where s and x are source and field points, respectively, tRðsÞ ¼

ð@uRðsÞÞ=@ns, ns denotes the unit outward normal vectors at source
point s. The kernel function, Uðs,xÞ ¼� pi

2 Hð1Þ0 ðkrÞ, is the funda-
mental solution which satisfies

ðr2
þk2
ÞUðs,xÞ ¼ 2pdðx�sÞ, ð19Þ

where d(x�s) denotes the Dirac-delta function, Hð1Þn ðkrÞ ¼ JnðkrÞþ

iYnðkrÞ is the n-th order Hankel function of the first kind, Jn is the
n-th order Bessel function of the first kind, Yn is the n-th order
Bessel function of the second kind and r¼9x�s9. The other kernel
functions, T(s,x), L(s,x), and M(s,x), are defined by

Tðs,xÞ ¼
@Uðs,xÞ

@ns
, ð20Þ

Lðs,xÞ ¼
@Uðs,xÞ

@nx
, ð21Þ

Mðs,xÞ ¼
@2Uðs,xÞ

@ns@nx
, ð22Þ

where nx denotes the unit outward normal vector at the field
point x. By moving the field point to the boundary, Eqs. (17) and
(18) reduce to

puRðxÞ ¼ C:P:V :

Z
B

Tðs,xÞuRðsÞdBðsÞ�R:P:V :

Z
B

Uðs,xÞtRðsÞdBðsÞ, xAB,

ð23Þ

ptRðxÞ ¼H:P:V :

Z
B

Mðs,xÞuRðsÞdBðsÞ�C:P:V :

Z
B

Lðs,xÞtRðsÞdBðsÞ, xAB,

ð24Þ

where R.P.V., C.P.V. and H.P.V. denote the Riemann principal value
(Riemann sum), the Cauchy principal value and the Hadamard
principal value (or the Hadamard finite part), respectively. Once
the field point x is located outside the domain (xADc), we obtain
the dual null-field integral equations as shown below:

0¼

Z
B

Tðs,xÞuRðsÞdBðsÞ�

Z
B

Uðs,xÞtRðsÞdBðsÞ, xADc , ð25Þ

0¼

Z
B

Mðs,xÞuRðsÞdBðsÞ�

Z
B

Lðs,xÞtRðsÞdBðsÞ, xADc , ð26Þ

where Dc is the complementary domain. Eqs. (17), (18), (25) and
(26) are conventional formulations that the collocation point
cannot be located on the real boundary. Singularity occurs and
concept of principal values is required once Eqs. (23) and (24) are
considered. The flux tR(s) is the directional derivative of uR(s)
along the outer normal direction at s. For the interior point, tR(x) is
artificially defined. For example, tRðxÞ ¼ @uRðsÞ=@x1, if n¼(1,0) and
tRðxÞ ¼ @uRðxÞ=@x2, if n¼(0,1) where (x1, x2) is the coordinate of the
Please cite this article as: Chen IL, et al. On physical and numerical
element method. Eng. Anal. Boundary Elem. (2012), http://dx.doi.or
field point x. The dual boundary integral equations can be
discretized by using N constant elements for one cylinder, and
then algebraic systems can be obtained as shown below:

½T�fuRg ¼ ½U�ftRg, ð27Þ

½M�fuRg ¼ ½L�ftRg, ð28Þ

where [U], [T], [L] and [M] are the influence matrices.
3. Suppression of the fictitious frequencies

3.1. Burton and Miller method

In the Burton and Miller method, we combined the singular
integral equation and its normal derivative (hypersingular inte-
gral equation) with an imaginary constant. This method can
construct a non-singular matrix for any wave number, hence a
unique solution can be obtained. The formulation of the Burton
and Miller method is shown below:

T½ �þ
i

k
M½ �

� �
uRf g ¼ U½ �þ

i

k
L½ �

� �
tRf g: ð29Þ

3.2. CHIEF method

In either the singular or the hypersingular formulation, the
influence matrix becomes singular or ill-posed, when the wave
number is close to the fictitious frequency. This means that the
rank of the influence matrices is deficient. By using the CHIEF idea
to put the collocation point on the null-field (Eq. (25)), the
additional constraint equation can be obtained as follows:

