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ABSTRACT

This paper presents the mechanism why the irregular frequencies are imbedded in the

exterior acoustics using the dual BEM� The relation between the matrices of in�uence coe��

cients for the interior and exterior acoustic problems is examined� Also� the irregular ��ctitious	

frequencies embedded in the singular or hypersingular integral equations are discussed� respec�

tively� It is found that the irregular values depend on the kernels in the integral representation

for the solution� A two�dimensional dual BEM program for the exterior acoustic problems was

developed� Numerical experiments using the program are conducted to check the validity in

comparison with the theoretical proof of the independence of boundary conditions which have

been shown by Chen using the degenerate kernels� Both the radiation and scattering problems

are considered� Two cases� including the Dirichlet and Neumann boundary conditions� show

that the singular integral equation results in the �ctitious frequencies which are associated with

the eigenfrequencies of the interior Dirichlet problem� while the hypersingular integral equation

results in the �ctitious frequencies which are associated with the interior Neumann problem�

Burton and Miller approach is employed to deal with the problem of �ctitious frequencies�
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Introduction

The �ctitious frequencies� or so called irregular frequencies in BEM� have been studied by math�

ematicians ��� 
� �� and boundary element researchers ��� for a long time� For a continuous

system� Chen ��� �� proved analytically using the dual series model that the positions where the

�ctitious frequencies depend on the kernel in the integral representation for the solution� The

types of boundary condition can not change the positions where �ctitious frequency occurs once

the integral formulation is chosen� Later� Chen and Kuo ��� applied the theory of circulant to

understand the occuring mechanism of irregular frequencies in a discrete system by considering

a circular example� However� no numerical examples using the dual BEM were provided in the

two papers ��� ���

In this paper� a dual BEM program was developed to study the �ctitious frequencies

numerically� The positions of �ctitious frequencies for the exterior problems using the singular

integral equation �UT 	 or the hypersingular integral equation �LM	 will be examined� Four

numerical examples of non�uniform radiation problems and scattering problems subject to the

Dirichlet and Neumann boundary conditions� will be illustrated to show the mechanism of

�ctitious frequencies� Numerical results using the program will be veri�ed in comparision with

the analytical solutions and DtN results ���� �
� ���� It is shown that the integral formulation�

either singular or hypersingular equation� has di�erent �ctitious frequencies� However� the

positions of irregular frequencies are independent of the types of the boundary condition� once the



method� either the UT or the LM method� is adopted� To circument the problem of numerical

instability near the �ctitious frequency� the Burton and Miller method will be employed by

combining the dual integral equations with an imaginary constant� Based on the theoretical

proof for a continuous system ���� analytical derivation for a discrete system using circulants ���

and the present numerical study using the dual BEM� agreement among them can be made�

Dual integral formulation for two�dimensional radiation and scattering problems

The governing equation for an exterior acoustic problem is the Helmholtz equation as follows


�r� � k�	u�x�� x�	 � �� �x�� x�	 � D�

where r� is the Laplacian operator� D is the domain of the cavity and k is the wave number�

which is angular frequency over the speed of sound� The boundary conditions can be either the

Neumann or Dirichlet type� Based on the dual formulation� the dual equations for the boundary

points are

�u�x	 � C�P�V�

Z
B
T �s� x	u�s	dB�s	�R�P�V�

Z
B
U�s� x	t�s	dB�s	� x � B ��	

�t�x	 � H�P�V�

Z
B
M�s� x	u�s	dB�s	 � C�P�V�

Z
B
L�s� x	t�s	dB�s	� x � B �
	

where C�P�V�� R�P�V� and H�P�V� denote the Cauchy principal value� the Riemann principal

value and the Hadamard principal value� t�s	 � �u�s�
�ns

� B denotes the boundary enclosing D and

the explicit forms of the four kernels� U� T� L and M � can be found in ��� �� ���

Dual BEM formulation for two�dimensional radiation and scattering problems

The linear algebraic equations for an interior problem discretized from the dual boundary

integral equations can be written as

�T i
pq�fuqg � �U i

pq�ftqg ��	

�M i
pq�fuqg � �Li

pq�ftqg� ��	

where the superscript �i� denotes the interior problem� fuqg and ftqg are the boundary potential

and �ux� and the subscripts p and q correspond to the labels of the collocation element and inte�

gration element� respectively� The in�uence coe�cients of the four square matrices �U �� �T �� �L�

and �M � can be represented as

U i
pq � R�P�V�

Z
Bq

U�sq� xp	dB�sq	 ��	

T i
pq � ���pq � C�P�V�

Z
Bq

T �sq� xp	dB�sq	 ��	

Li
pq � ��pq � C�P�V�

Z
Bq

L�sq� xp	dB�sq	 ��	

M i
pq � H�P�V�

Z
Bq

M�sq� xp	dB�sq	� ��	

where Bq denotes the qth element and �pq � � if p � q� otherwise it is zero� The detail to

determine the in�uence coe�cients can be found in ���� For the exterior problem� we have

�T e
pq�fuqg � �U e

pq�ftqg ��	



�M e
pq�fuqg � �Le

pq�ftqg� ���	

where the superscript �e� denotes the exterior problem� According to the dependence of the

outnormal vectors in these four kernel functions for the interior and exterior problems� their

relationship can be easily found as shown below ����


U i
pq � U e

pq ���	

M i
pq �M e

pq ��
	

T i
pq �

�
�T e

pq� if p �� q�

T e
pq� if p � q

���	

Li
pq �

�
�Le

pq� if p �� q�

Le
pq� if p � q�

���	

Based on the relations in Eqs����	 � ���	� the dual BEM program can be easily extended to

solve for exterior problems�

In order to avoid the problem of �ctitious frequency� the Burton and Miller formulation ���

is employed by combining the dual equations as follows�

f�T e
pq� �

i

k
�M e

pq�gfuqg � f�U e
pq� �

i

k
�Le

pq�gftqg ���	

where i� � ���

Numerical examples

Case �
 Nonuniform radiation problem �Dirichlet condition	

For the �rst example� a non�uniform radiation problem from a sector of a cylinder ���� is

considered� The model has a constant value on an arc ��� � � � �	 and vanishing elsewhere�

Two points of potential discontinuity in the boundary data can be found� The governing equation

and boundary condition are shown in Fig��� The normalized analytical solution to this cylinder

problem of a radius a is

u�r� �	 �



�

�X
n��

�
sin�n�	

n

H
���
n �kr	

H
���
n �ka	

cos�n�	� ���	

where the symbol � denotes that the �rst term �n � �	 is halved� We select � � 
�o� Fig�
 shows

the contour plots for the real part of the analytical and numerical solutions� The analytical

solution is obtained by using 
� terms series representations� Sixty�three elements are adopted

in the dual BEM mesh� The positions where the irregular values occur can be found in Fig��

for the solution t�a� �	 versus k by using either the UT or the LM equation only� It is found

that irregular values occur at Jmn � the mth zeros of Jn�ka	 for the UT formulation� while the

LM formulation has the irregular values of J �mn � the mth zeros of J �n�ka	 � �� The zeros for

the Bessel functions and their derivatives are shown in Table �� Also� the Burton and Miller

formulation is employed to avoid the numerical resonace and the UT and LM results agree well

except at the irregular wave numbers as shown in Fig��� The performance of the dual BEM in

comparison with the analytical solution and the DtN results ���� is quite good�

Case 

 Nonuniform radiation problem �Neumann condition	



In order to clarify how the irregular frequencies depend on the types of boundary conditions�

the second example with the Neumann boundary condition is designed in Fig��� The analytical

solution is

u�r� �	 �



�
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n��

�
��

k

sin�n�	

n

H
���
n �kr	

H
����
n �ka	

cos�n�	� ���	

The contour plots for the real�part solutions are shown in Fig��� It indicates that numerical

results agree well with the analytical solution� Also� it is interesting to �nd that the irregular

frequencies in Fig�� occurs at the same positions in comparison with those of Fig��� This con�rms

the conclusion in ��� �� that the irregular frequencies depend on the integral formulation �UT or

LM method	 instead of the types of boundary conditions �Dirichlet or Neumann	�

Case �
 Scattering problem �Dirichlet condition	

In order to check the validity of the program for scattering problem� example � is considered�

The incident wave is plane wave and the object is a soft cylinder as shown in Fig��� The analytical

solution for the scattering �eld is

u�r� �	 � �
J��ka	

H
���
� �ka	

H
���
� �kr	� 


�X
n��

in
Jn�ka	

H
���
n �ka	

H���
n �kr	cos�n�	� ���	

Fig�� shows the contour plots for the real�part solutions� The positions where the irregular

values occur can be found in Fig�� for the solution t�a� �	 versus k by using either the UT or the

