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In this paper, we solve the vibration problem of a finite bar with a viscously damped
boundary in conjunction with a spring on the same side subject to the support motion
on the other side. To avoid the computation of complex modes and the difficulty of
orthogonal conditions for the partial differential equation (PDE) of a continuous system,
two alternatives are employed. One is the analytical derivation by using the diamond
rule of the method of characteristics. The advantage is that this method can yield an
analytical solution. However, the disadvantage is that the method can be only applied to
some simple problems such as a linear system and the one-dimensional (1D) wave equa-
tion. The other numerical method, finite element method (FEM), is incorporated into a
general-purpose program to solve this problem. The advantage of the FEM is that this
methodology can be applied to solve various problems such as different PDEs. Therefore,
the solution obtained by using the FEM is compared with that of the analytical solu-
tion. Two special cases, only a spring and a damper alone, are also considered by using
the FEM. Interestingly, the same silent area is captured in the displacement profile by
using the FEM for the three cases. We also find that the displacement profiles have slope
discontinuity which only occurs on the characteristic line. After the wave front arrives
at the boundary, various responses appear due to different boundaries, spring, damper
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and both. It is found that the displacement amplitude of the general case is smaller than
the other two special cases. This result matches the application of engineering practice.

Keywords: Support motion; viscous damper; spring; finite element method; diamond
rule.

1. Introduction

Since wave propagation as well as dynamic vibration occur in engineering mechanics
and physics, various problems are always modeled by using the wave equation, e.g.
support motion problem of earthquake engineering. In the engineering practice, real
problems for buildings, plate, beam, cars and equipment were solved by using the
partial differential equation (PDE) model subjected to the support motion. Many
researchers have investigated this problem by using various methods, e.g. the mode
superposition techniquel the method of separation variables® the method of
quasi-static decomposition 7 the method of the diamond rulé® 88 or the so-called
method of characteristics, the image method ¥ the finite element method (FEM),EHE
the boundary element method (BEM )2 and the meshless method B34 etc.

Hul? and Jovanovid™ solved vibration problems of bar and beam with a viscous
boundary, respectively. A non-self-adjoint operator and orthogonality condition of
complex modes need special care. Jovanovicl extended an axial damping to a tor-
sion damper. Dampers at both ends were also investigated and stability condition
was also discussed by Udwadid™ and Jovanovic™ A beam including the internal
damping in the span and a boundary damper was studied by Gurgoze and Erol 2
Since a viscous damper is always considered to reduce the vibration response, the
support motion of earthquake engineering is the main concern of this paper. Analyt-
ical solutions for a system with an external damper and spring are sparse. Results of
continuous and discrete systems were compared with those by Singh et al Besides,
a case of limiting damping was also discussed. Although Hull? claimed that he
derived a closed-form solution and compared it with FEM well, the solution was a
series form instead of a closed form. In addition, he showed only a frequency-domain
example subject to a concentrated dynamic loading. Chen et al™8 employed the
method of characteristics and the mode superposition approach in conjunction with
the quasi-static decomposition technique to revisit the problem subject to the sup-
port motion instead of the forced excitation.

D’Alembert’s solution provides an exact expression of displacement for an infi-
nite string with arbitrary initial displacement and velocity. Method of character-
istics, also named the diamond rule, can be found in the textbook of Farlow 20
It is popularly employed to solve various kinds of problems, e.g. water hammer 2
The diamond rule using D’Alembert’s solution was proposed by John?2 in 1975
and was always used to solve the wave problem. An exact solution of an infinite
string with a mass, a damper and a spring at the origin subject to the initial dis-
placement was derived and animation was also made® Recently, Xing and Sun?3
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studied the multi-objective optimization of the viscous boundary damper of an
elastic rod by employing a hybrid method of a genetic algorithm and simple cell
mapping (GA-SCM). Green’s function of the impulse response of an elastic rod with
a lumped mass and damper-spring termination was also studied using Lagrange’s
method by Xing and Sun2? Two parts, one satisfying homogeneous boundary con-
dition (B. C.) and the other particular solution satisfying non-homogeneous B. C.
were derived. To the authors’ best knowledge, the vibration problem of a bar with
both the spring and damper subjected to support motion was not analytically and
numerically solved although a single spring or a damper alone was done before. Pro-
viding the exact solution for the problem is the innovation of this paper. Besides,
we also provided the numerical result to check the validity of our analytical solution
by using the FEM.

