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Galerkin and Collocation Meshfree Methods: 
From Continuum to Quantum



Structural Scale Molecular ScaleMeso Scale Continuum Scale Quantum Scale

Are We Solving the Right Equations?
Are We Solving the Equations Right?

Challenges in Multiscale Computation:
• Regularity requirement: smoothness, roughness
• Multiple length scales, scale coupling 
• Multiple physics, interactions
• Geometry complexity, topological changes



Numerical Solution of PDEs

Approximation
• Local Polynomials

• Moving Least Squares/ 
Reproducing Kernel

• Laplace Interpolant

• Radial Basis Functions

• Splines /Rational B-
Splines

• Smooth Kernel

• Local Polynomials with 
Enrichment

• MLS/RK with Enrichment

Discretization

• Galerkin Weak Form

• Gauss Integration

• Point Collocation

• Nodal Integration w. 
Stabilization

• Petrov Galerkin
• Gauss Integration

• Strong Form

• Point Collocation

• Subdomain Collocation

Methods
• FEM 
• SPH
• C-SPH
• EFG/RKPM
• S-EFG/RKPM
• PUFEM/GFEM
• HP- Clouds
• XFEM
• MLPG
• NEM
• S-NEM
• MPM
• RBCM

• Local Polynomials • Galerkin Weak Form
• Gauss Integration

• FEM 
• SPH

• Galerkin Weak Form

• Point Collocation

• Smooth Kernel

• EFG/RKPM

• Galerkin Weak Form

• Gauss Integration• Moving Least Squares/ 
Reproducing Kernel

• S-EFG/RKPM

• Galerkin Weak Form

• Nodal Integration w. 
Stabilization

• Moving Least Squares/ 
Reproducing Kernel

• PUFEM/GFEM

• Galerkin Weak Form

• Gauss Integration

• Local Polynomials with 
Enrichment

• HP- Clouds

• Galerkin Weak Form

• Gauss Integration

• MLS/RK with Enrichment

• XFEM

• Galerkin Weak Form

• Gauss Integration

• Local Polynomials with 
Enrichment

• MLPG

• Petrov Galerkin

• Gauss Integration

• Moving Least Squares/ 
Reproducing Kernel

• NEM

• Galerkin Weak Form

• Gauss Integration

• Laplace Interpolant

• S-NEM

• Galerkin Weak Form

• Nodal Integration w. 
Stabilization

• Laplace Interpolant

• RBCM

• Strong Form

• Point Collocation

• Radial Basis Functions

• C-SPH

• Galerkin Weak Form

• Point Collocation

• Moving Least Squares/ 
Reproducing Kernel

• Lagrangian-Euler Form • MPM

• Local Polynomials

• Lagrangian-Euler Form



Outline

Galerkin Meshfree Method
MLS/RK Approximation
Spatial & Temporal Stability
Semi-Lagrangian Discretization
Applications

Radial Basis Collocation Method
Weighted RBCM
Localized RBF



Moving Least Squares/Reproducing Kernel 
Approximation
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Discrete Reproducing Kernel Approximation
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Domain Discretization

Shape Function

Domain Discretization
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Galerkin Approximation

Strong Form of linear elasticity
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Convergence Properties of Meshfree Methods 
Effect of Basis Functions (Poisson Problem)



Convergence Properties of Meshfree Methods
Effect of Support Size



Rank Instability in Direct Nodal Integration
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Direct Nodal Integration: 4 zero eigenvalues

3 zero eigenvalues: Rigid Body Modes 4th zero eigenvalue: 
spurious zero energy mode



Stabilized Conforming Nodal Integration (SCNI)
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Linear Patch Test Requirements

Stabilized Conforming Nodal Integration (SCNI)
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Eigenvalue Analysis

Direct Nodal Integration: 4 zero eigenvalues

SCNI: 3 zero eigenvalues

3 zero eigenvalues: Rigid Body Modes 4th smallest eigenvalue: 
deformation modes 

3 zero eigenvalues: Rigid Body Modes 4th zero eigenvalue: 
spurious zero energy mode



u x u uxx, ( ) ( )= = =0 1 0
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Stability of RKPM with SCNI and DNI

DNISCNI

Stable 
Material

Material 
Instability 
(softening)
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unstable

Unstable

Stable



Stability Analysis of Full Discrete Equation
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Challenging Problems for FEM