/TcSfuRg ¼/UcSftRg, ð30Þ

where /UcSc and /TcSc are the influence row vectors. By
combining Eq. (30) with the discrete system of Eq. (27), we have
an over-determined system:

T

/TcS

" #
fuRg ¼

U

/UcS

" #
ftRg: ð31Þ

Eq. (31) can yield a unique solution if the proper CHIEF points
are selected. For a circular cylinder case, one can adopt one
interior CHIEF point x1(r1,f1), where r1 is shown in Fig. 2(a).
Based on the singular value decomposition (SVD) technique [33],
a CHIEF point can obtain a discriminant, D:

D¼/TcSfuRg ¼ p2r1H0nð1ÞðkaÞJnðkr1Þe
inj1 , ð32Þ

For the fictitious wave number of multiplicity one kf
0,m, the

superscript f denotes the wave number where the ‘‘fictitious’’ mode
appears and k0,m denotes the mth zero of the zeroth order Bessel
function (J0). If the selected interior point, x1(r1,f1), satisfies

kf
0,mr1 ¼ k0,p, ðm4pÞ, ð33Þ

where k0,p denotes the pth zeros for the J0 function, then the
fictitious wave number, kf

0,mcannot be alleviated. For the fictitious
roots of multiplicity two kf

n,m (n40), the selected interior point,
resonances for water wave problems using the dual boundary
g/10.1016/j.enganabound.2012.04.005
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Fig. 4. FN versus ka using the UT, LM formulations and the Burton and Miller
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x1(r1,f1), satisfying

kf
n,mr1 ¼ kn,p, ðm4pÞ, ð34Þ

is invalid to suppress the fictitious wave number, kf
n,m. In case of a

fictitious frequency with multiplicity two (Jn(k)¼0, nZ1), the rank
is reduced by two. One point provides at the most one valid
constraint equation. One point cannot filter out the fictitious wave
number of multiplicity two, so an additional independent equation
is required by adding one more CHIEF point. If one adopts another
interior point x2(r2,f2) as shown in Fig. 2(b), we have the
discriminant, D:

D¼/TcSfuRg ¼ i2r1r2H0nð1ÞðkaÞH0nð1ÞðkaÞJnðkr1ÞJnðkr2ÞsinðnfÞ,
ð35Þ

where f¼f1�f2 indicates the intersecting angle between the two
interior points. The discriminant D indicates an index to check the
validity of CHIEF point by the following criterion:
85
method.
(1)
87
Table 2
Zeros of the Bessel function Jn,m(k).

Pl
el
If the two points with the intersection angle f produce f¼p,
such that sinðnfÞ ¼ sinðpÞ ¼ 0, i.e., f¼ p=n, it fails to alleviate
the irregular frequency in the root of double multiplicity for
Jn, nZ1.
89
(2)
91
n m
If the position of two points satisfy Jn(kr1)¼0 or Jn(kr2)¼0,
n¼1,2,3..., then it also fails to alleviate the irregular frequency
in the root of multiplicity two for Jn.
0 1 2 3

(3)
93
1 2.40 3.83 5.13 6.38
No more than two points are needed if points are properly
chosen.
95

97

99

101

103

105

107

109

111

113

115

119

121

123

2 5.52 7.01 8.41 9.76

Table 3

Zeros of the Bessel function J0n,mðkÞ.

n m

0 1 2 3

1 0 1.84 3.05 4.20

2 3.83 5.33 6.70 8.01
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FN
4. Illustrative examples

4.1. Case 1: Fictitious frequency for water wave impinging on a

circular cylinder using the DBEM

In this case, we consider the water wave problem by a vertical
rigid circular cylinder with radius a (a¼1.0) as shown in Fig. 3.
MacCamy and Fuchs [1] derived the exact solution of the
horizontal force on the bottom mounted on seabed cylinder as
shown below:

Fx ¼
4rf gA tan hkh

k2H0ð1Þ1 ðkaÞ

�����
�����: ð36Þ

Au and Brebbia [36] also solved this problem by using
constant, linear and quadratic boundary elements. However, the
irregular value was not addressed in their work. The nondimen-
sional resultant force (FN ¼ FX=frf gAh tan hðkhÞ=khg) versus ka is
plotted as shown in Fig. 4. The positions where the irregular
values occur are found in Fig. 4 by using either the UT or the LM

formulation alone. It is found that no irregular wave number
occurs, if the Burton and Miller method is adopted as shown in
Fig. 4. It is found that irregular values happened to be zeros of the
n-th order Bessel function of the first kind for the UT formulation
(JnðkaÞ ¼ 0), while the LM formulation has the irregular values for
zeros of the derivatives of Bessel function (J0nðkaÞ ¼ 0) as shown in
Fig. 4. In Fig. 4, the data in the parentheses are analytical solutions
125

127

129

131

133

h

1x

2x
z

Fig. 3. Problem sketch of water wave with a vertical cylinder.

0
ka

2 4 6 8 10

Fig. 5. FN versus ka using two CHIEF points to suppress of the fictitious frequency.

ease cite this article as: Chen IL, et al. On physical and numerica
ement method. Eng. Anal. Boundary Elem. (2012), http://dx.doi.or
for ka corresponding to zeros of Jn(ka)and J0nðkaÞ. Zeros of the
Bessel function Jn(ka) and J0nðkaÞ are shown in Tables 2 and 3,
respectively. In Fig. 4, it shows the ‘‘resultant force’’ instead of the
direct output of boundary potential or boundary potential gra-
dient. Since the resultant force is determined by Eq. (16) for the
l resonances for water wave problems using the dual boundary
g/10.1016/j.enganabound.2012.04.005
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projection on cosine and sine functions. Based on the orthogon-
ality condition of Fourier bases, it is obvious that only the
fictitious frequency J1ðkaÞ ¼ 0 and J01ðkaÞ ¼ 0 may appear. It is a
root of multiplicity two. The eigen mode of the root of multiplicity
two can be expressed by sine and cosine functions. For the eigen
mode of the root of multiplicity two, it has at least one angular
nodal line and the nodal line can be rotated. The CHIEF method is
also adopted to deal with the problem of nonunique solution.
When we add only one CHIEF point at (0.2, 0.3) to suppress the
fictitious frequencies, it fails since it is a root of multiplicity two
for JnðkaÞ ¼ 0, nZ1. One point provides at most one constraint
equation and cannot filter out the root of multiplicity two, we
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must add at least two CHIEF points to suppress the fictitious
frequencies. The result of using two CHIEF points is shown in
Fig. 5 and no fictitious frequencies are observed.
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4.2. Case 2: Water wave problem by an array of four circular

cylinders using the DBEM

We consider the water wave problem by an array of four
bottom-mounted vertical rigid circular cylinders with the
same radius a (a¼1.0) located at the vertices of a square (0, 0),
(b, b), (2b, 0), (b, �b) and a/d¼0.8 as shown in Fig. 6. By
considering the incident wave in the direction of zero degrees,
Fig. 7(a) shows the force ratio of the cylinders in the direction
of incident wave versus the wave number by using the singular
(UT) formulation. It is interesting to find that two kinds of peak
occur. It becomes very important to distinguish the source of
near-trapped mode or numerical instability. One kind of peak
appears at the corresponding wave number which happens to be
zeros of the Bessel function Jn(ka), corresponding to the fictitious
kf (3.83, 5.13 and 6.38), as shown by red line in Fig. 7(a). The other
peak occurs at the wave number of k¼4.083 which is physically
realizable as a near-trapped mode. It can be found that the peak
force on the first cylinder is about 51 times of an isolated cylinder
and the second cylinder and the third cylinder are 54.2 and 53.6
times of an isolated cylinder, respectively. This near-trapped
mode (ka¼4.084) was also recorded by Evans and Porter [12],
Table 4
Improvement of rank deficiency by using valid CHIEF points.