In this paper, we extended the finite bar with an external spring® or a viscously
damped boundary® to both a spring and a viscous damper together. Two methods,
analytical (the method of characteristics) and numerical (FEM) approaches, were
employed to solve the problem. The comparison of the result between continuous
and discrete systems was also done. For the two special cases of only a spring and
only a viscous damper, the silent area or the so-called dead zone in the time-space
plane separated by characteristic lines to several regions was also examined for three
approaches, the method of characteristics % the mode superposition method®® and
the FEM. Besides, the slope discontinuity of the displacement profile is also our
concern to discuss where it appears in the time-space domain.

2. Problem Statements and Methods of Solution

We extend our previous experiencé®@ to solve the vibration problem of a finite bar
with a viscous damper and a spring boundary subject to the support motion at the
other end, as shown in Fig.[Il Here, a finite bar with a viscous damper and a spring
on the right boundary is considered at the same time. The axial displacement field
of a finite bar, u(z,t), satisfies the following equation:

2 O?u(z,t)  O%u(w,t)

= L 0<ax<L,t>0 1
8,’1/'2 8t2 b X b b ( )
7 ¢
u(0.t)=a(t) j— Fixed
end
é, > o) k /
x=0 L .\'=IL

Fig. 1. A finite bar with a viscous damper and a spring at the right end of x = L, subjected to a
support motion at x = 0.
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where ¢ = /EA/p and u(z,t) denote the wave speed and displacement in the
z-direction at the time ¢, respectively. The symbols F, A, pand L denote Young’s
modulus, the area of cross-section, the mass per unit length and the length of
the bar, respectively. The initial displacement ¢(z) and the initial velocity ¢(z)
conditions are, respectively, given by

u(xvt)|t=0 = ¢($), (2)
Ou(x,t) B
oD o) ®

Here, we start from the rest condition that ¢(x) and ¢(z) are both equal to zero.
The time-dependent B. C. at the left-hand side (z = 0) of the finite bar is given
by the specified support motion as follows:
u(0,t) = a(t). (4)
The B. C. at the right-hand side due to a viscous damper and a spring (at the end
x = L) is given as follows:
ou(z,t) B du(x,t)

= —cq
Ox =L ot =L

EA — ku(z,t)|p=1, (5)

where ¢g and k denote the damping coefficient and the spring constant, respectively,
as shown in Fig. [l

2.1. Diamond rule based on the method of characteristics

The general solution of one-dimensional (1D) wave equation of the second-order
PDE can be derived by using the method of characteristic line as follows:

u(z,t) = Plx + ct) + Q(z — ct), (6)

where P(x + ct) and Q(x — ct) denote a left-going-traveling wave and a right-going-
traveling wave, respectively. By plotting two characteristic lines, z + ¢t = nL,n =
0,1,2...and x —ct = —nL,n = 0,1,2..., the space-time domain is decomposed
into several regions (regions I, II, III ...), as shown in Fig. @(a). Each region in
Fig. 2l(a) is a parallelogram or an isosceles triangle. After using Eq. (@) to satisfy
the initial conditions (I.C.s) in Eqgs. @) and @), we have D’Alembert’s solution for
region I (blue region in Fig. Pl(a)),

xr+ct
/ o(r)dr, (@t)el, (1)

—ct

(e, t) = 316+ et) + (o — )] + o

where ¢(-) and ¢(-) are initial displacement and velocity, respectively. According
to the property of D’Alembert’s solution, we have the relationship for the displace-
ments at four vertices (A, B, C' and D) of a diamond as shown as follows:

uA+up = uc + up, (8)
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IT

(a) Space-time regions separated by using the (b) Diamond rule.
characteristic line.