Large Deformation Damage & Failure Microstructural 
Evolution

Singularity



Animation

Earth Excavation



Animation

FEM Mesh

RKPM Particles

Coupled RKPM-FEM Earth Moving Simulation



Animation (Angle View)Animation

3D Adaptive Penetration Simulation (30o)



Penetration of Steel Plate

Movie1 Movie2

Numerical result : 2.1 cm = 0.82 inch

Experimental result : 0.82 inch

2437 ft/sec2440 ft/secExit velocity

ExperimentalNumerical



Zooming in (localization)

Zooming out (homogenization)

Multi-scale Materials Modeling
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Multi-scale Asymptotic Expansion

2x

3x

Macro & meso coordinates relations:

i
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2 2

3 3
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    → =   
   
   

y x= =

Zoom inContinuum

1x
1y

2y

3y

Grain Structure



Basic Equations in Stressed Grain Growth

Variational Formulation of Grain Growth Dynamics
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Grain deformation velocity

Grain boundary velocity

Scale Decomposition of Virtual Power

Strain rate decomposition

[ ]( ) [ ] [ ]( ) [ ] [ ]( ) [ ] [ ]( )
[ ] [ ] [ ] [ ]

s

0 0 1 1 2 2 2 3
ij ij ij ij ij ij ij ij

1 0 1 21 0 2
ij ij ij ij

1ε ε ε ε λ ε ε λ ε ε
λ
λ ε λ ε λε λ ε−−

=

= + + + + + ++

= + + + +

vε ∇

Stress decomposition
[ ] [ ]

[ ] [ ] [ ] [ ]

n n
ij ijkl kl

1 0 1 21 0 2
ij ij ij ij ij

c
−−

=

= + + + +

σ ε

σ λ σ λ σ λσ λ σ



35

Resultant asymptotic expansion of virtual power
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Approximation of Coarse and Fine Scale Solutions

Grain boundary migration velocity Coarse-fine coupling function
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( )IN s : finite element shape function
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I

,t tα Ψ αx = x∑
( )IΨ x : Meshfree shape function

Grain boundary point

Grain interior point

Multi-scale Variables:
1. Coarse-fine scale coupling function
2. Grain boundary velocity
3. Material velocity



Grain Boundary Interface Conditions
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Modeling of Microstructural Evolution

Grain boundary point

Grain interior point
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Level Set Simulation of Grain Growth



DNA: Segment of Double Strands DNA

A T
G C

Nucleotide



First-level Multi-scale Homogenization

DNA 
Molecule

Coarse-Grained 
Model

1 2 3n n n nu u u u− − −→ → → →

1 2 3n n nu u u− − −

Pn Pn 1− Pn 2−

Qn Qn 1− Qn 2−

1
1 1

1

h
j j

j j j l
j j

+
+ +

+

  
= =   

    

Q U
w U U

P U

Multi-scale wavelet projection of potential function
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Wavelet Based Multi-scale Homogenization
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Coarse Graining of Basic Building Blocks



Coarse Graining of DNA Molecule

Collect atomistic distributions

Fine-scale Distance Distribution (probability) Fine-scale Potential

( ) ln ( )BU d k T P d= −



Coarse Graining of DNA Molecule

Wavelet Projection

Characterize the Coarse-
grained Parameters for 

Potential
2( )bond b ij eqU k r r= −



DNA Stretching by Coarse Grained Model

DNA Stretching: Coarse scale model

DNA Stretching: Molecular model CPU= 1000:1



Second-level Multi-scale Homogenization
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Level-1
Coarse-Grained 

Model

Level-2
Coarse-Grained 

ModelMulti-scale wavelet projection 
of potential function

Continuum 
Model

Potential 
equivalence

Coarse-scale 
discretization



Second Level Homogenization of DNA Molecule
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DNA Translocation through Nanopore

A.J. Storm et al. PRE,2005



Numerical Simulation: 
DNA Translocation through Nanopore

Animation
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Numerical Simulation: 
DNA Translocation through Nanopore
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Quantum Mechanics

Governing equation
Schrödinger equation (SE)

Density functional theory (DFT)

AB initio Calculation (Molecular system)
Hartree-Fock molecular orbital approximation (SE)

Kohn and Sham Method (DFT)
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AB initio