Number of valid

CHIEF points

Locations Rank of the influence matrix

(N is the total number

of elements)

0 – N�8

1 (0.30, 0.30) N�7

2 (0.35, 0.70) N�6

3 (2.07, 2.07) N�5

4 (2.11, 2.46) N�4

5 (3.83, 0.30) N�3

6 (3.88, 0.70) N�2

7 (2.06,�1.46) N�1

8 (2.11,�1.06) N

Fig. 9. Eigen modes for the Dirichlet problem

Please cite this article as: Chen IL, et al. On physical and numerica
element method. Eng. Anal. Boundary Elem. (2012), http://dx.doi.or
as shown in Fig. 7(b). It is explained that fictitious frequencies
occur when we employ BEM to solve exterior Helmholtz pro-
blems. It belongs to numerical resonance instead of physical
phenomenon.
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4.2.1. Suppression of the fictitious frequency

We employ the Burton and Miller method and the CHIEF
method to suppress the fictitious frequencies. Fig. 8(a) shows the
ratio of force on the cylinders versus ka by using the Burton and
Miller method. Since the zeros of the Bessel functions and their
derivatives cannot simultaneously be the same k value, the stable
solution can be obtained by using the Burton and Miller method.

The highly rank-deficient matrices for four identical radius of
cylinders are numerically examined and the rank is improved by
adding valid CHIEF points as shown in Table 4. In Table 4, the
range of ka is from 0.01 to 7.0, only 5 fictitious frequencies in the
range are found in Table 2. If the eigen mode only has radial nodal
lines, that is the fictitious frequency is a root of J0(k)¼0, only 4
trial CHIEF points are sufficient to suppress the appearance of
fictitious wave number. Otherwise, at least 8 CHIEF points are
required. Fig. 8(b) shows the resultant force versus ka by using
the CHIEF method. If the CHIEF points are properly chosen, only at
least eight CHIEF points for four identical cylinders are needed.
Therefore, all fictitious frequencies are suppressed. If the invalid
CHIEF points or insufficient CHIEF points are chosen, Fig. 8(c) and
(d) show the resultant force versus ka. The fictitious frequency at
k¼3.83 and k¼5.13 also exist and cannot be suppressed due to
the failure CHIEF points x1(0.3,0.3) and x2(�0.3,�0.3), where the
intersection angle for these points is equal to p and locate on the
nodal line as shown in Fig. 9(a) and (b), respectively. Furthermore,
results of the Burton and Miller method and CHIEF method agree
well with those by Evans and Porter [12].

4.2.2. Parameter study on the near-trapped mode

Here, we study the occurrence of near-trapped mode and
fictitious frequency by changing two parameters. First, we con-
sider the effect of radius. For numerical experiments by changing
the radius of first cylinder a to 1.2a, the fictitious frequency occur
at zeros of Bessel function (Jn(ka)¼0 and Jn(1.2ka)¼0, n¼0,1,2y)
for the singular (UT) formulation, respectively. In Fig. 10(a), it
shows that fictitious frequencies still appear due to the radius of
r¼a, corresponding to the fictitious wave number kf (5.13 and
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of a circle (a) k¼3.83 and (b) k¼5.13.

l resonances for water wave problems using the dual boundary
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Fig. 10. Resultant force of the cylinder versus the k, by changing the radius a to 1.2a by using (a) UT formulation and (480 elements) (b) Burton and Miller method (480
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Fig. 11. Resultant force of the cylinders versus the ka, by changing the position (0.5a) of the first cylinder by using (a) UT formulation and (480 elements) (b) Burton and

Miller method (480 elements).

Table 5
Force ratio of the first cylinder by changing the radius of the first cylinder to destroy the periodical setup (ka¼4.083).

Changing radius a1¼0.6a a1¼0.7a a1¼0.8a a1¼0.9a a1¼a a1¼1.1a a1¼1.2a a1¼1.3a a1¼1.4a

Normalized force ratio 1.97 1.82 1.577 1.32 51.1n 1.12 1.049 1.038 1.069

where n means near-trapped mode and a1 is the radius of the first cylinder.