Fig. 2. Method of characteristics and diamond rule.

where u 4, up, uc and up denote the displacement at the four points A, B, C' and D,
respectively, as shown in Fig. BI(b). It is noted that any side of a diamond is parallel
to a certain characteristic line. Equation () is the so-called diamond rule 268
We employ the space-time marching scheme in Eq. (8]) to obtain the displacement
response for the successive regions of any time and space. By using the diamond
rule for the former six regions as shown in Fig. Pl(a), the displacements are expressed

as follows:
UI(:IZ,t) =0, (CE,t) € Ia (9)
un(z,t) = a (Ct - “’”) , (at) €1, (10)
— L
un(z, £) = ™ (%> . (x,t) €111, (11)
c
ury (z, 1) :a(Ct;x> ,  (z,t) €1V, (12)
uy (@, ) :a(c’f;x>, (z.1) €V, (13)
t — t — 2L t— L
uyi(z,t) = a (c c x) —a (%) + 1o (H%) ,  (z,t) € VI,

(14)

where r1(t) and r3(t) stand for the displacements of u(L,t),0 < t < L/c and
u(L,t),L/c <t <2L/ec, respectively. For the displacement in the other time-space
region, it can be obtained by using the iterative procedure of the time-space march-
ing scheme. Since the boundary displacement at the end of the right-hand side is
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unknown, it is necessary to assume two unknown functions (r1(¢) andra(t)) on the
right-hand side boundary of the full time-space region. After using the correspond-
ing displacement representation for regions IIT and VT to satisfy the B. C. in Eq. (@),
we have

paduul )| Oumlw D) e, 0<t<Lje,  (15)
ox oL ot oL

padma@ | dua@ ) Dles, Lje <t <2LJc, (16)
ox oL ot L

where up(z,t) and wyi(z,t) denote the displacement function in regions III and
VI, respectively.

Thus, we solve 71 (t) by using Eq. () to satisfy Eq. [I3). The displacement at
x = L, uiii(L,0) and ui(L,0), must satisfy the displacement continuity. Then, we
have

r(t) =0,0<t<L/e, (17)

since the wave front information has not arrived yet.

Similarly, the solution of ro(t) is derived by using Eq. (I4) to satisfy Eq. (IG)).
By solving the corresponding first-order ordinary differential equation (ODE) for
r2(t) at the end of spring and damper as shown as follows:

ke 2EA ,(C’f;L), Ljc<t<2L/e, (18)

L) + ————— 1y (t) =
ra(t) + EAJrcdch( ) EAJrcdca

we obtain

t
ro(t) =e AEIj'CCdCt/ eAE}j'ccdcT- 2EA ! (CT L

Lic<t<2L 1
EAJrcdca )dr, Je<t<2L/c, (19)

¢
after using the integrating factor, where the undetermined constant is determined
by satisfying the displacement continuity in regions IV and VI at (z,t) = (L, L/c),
as shown in Fig. Pl(a).

2.2. FEM

For the discrete system of FEM with uniformly distributed N degrees-of-freedoms
of a bar as shown in Fig. B, we consider the following equation:

[MI{U} + [CH{U} + [K{U} = {P}, (20)

where [M], [C] and [K] are the mass, damping and stiffness matrices, respectively,
all being square matrices of dimension N, the total number of degrees-of-freedom,
{U} is the nodal displacement and {P} is the nodal force, all being column vectors
of N by 1. We decompose the degrees-of-freedom into two sets, the supported and
the unsupported, denoted by the subscripts r» and [, respectively. By separating
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Z

Support k. k Fixed

: — ixe
motion_>//me MW 2m"‘8 % V- end

I i
L .
11(0,?) :a(f) EAM ——¢ Bu() —ku(L,z)
ox |, e |, ’

Fig. 3. A FEM model of discrete system for a finite bar with N degrees-of-freedom.

the supported (r) and unsupported (1) sets for the displacement, Eq. 20) can be

rewritten as
Ur U'r’ UT P’I“
. ¢+ .o+ = , (21)
U U U P

where {U,.} prescribes N, support motions, { P} contains the resulting N, reaction
forces, {P;} prescribes N; nodal loads and {U;} contains the resulting N; nodal
displacements, where N,. + N; = N. Since we focus on support motion problems in
earthquake engineering, the N, entries of {U,} are prescribed by time histories at
N, supports and it is assumed that {P;} = {0}. The discrete system of the case in
Fig. @ is only a single support. Therefore, N,. = 1, is considered.