Basis set calculation

Gaussian-type orbital (GTO) with the radial form

Slater-type orbital (STO) with the radial form
Plane wave (PW)
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Intrinsic Enrichment of Orbital Function
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Hydrogen Atom
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Hydrogen Molecule

 

Numerical Methods No. of 
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Multiscale Modeling of Large-scale QDs

Hierarchical Structure of QDA Laser Generator



Multiscale Problem
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Auxiliary Problem
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Scale Coupling
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Homogenized Material Constants
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Numerical Examples

A Series of QDA in One Dimension
Each QDA: randomly oscillating effective mass and confinement potential 
Full model as reference
Quadratic basis function 
553 nodes
Multiscale model
Linear basis function
Coarse scale domain:
31 nodes
Three fine scale unit cells:
93 nodes in each cell

0 100 200 300 400 500 600
0

0.2

0.4

0.6

0.8

x (nm)
C

on
fin

em
en

t p
ot

en
tia

l V
λ  

(e
V

)

0 100 200 300 400 500 600
0.01

0.02

0.03

0.04

0.05

0.06

x (nm)

E
ffe

ct
iv

e 
m

as
s 

m
λ*

 (m
0)

Unit Cell

E
ffe

ct
iv

e 
m

as
s 

m
*  

Unit Cell

C
on

fin
em

en
t p

ot
en

tia
l V



0 200 400 600

x  (nm)

E
le

ct
ro

n 
de

ns
ity

 

 

0 200 400 600 0 200 400 600

0 200 400 600 0 200 400 600 0 200 400 600

0 200 400 600 0 200 400 600 0 200 400 600

 
 
Reference Solution
Multiscale Solution



Radial Basis Function Approximation

Radial Basis Functions:
Multiquadrics (MQ):
Gaussian:
Thin plate splines
Logarithmic
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The approximation        for a smooth function       :
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Exponential convergence rate (Madych, Nelson, 1992)



Direct Collocation Method (DCM)
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Radial Basis Function Approximation

Disadvantages
Unbalanced error between domain and boundary

* Propose weighted RBF collocation method

Global approximation
ILL-Conditioning
Difficult to perform local refinement and special function enrichment

* Propose local radial basis function approximation

No reproducibility of constant and linear functions in finite domain   
with finite number of source points

* Introduce reproducing kernel as localized function for RBF, which po
ssesses polynomial reproducibility



Direct Collocation Method (DCM)

Over-determinant  Problem

Least-Squares Functional

Large solution error near boundaries!
The residuals of domain and boundary terms are  minimized with the  same  
weight
Relatively small number of boundary collocation points results in large  error 
on the boundaries
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Poisson Problem
Define

Error estimation:

For Balance of Error :

Linear Elasticity
Error estimation:

For Balance of Error :
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Weighted Direct Collocation Method (W-DCM)
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Numerical Examples

Poisson Problem

MQ-RBF 

where

Source points:

Collocation points:
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Numerical Examples

Poisson Problem
Solution error:

DCM                          W-DCM



Local Radial Basis Function (L-RBF)

Local RBF with Monomial Reproducibility

where               :  RK shape functions

:  RBF

Locality is controlled by 

Partition of Unity and monomial reproducibility:

Exponential convergence: 
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W-DCM with L-RBF Approximation

Error Bound

where               :  genetic constants             
:  maximal number of covers for any point position 
:  the highest order of polynomial reproduced  by RK kernel

The errors decay exponentially

Condition Number

where       :  space dimension;      : number of source points covered by RK support
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W-DCM with L-RBF Approximation

Comparison of Condition Numbers in 2D Problem

RBF:

RK:

Wendland function:

L-RBF:
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Numerical Examples

2-D Poisson Problem ( ) ( ) ( ) ( )
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Numerical Examples
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Spherical Quantum Dot
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Linear FEM 1.82
RKPM with Linear Basis  2.65
Quadratic FEM  3.93
RKPM with Quadratic Basis  4.82
Local RBF - Linear Intrinsic
and Inverse MQ Extrinsic 4.86
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Quantum Dots Array
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Conclusions

Galerkin Weak Form
Algebraic Convergence
Easy Coupling with FEM, Adaptive Refinement
Domain Integration Plays a Key Role

Accuracy & Convergence
Spatial Stability
Temporal Stability

Strong Collocation Form 
Exponential Convergence: RBF Global Approximation

ILL-conditioning
Full discrete system

Enhanced Approaches
Weighted Collocation
Localized RBF


