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Two-dimensional  Laplace problem with a 
circular domain

Dxxu ∈=∇ ,0)(2G.E.:

B.C.: Bxuxu ∈= ,)(

where

φ is the angle along the field point
ρ is the radius of the field point

)(xu is the potential function

2∇ denotes the Laplacian operator

B

D

ρ
φ
a

Laplace problem
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uniform pressure

a

B

w=constant

Ω

0)(,0)( == xxu θ

G.E.: Ω∈=∇ x
D

xwxu ,)()(4

B.C.: Bxxxu ∈== ,0)(,0)( θ

Splitting 
method Ω∈=∇ xxu ,0)(*4

Bxxxxuxu ∈== ),()(),()(
**** θθ

: flexure rigidity

: uniform distributed load

: domain of interest

)(xu

D

)(xw

Ω

: deflection of the circular plate

Biharmonic problem
Two-dimensional  biharmonic problem with a 
circular domain
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Method Trefftz method MFS
Definition

Base uj(x) (T-complete function) ,  r=|x-s|
G.E. L u(x)=0, L U(x,s)=0,             (singularity at s)

Match B.C. Determine cj Determine wj

∑
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=
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j
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j
jj sxUwxu
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),()(

Dx∈

is the number of complete functionsTN
MN is the number of source points in the MFS

Dx∈

s
D
u(x)

~
x

r

~
s

D

u(x)

~
x

)(),( rsxU ψ=

Trefftz method and MFS
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Dxxu ∈=∇ ,0)(2G.E.: B.C.: Bxuxu ∈= ,)(

B

D

a φ φaD

B

Interior : Exterior :

∑∑
==

++=
N

n
n

N

n
n nbnaaau

11
0 )sin()cos(),( φφφBoundary Condition:

Laplace problem
Two-dimensional Laplace problem with a circular domain
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∑
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=
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12

1
)()(

TN

j
jj xuwxu

Representation of the field solution :

where

12 +TN is the number of complete functions

jw is the unknown coefficient

ju is the T-complete function which 
satisfies the Laplace equation

Trefftz method
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Laplace
Equation

1

)cos( φρ nn

)sin( φρ nn

012 =∇

0)cos(2 =∇ φρ nn

0)sin(2 =∇ φρ nn

2
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22
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2 11

φρρρρ ∂
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∂
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∂
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where

T-complete set 
function
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By matching the boundary condition at a=ρ

,00 aa =

Tn
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0 )sin()cos(ln),( φφφ

Interior 
problem:

Exterior 
problem: ,

ln
1

00 a
a

a =

Tn
n

n Nnaaa ,...2,1, ==

Tn
n

n Nnbab ,...2,1==

Field solution: Interior :

Exterior :

T-complete set functions : )sin(),cos(,1 φρφρ nn nn

)sin(),cos(,ln φρφρρ nn nn −−

Interior:

Exterior:

Derivation of unknown 
coefficients (Trefftz)
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e
j

N

j
jj DssxUcxu

M

∈=∑
=

,),()(
1

Field solution :
R θ φ

ρ

B
B’

),( φρ=x
),( θRs =

eD

where
MN is the number of source points in the MFS
jc is the unknown coefficient
),( jsxU is the fundamental solution

eD is the complementary domain

s is the source point

x is the collocation point

Method of Fundamental 
Solutions (MFS)
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Fundamental Solution
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Degenerate kernel :
⎪
⎪
⎩