The solution, {U} and the nodal force, { P}, can be decomposed into two parts.
One is the quasi-static part with the superscript s, the other is the dynamic-inertia
part with the superscript d. They are shown as follows:

oy ="y o = [V (2)
o -y Ud

= ey [P 3
B 1)1 o o }Dls }Dld ’

For the dynamic-inertia part, we have

{P'} = {0}, (24)
{U} = {0}. (25)

According to the assumption {F;} = 0, we have

{7} = {0} (26)

Crr Crl
Ci Cy

Krr Krl

Mrr Mrl
K, Ky

M. My

and
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From the force equilibrium for the FEM model of Fig. Bl we construct the mass,
damping and stiffness matrices as shown as follows:

[me 0O 0o - 017 ro 07
0 2m. O
Ml=10 o . o0 0 o el = | : ;
2me 0 0 0
L 0 0 0 mel . x L0 e 0 eal oy
(ke —ke O 0
—ke 2ke —ke
Kl=10 -k 0 : (27)
2k.  —ke
L 0 0 —ke ketkl 5

where k. denotes the equivalent spring constant of bar element, k. = EA(N —1)/L
and m. denotes the equivalent mass of the bar element as a mass block, m, =
pL/2(N —1).

Regarding the definition of the quasi-static solution, we have

r A T rs I ke 7ke 0 e 0 7 s
0 0 Us U;
Ul —ke 2ke —ke : Uy
Uls(2) + 0 —k, . o 0 Uls(Q)
0 0 o : o 2k, —k
S S
L0 o 0 eal Wity LO - 0 —ke ke+El Uit
PS
= ) (28)
0

where the dynamic-inertia part is neglected for the quasi-static solution.
By summing all simultaneous row equations in the algebraic equation of Eq. (28],
we obtain the following equation:

kUi nyy + CdUls(N,,) =P (29)

2550035-8
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Thus, Eq. (28) can be rewritten as

ke 0 —ke O 0
U: Ps
0 ke 0 0 o —ke Usiny —-P?
ke 0 2ke —k. .0 Ul 0
s = (30)
. Ulle) 0
0 0 —ke 2k " 0
kel o 0
0 k. 0 0 —ke 2k MY
In order to employ the Guyan reduction method, we decompose Eq. ([B0) into
[t 0 -1 0 - 0]
U; pPs
0 1 0 o0 o1 o —ps
-1 0 2 -1 " 0 Uity 0
ke UlS(Q) = 0 (31)
0o 0 -1 2 0
1 . .
0 -1 0 0 -1 2 Y
By expanding Eq. (1), the Guyan reduction yields
2 -1 0 071"
Ul N
Uls(Q) -1 2 .0
0 -1
Uls(N,q) 0 0o -1 2
' (N=2)x1 (N—=2)x(N—-2)
-1 0
0o Us
x , (32)
. Us
: 0 UND ) 2x1
0 -1 (N-2)x2

where U? is the prescribed time history at the support side, i.e. U? = a(t). Each
T
element in the column vector, {Uls(l) Uls(z) s Uls(lel)} , can be obtained by

2550035-9
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Uy and Uy, Here, we extract the Nth equation in Eq. [@28) to have

CdUls(Nl) — keUls(lel) + (ke + k)Uls(N]) = 07 (33)
where Ujy, ) in Eq. B3) can be represented by Uy and Uy, in Eq. (82). There-
fore, Eq. (B3] reduces to a first-order ODE of Un,)- By solving Eq. B3), the

unknown Uls( Ny) Can be obtained. Finally, all nodal displacements in the column
T
vector, {Uls(l) Uls(z) Uls(Nl)} , are known.

Substituting Eqs. (22) and 23)) into Eq. 1)), we have

Mrr Mrl 0 C’rr C’rl 0 Krr K’rl 0
..d + rd d
My, My| U C, Cul| |Ui K, Ku| (U
Mrr Mrl U»f
S Y (34)
M. My | \U?

where the term in the right-hand side of equation sign is the forcing function due
to the support motion.

For the finite bar of N finite nodes (N — 1 bar elements), the submatrices of
[M], [C] and [K] for the illustrative example of Fig. [ are explicitly expressed as
follows:

0
(M) = el M) = [0 o 00 =[]
0 N; XN,
2m, 0 0
0
[My] = , (35)
2me. 0
0o --- 0 o
0
[Crr] = [0]N, x v, [Cri] = [0 e (A 7
O NLXNT
0 0 0
0o . .o
[Cll]: s (36)
. .. O O
0 - 0 ¢4 N
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ke
0
[Krr] [ke]N,,.XNV,-v [K’I” ] = [_ke 0 O} N,y XN, ' [Klr] = y
NLXNT
[2ke —ke O 0
—ke 2k
[Kul = | 0 ke 0 (37)
: . —ke 2ke —ke
L O 0 —ke ke+k-N,><N,,
According to Eq. ([B4)), we have
[Mul{U"} + [Cul{U'} + [Kul{Uf"} = —[Mi, {07} — [Mu]{T7}. (38)