Table 6
Force ratio of the first cylinder by moving center of the first cylinder to destroy the periodical setup (ka¼4.083).

New center (�0.4a,0) (�0.3a,0) (�0.2a,0) (�0.a,0) (0,0) (0.a,0) (0.2a,0) (0.3a,0) (0.4a,0)

Normalized force ratio 0.54 0.95 1.15 1.20 51.1n 1.21 1.11 1.01 0.93

where n means trapped mode.
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6.38), as shown by the red line, and r¼1.2a, corresponding to the
fictitious wave number kf/1.2a (6.38/1.2¼5.31, 7.016/1.2¼5.84)
as shown by the blue line in Fig. 10(a). Fig. 10(b) shows the force
on the first cylinder versus k by using the Burton and Miller
method. It can be found that the ratio of force for the near-
trapped mode becomes smaller.
Please cite this article as: Chen IL, et al. On physical and numerical
element method. Eng. Anal. Boundary Elem. (2012), http://dx.doi.or
Secondly, we consider the effect of spacing between cylinders.
To study the effect of spacing on the near-trapped mode, we
change the position of the first cylinder. It is found that the
location of fictitious frequency remains at the same position by
using the UT formulation. However the ratio of the force for the
near-trapped mode becomes smaller as shown in Fig. 11(a).
resonances for water wave problems using the dual boundary
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Fig. 11(b) shows the ratio of force on the cylinder versus the ka by
using the Burton and Miller method. The amplitude of the near-
trapped mode also becomes smaller. Tables 5 and 6 indicate that
the peak value for the near-trapped mode is reduced significantly
due to the perturbation of either radius or position of the center of
the first cylinder.

4.3. Case 3: Water wave problem by an array of four square

cylinders using the DBEM

To see the generality of the DBEM, we consider the water wave
problem by an array of four bottom-mounted vertical rigid square
cylinders with the same length d (d¼1.0) located at the vertices of
a square as shown in Fig. 12. The angle of the incident wave is 45
degrees. Fig. 13(a) and (b) show the force on the first cylinder
versus the wave number by using the UT formulation and the
Burton and Miller method, respectively, where R¼9X19/9F09 and F0

is the horizontal force of an isolated square cylinder. In Fig. 13(a),
x

y

d

θ
3d

Fig. 12. Interaction of an incident water wave with four square cylinders.
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Fig. 13. Resultant force of the four square cylinders versus kd by using (a) UT formula

et al. [36].

Please cite this article as: Chen IL, et al. On physical and numerica
element method. Eng. Anal. Boundary Elem. (2012), http://dx.doi.or
it is found that the fictitious frequency appears at the correspond-
ing wave number kd¼4.44 which happens to be the eigen value

of square domain (analytical solution is kmn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm=dÞ2þðn=dÞ2

q
,

m,n¼0,1,2,y). Although there is some deviations for the larger k

value, agreeable results between our approach and Trefftz-type
FEM method [37] are found, as shown in Fig. 13(c).
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5. Conclusions

In this paper, we applied the DBEM to solve water-wave
scattering problems containing one-circular cylinder, four-circu-
lar cylinders and four-square cylinders. Discussions on the phy-
sical phenomena of near-trapped mode as well as the numerical
phenomena due to fictitious frequency in the DBEM were both
addressed. Near-trapped modes and the fictitious frequencies are
physically and mathematically realizable, respectively. For the
circular cylinder case, the fictitious frequencies happen to be
zeros of Bessel functions and their derivatives for the singular
(UT) and the hypersingular (LM) equations, respectively. Two
approaches, the CHIEF method and the Burton and Miller
approach, were successfully to suppress the appearance of ficti-
tious frequencies. Highly rank-deficiency matrices were observed
for four identical circular cylinders and more CHIEF points were
required. Besides, the effects of radius on the fictitious frequency
as well as the effect of spacing on the near-trapped mode were
studied. Finally, resultant forces on each cylinder were given to
illustrate the effect of disorder of the periodical layout on the
near-trapped modes.
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