LM equation only� It is found that irregular values occur at Jmn � the mth zeros of Jn�ka	 for

the UT formulation� while the LM formulation has the irregular values of J �mn � the mth zeros of

J �n�ka	 � �� In comparing Fig�� with Figs�� and �� it indicates that the �ctitious eigenvalues are

dominated by the method� instead of boundary condition and problem types� Also� the Burton

and Miller formulation is employed to avoid the numerical resonace and the UT and LM results

agree well except at the irregular wave numbers as shown in Fig��� The performance of the dual

BEM in comparison with the analytical solution and the DtN results ��
� is quite good�

Case �
 Scattering problem �Neumann condition	

By changing the soft cylinder in Example � into a rigid one as shown in Fig���� we have

the analytical solution

u�r� �	 � �
J ���ka	

H
����

� �ka	
H

���
� �kr	� 


�X
n��

in
J �n�ka	

H
����
n �ka	

H���
n �kr	cos�n�	 ���	

Fig��� shows the contour plots for the real�part solutions� The positions where the irregular

values occur can be found in Fig��
 for the solution u�a� �	 versus k by using either the UT or

the LM equation only� The performance of the dual BEM in comparison with the analytical

solution and the DtN results ���� is quite good�

Concluding remarks

The mechanism why �ctitious frequencies occur in the dual BEM has been examined by consid�

ering non�uniform radiation and scattering problems of a cylinder� It is found that the irregular

values depend on the integral formulation� the UT or the LM equation� instead of the types

of boundary condition� Also� the radiation and scattering problems have the same �ctitious

values once the method is chosen� The examples show that the �rst UT equation results in

�ctitious frequencies at the zeros of Jn�ka	 � �� which are associated with the interior acoustic

frequencies of essential homogeneous boundary conditions� while the second LM equation pro�

duces �ctitious frequencies at the zeros of J �n�ka	 � �� which are associated with the interior



eigenfrequency of natural homogeneous boundary conditions� The numerical results using the

dual BEM program agree very well with the analytical solutions and DtN results� Burton and

Miller method was successfully employed to deal with the problem of �ctitious frequency�

Acknowledgment

Financial support from the National Science Council� under Grant No� NSC����

���E���������

for National Taiwan Ocean University is gratefully acknowledged�

References

��� Burton� A� J� and Miller� G� F�� The Application of Integral Equation Methods to Numer�

ical Solution of Some Exterior Boundary Value Problems� Proc� R� Soc� London Ser� A�

�
�� pp�
���
��� �����

�
� Schneck� H� A�� Improved Integral Formulation for Acoustic Radiation Problems� J�

Acoust� Soc� Amer� ����	� pp������� �����

��� Kleinman� R� E� and Roach� G� F�� Boundary Integral Equations for the Three�Dimensional

Helmholtz Equation� SIAM Rev�� ��� pp�
���
��� �����

��� Shaw� R� P�� Boundary Integral Equation Methods Applied to Wave Problems� Chapter ��

in Developments in Boundary Element Methods� Vol�
� edited by P� K� Banerjee and R�

P� Shaw� pp��
������ �����

��� Chen� J� T� and H��K� Hong� Boundary Element Method� New World Press ����
	� �in

Chinese	

��� Chen� J� T�� On �titious frequencies using dual series representation� Mech� Res� Comm��


�� pp��
������ �����

��� Chen� J� T� and Kuo� S� R�� On �titious freguencies using circulants for radiation problems

of a cylinder� Mech� Res� Comm�� 
�� pp������� 
����

��� Chen� J� T� and Hong� H��K�� Review of dual boundary element methods with emphasis

on hypersingular integrals and divergent series� ASME� Appl� Mech� Rev�� �
� pp�������

�����

��� Chen� J� T� and Chen� K� H�� Dual integral formulation for determining the acoustic modes

of a two�dimensional cavity with a degenerate boundary� Engng� Anal� Bound� Elem�� 
��

pp��������� �����

���� Chen� J� T�� Liang� M� T� and Yang� S� S�� Dual Boundary Integral Equation for Exterior

Problems� Engng� Anal� Bound� Elem�� ��� pp��������� �����

���� Harari� I�� Barbone� P� E�� Slavutin� M� and Shalom� R�� Boundary In�nite Elements for the