Since the matrix [Cy] in Eq. B8] is not proportional to [My] and [K;]2¥ we intro-
duce an identity equation as follows:

[Mul{Uf'} = [Mul{U{"} = {0}. (39)
Combining Eqgs. (B8) and 39)), we have
[ 0] [Muy] {{Uzd}} N [—[Mlz] [0] {{Uzd}}
[Mu] [Cul | |{Uf} o [Eul| {U/}
_ { oy } (0
— M {U} = [Mul{U}'}
Equation {0) can be rewritten as the following form of state space for {y}:
[A{y} + By} = {F (1)}, (41)
where
0]  [Mu] —[My]  [0] U
Al = = —
A LMU] [Cul ]’ i [ [0] [Ku]l o {{Uzd}}’
{0}
F = .. .. . 42
o {[er]{Us} - [Mu]{Uf}} -

Here, we consider the homogeneous equation obtained by setting the right-hand
side of Eq. (1) to be zero

[Al{g} + [Bl{y} = {0}. (43)

2550035-11
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We assume the free-vibration solution to be

{y} = M{v}. (44)
By substituting Eq. (@) into Eq. {#3)), we have
Ai[A{Yi} = —[B{¢i}, (45)

where {1;} and \; denote the ith complex-valued eigenmode and ith complex-valued
eigenvalue, respectively.
Solving Eq. {I]) by using the mode superposition method, we have

{y(®)} = [Wi{z(0)}, (46)
where the modal matrix [¥] is the collection of all the mode shapes {1, }, and {z(¢)}
is the column vector of the modal (or generalized) co-ordinates of the dynamic-
inertia part. Substituting Eq. @8) into Eq. (@) and pre-multiplying by [¥]7, we
have

(O AN @{Z(0)} + (O] [BI[W{=(t)} = [L]"{F ()}, (47)

where

where af is the diagonal element. Therefore, Eq. (7)) can be reduced to

1
where N;(t) is the ith element of [¥]T{F(t)}. Finally, we obtain {z(t)} by solving
Eq. @). Therefore, the vectors, {y(t)} and {Uf'}, are obtained. By adding the
quasi-static part solution in Eq. (22)), the total solution is obtained.

3. Illustrative Examples

For demonstration, a finite bar with an external viscous damper and a spring bound-
ary subjected to a support motion is considered, as shown in Fig. Il For simplicity,
the model parameters are given: ¢ = 1m/s, FA=1N, L=7Tm,cq =3N-s/m
and k = 5 N/m. For simplicity, the support motion is specified by

a(t) = sin(t). (50)

Since this paper focuses on the analytical solution, geometry and material parame-
ters are simply given in the numerical experiment. In engineering applications, real
geometry size and true material parameters can be adopted. In addition, the reason

2550035-12
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why we choose the sine function is to satisfy the I. C. of u(z,0) = 0,0 < z < L. The
choice of only cosine function may contradict the I. C. To simulate the true input
motion of an earthquake, superposition of sine and cosine functions can be applied,
although numerical integral is required instead of an analytical solution.

3.1. General case (cq # 0,k # 0)

The convergence test of FEM for the displacement is shown in Fig. @l We find that
when the number of nodes increases to 50, the displacement response obtained
by the FEM matches well with the analytical solution obtained by using the
diamond rule.

The displacement profile with the silent area for ¢ = 3 and 5s by using the dia-
mond rule and the FEM are shown in Figs.[Bl(a) and B(b), respectively. In Fig.[6(a),
shadow regions, I and III, denote the dead zone. It matches the silent response
obtained by the diamond rule which begins at x = 3 and 5m to the end of the bar
(z = 7m), for the time of ¢ = 3 and 5 as shown in Fig. [l It is found that the slope
is discontinuous at x = 3 and 5m for the time ¢ = 3 and 5s, respectively. These
discontinuities occur at the location of (3,3) and (5,5) in the z—¢ plane as shown
in Fig. [Bl(a). As theoretically predicted, the discontinuity of the slope accurately
occurs at the positions of (3,3) and (5,5), on the characteristic line.

Regarding the non-silent area, the displacement profile at ¢ = 8 and 10s is shown
in Figs.[(a) and[f(b), respectively. It is also found that the slope is discontinuous at
x = 6 and 4m for the time ¢t = 8 and 10s, respectively. These slope discontinuities

Convergence test
25 . ergence :
Diamond rule
2r ~--+--- FEM (5 nodes) (4 elements)
® - FEM (20 nodes) (19 elements)

1.5 ---%--- FEM (50 nodes) (49 elements) |
E
[}
b3
=1
=
[}
E
[}
D
o]
o
80
[a)

151

2+
-2.5 -
0 1 2 3 4 5 6 7

x (m)

Fig. 4. Convergence test of the discrete system for u (z,5) (¢q # 0,k # 0).
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25 25
[ Diamond rule s Diamond rule
2 X FEM (50 nodes) (49 elements) 2r > FEM (50 nodes) {49 elements) |
1.5 1.5
E 1 E
& G
* 05 > 05r
= E]
5 ° L.“ § ° i
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Fig. 5. Displacement profiles with the silent area by using the diamond rule and the FEM (¢4 #
0,k #0).
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Fig. 6. The locations of slope discontinuities on the characteristic lines.

occur at the location of (6,8) and (4,10) in the z—t plane as shown in Fig.[6(b). This
finding matches well with the mathematical requirement that the discontinuity can
only occur at the position on the characteristic line2% In addition, the distribution
of axial force at ¢ = 8s is shown in Fig. It is found that the axial force is
discontinuous at = 6 m, and it corresponds to the slope of displacement at z = 6 m
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(b) t = 10s, slope discontinuity at x = 4 m.

area by using the diamond rule and the FEM
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Fig. 8. Distribution of the axial force at ¢ = 8 by using the diamond rule and the FEM (cq #

0,k #0) (t =8s).

and the time ¢ = 8s as shown in Fig. [f(a). It is straightforward to explain the
displacement discontinuity at (6,8) by plotting the distribution of axial force at
t = 8s. In Fig. B it is also found that the axial force by using the FEM needs more
elements so that it can obviously show the discontinuity. In Fig. [§], the location of
slope discontinuity of the non-quiet zone is also found on the characteristic line.
According to the mathematical theory, the slope discontinuity of the displacement
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curve only occurs on the characteristic line, no matter in the non-quiet or quiet
zone. Physically speaking, the slope discontinuity occurs at the wave front of the
support motion.

3.2. Two special cases (cq = 0ork = 0)

For two special cases, we employed the FEM to revisit the same problems of single
spring® and single damper® respectively, and obtain the agreecable results of ana-
lytical solutions 5 Here, we consider a special case where the damping coefficient
is zero (cq = ON - s/m). In other words, only a spring on the right boundary. The
result of FEM of this special case is also compared with that of the previous paper®
as shown in Fig. @ The total displacement is compared with those obtained by
using the mode superposition method in conjunction with the quasi-static decom-
position method and the method of diamond rule used in the previous literature
as shown in Fig. @ In this special case, the FEM result also shows the dead zone in
Fig.@a). The FEM result matches the silent response which begins at = 3 to the
end of the bar (x = 7m), for the time of ¢ = 3s, as shown in Fig. [@(a). Regarding
the non-silent area for this only spring case, the displacement profile at ¢ = 8s is
shown in Fig. [@(b). In the same way, it is found that the slope is discontinuous at
x = 3 and 8m for the time t = 3 and 65, respectively. This outcome reconfirms
that discontinuity occurs on the characteristic line.

Similarly, the other special case is considered where the spring constant is taken
as zero (k = 0 N/m), namely only a viscous damper on the right-hand side. Likewise,
the FEM result also can show the dead zone for this case, as shown in Fig. [[0}(a).
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(a) Total displacement with the dead zone at (b) Total displacement without the dead zone
t=3s. at t = 8s.

Fig. 9. Special case for only spring (cq = 0,k # 0).
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Fig. 10. Special case of only damper (cq # 0,k = 0).

Regarding the non-silent area for this only damper case, the displacement profile
at t = 8s is shown in Fig. [0(b). Tt is also found that the slope is discontinuous at
x =3 and 8m for the time ¢ = 3 and 6 s, respectively.

The distribution of axial force for these two cases at t = 8s is shown in Figs. [[T]
and Similarly, the axial force of these two special cases by using the FEM needs
more number of finite elements to show the obvious discontinuity.
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Fig. 11. Distribution of the axial force for the case of only single spring (¢t = 8s).
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Fig. 12. Distribution of the axial force for the case of only single damper (¢ = 8s).