Helmholtz Equation in Exterior Domains� Int� J� Numer� Meth� Engng�� ��� pp�����������

�����

��
� Harari� I�� Barbone� P� E� and Montgomery� J� M�� Finite Element Formulations for Ex�

terior Problems
 Application to Hybrid methods� Non�Re�ecting Boundary conditions�

and in�nite Elements� International Journal for Numerical Methods in Engineering� ���

pp�
����
���� �����

���� Stewart� J� R�� Hughes� T� J� R�� h�Adaptive Finite Element compution of time�harmonic

exterior accoustics problems in two dimension� Computer Methods Appl� Mech� Engng��

���� pp������� �����



� � � � � � � � 	 
 � � 
 � � � � �

� � � � � � � �� � � � � � � � ���

� � � � � �  ! " # � $ % " &
�� � � � � �  ! " �  ' " &

��� � � ( ) �  * + " , - . $ % &

/ 0

1 2 3 4 5 6 7 8 9 : ; < = > ? @ A A B C D � E F G H I J K L M N O P L M N Q R
S T U V W < X B Y T Z \ ] ^ _ 4 ` a a b c d e f g h i O j k d e f g h i Q B l m
n � o p < = > 	 ? @ q E r s l m n ? @ B A A t f g h i u v w Q B x y U z Y Z | } ~
� g � x y U � � ` O U � � � J � � E � � l m n � B A A t 7 8 � � � Y Z 1 � � ~ P
L H I � � t � � M N � � q E � � Dirichlet O Neumann 7 8 � � � � � ~ d e f g h i �
� ] A A B = > � � � � 5 � � K L B Dirichlet M N < � � � q � ~ j k d e f g h i � �
] A A B = > � � � � 5 � � K L B Neumann M N B � � � q | t 7 8 � � � Y Z � a � �
  U � M N q 1 2 ¡ ¢ Burton t Miller ; £ ~ � � = > ? @ Z

Y ¤ ¥ 
 5 6 7 8 9 : ; ¦ = > ? @ t P L H I M N Z

Table � Zeros of the Bessel functions for Jn�k	 and J �n�k	

Jmn m � � m � 
 m � � m � � m � �

J��k	 � �� n � � 
����� ���
�� ������ ������� �������

J��k	 � �� n � � ������� ������� �������� ����
�� �������

J��k	 � �� n � 
 ������ �����
 ������� ������� �������

J��k	 � �� n � � ������� ������
 ������
 ���

��� ��������

J��k	 � �� n � � ������� ������� �����
� ������� 
���
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J	�k	 � �� n � � ������� �
����� ������
 ������� 

�
���

J �mn m � � m � 
 m � � m � � m � �

J ���k	 � �� n � � � ������� ������� �������� ����
��

J ���k	 � �� n � � ������� ������� ������
 �������� �������

J ���k	 � �� n � 
 �����
� ������� ������� �������� �������

J ���k	 � �� n � � ��
���� �����
� ������� ������� �������

J ���k	 � �� n � � ������� ��
�
� �
����� ������� �������

J �	�k	 � �� n � � ������
 ������� ������
 �����
� 
������

Jmn and J �mn are the mth zeros of the Bessel functions� Jn�k	 and J �n�k	� respectively�



Figure captions

Figure �� The nonununiform radiation problem �Dirichlet condition	 for a cylinder�

Figure 
� The contour plot for the real�part solutions �analytical solution
 dashed line� numerical

results
 solid line	�

Figure �� The positions of irregular values using di�erent methods�

Figure �� The nonununiform radiation problem �Neumann condition	 for a cylinder�

Figure �� The contour plot for the real�part solutions �analytical solution
 dashed line� numerical

result
 solid line	�

Figure �� The positions of irregular values using di�erent methods�

Figure �� The scattering problem �Dirichlet condition	 for a cylinder�

Figure �� The contour plot for the real�part solutions �analytical solution
 dashed line� numerical

result
 solid line	�

Figure �� The positions of irregular values using di�erent methods�

Figure��� The scattering problem �Neumann condition	 for a cylinder�

Figure ��� The contour plot for the real�part solutions �analytical solution
 dashed line� numer�

ical results
 solid line	�

Figure �
� The positions of irregular values using di�erent methods�

Table captions

Table � The zeros for the Bessel functions� Jn�ka	 and their derivatives� J �n�ka	�
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