Tt is interesting to find that Figs. Bl(a), [@(a) and [0(a) show the same result of
silent response even though they have different B.c.s. The physical interpretation
is that the disturbance of support motion does not arrive at the right boundary.
For t = 10s, the reflection wave due to the boundary spring or damper has arrived.
Therefore, the displacement profiles of the three cases are different, as shown in
Fig. In Fig. [[3(a), no obvious difference from x = 0 to 6 is observed. However,
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Fig. 13. Displacement profiles for three cases (spring, damper and both) at t = 8s.

2550035-18



Int. J. Str. Stab. Dyn. Downloaded from www.worldscientific.com
by TAMKANG UNIVERSITY on 04/15/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

Study of Support Motion of a Finite Bar with a Boundary Damper

2
Diamand rule (Damper+spring)
x FEM {Damper+spring)
1.5 Diarnand rule (Only spring) [5]
X FEM (Only spring)
Diamond rule (Only damper) [6]
1 . FEM (Only damper)

~
E
05T o 1
=
= Eovil
5 Q i . .
=
3
©-05r
(=3
@
(=]

At

1.5+
2 n . L . . .
0 2 4 6 8 10 12 14

I (sec)

Fig. 14. Displacement history for three cases at « = 7m by using the diamond rule and the FEM.

they deviate after x = 6m since the boundary effect of a spring or a damper
influences, as shown in Fig. [[3(b). Nevertheless, all FEM results also match the
phenomenon. The zoom view of the local displacement profiles for three cases is
shown in Fig. [3\(b). In Fig. I3 it is found that the displacement profile at x = 6—
7m of the general case with a damper and a spring boundary is smaller than the
other two cases. Finally, the displacement response history of three cases at z = 7m
by using the diamond rule and FEM is shown in Fig. [[4l

4. Conclusion

The support motion problem of a finite bar with a viscous damper and a spring on
the boundary was successfully solved by using analytical and numerical methods.
For the analytical and numerical methods, the method of diamond rule and the FEM
were both independently employed to derive exact and numerical solutions, respec-
tively. Our analytical approach to the method of diamond rule is both simple and
feasible and is highly recommended to scientists and engineers since the duration of
the support motion is short in an earthquake. For the method of diamond rule, the
displacement response can be straightforwardly calculated in the space-time domain
without considering the separation variables of space and time. Since the displace-
ment solution was decomposed into two parts of quasi-static and dynamic-inertia
solutions in the FEM, we only need a few numbers of degrees-of-freedom, such as 50
nodes (49 elements), to match well with the analytical solution. This can improve
the efficiency of the computer computation. In addition, the FEM can also capture
the dead zone or the so-called silent area in Figs.[[] B(a) and M0(a). In two special
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Table 1. Solutions of three cases by using different approaches.

Spring Damper Spring and damper
(Cd:O)k:?éO) (Cd7é07k20) (Cd7é0)k7é0)

Problem

Method of solution . : e R == )
——b G| % AN >
i (0.0)=a(r) w(0.0)=a(r) L u(0.0)=alr)
Analytical Diamond rule Reference 5 Reference 6 Present
solution (method of
characteristics)
Mode Reference 5 Reference 6 NA*

superposition

method in

conjunction

with the

quasi-static

decomposition

technique
Numerical FEM Present Present Present
solution
Dead zone (silent area) Present Present Present
Slope discontinuity occurring on \ \% \
the characteristic line

Note: *NA: not available.

cases, three approaches including the mode superposition method in conjunction
with the quasi-static decomposition technique, the method of diamond rule and the
FEM yield agreeable results. Besides, it was observed that all slope discontinuities
appeared on the characteristic line in Figs. Bl [l @ and [0, as theoretically predicted.
It was observed that the displacement amplitude in the general case is smaller in
comparison with the other two special cases in Fig. This finding aligns with the
practical application in engineering. However, the analytical result has not yet been
derived for the general case in this paper by using the modal superposition method
for the continuous system, since complex-valued eigenvalues and orthogonal relation
cannot be expressed in an explicit form. Three cases are summarized in Table [
Finally, this work can provide a benchmark example for comparison when other
new analytical solutions are derived or other numerical solutions are developed.
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