⎪⎪
⎨

⎧

<−−=

≥−−=
==

∑

∑
∞

=

∞

=

1

1

)),(cos()(1)ln(),;,(

)),(cos()(1)ln(),;,(
ln),,,(

n

ne

n

ni

RnR
n

RU

Rn
Rn

RRU
rRU

ρφθ
ρ

ρφρθ

ρφθρφρθ
φρθ

∑
=

=
MN

j
j Rca

1
0 )ln(

M

N

j
j

n
jn

n Nnn
Rn

ca M

,...2,1,)cos()1(1
1

=−= ∑
=

θ
ρ

M

N

j
j

n
jn

n Nnn
Rn

cb M

,...2,1,)sin()1(1
1

=−= ∑
=

θ
ρ

πφφθφ 20],))(cos()(1)[ln(),(
1 1

<<−−=∑ ∑
=

∞

=

MN

j n
j

n
j

I n
R
a

n
Rcau

πφφθφ 20],))(cos()(1)[ln(),(
1 1

<<−−=∑ ∑
=

∞

=

MN

j n
j

n
j

E n
a
R

n
acau

Interior 
problem:

Exterior 
problem:

∑
=

=
MN

j
jca

a
1

0
)ln(

1

M

N

j
j

n
jn

n NnnR
n

caa
M

,...2,1,)cos()(1

1

=−= ∑
=

θ

M

N

j
j

n
jn

n NnnR
n

cba
M

,...2,1,)sin()(1

1

=−= ∑
=

θ

Field solution: Interior :

Exterior :
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coefficients (MFS)
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The nonuniqueness problem
The nonuniqueness

problem

Rigid body

for Neumann problem

Degenerate scale

in plane BVP

Hypersingular BIE for 

multiply-connected problems
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n
u
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∂
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02 =∇ u

a =1

Mathematically and 
physically realizable Mathematically realizable Mathematically realizable
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Nonuniqueness

Degenerate scale
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the MFS
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1

0 ,, −
−

= eeeR
Nonuniqueness

(in numerical aspect)

Rln
Rln21+
Rln1+ Degenerate scale 

problem
0=

0≠ 1)24()24()24(1)24( }{][}{ ×++×+×+ = NjNNNj vKg

Diagonal matrix TR

O. K.!
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Special size:

: position of the source points

a

0e

1−e
2
1−

e
Mathematics: rank-deficiency problem

(nonuniqueness problem)

Numerical failure

Degenerate scale 
problem

The occurrence of the degenerate 
scales using the MFS
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T-complete functions of the Trefftz method:

)sin(),cos(,),sin(),cos(,1 222 φρφρρφρφρ mmmm mmmm ++

Degenerate kernel of the MFS:

))(cos(
)1(

1))(cos(
)1(

)cos(
2
1)cos()ln21(ln1)ln1(),(

2
2

2

2

3
22*

φθρφθρ

φθρφθρρφρ

−
−

+−
+

−

−−−+−⋅++=

∑∑
∞

=
−

∞

=

+

m
Rmm

m
Rmm

R
RRRRRu

m
m

m

m
m

m

m=0m=0
m=1m=1

m=2, 3….. m=2, 3…..

On the complete set of the Trefftz method 
and the MFS using the degenerate kernel
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Trefftz method MFS
Objectivity

(Frame of difference)
Bad Good

Degenerate scale Disappear Appear

Ill-posed behavior Appear Appear

Comparison between the 
Trefftz method and MFS
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Outlines

Laplace and biharmonic problems1.

Trefftz method and MFS2.

Connection between the two methods

Numerical examples

Conclusions

3.

4.

5.
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We propose an example for exact solution:

),50cos(),( 50 θθ rru =

Trefftz method :

NT=50

N=101 terms

MFS :

NM<50

N < 101 terms

The efficiency between the 
Trefftz method and the MFS
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1. Trefftz method for simply-connected problem

2. MFS for simply-connected problem

0)(:.. 2 =∇ xuEG

DB

a=1

x

y

)3cos()(:.. θ=xuCB
D

B
a=1

Exact solution: )3cos(),( 3 θθ rru = )3cos(1ln),( 3 θθ
r

rcru +=

Numerical Example 1
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Trefftz method for the simply-connected problem

Interior problem Exterior problem
Exact solution Numerical solution Exact solution Numerical solution

a=1 5 Points: 
B.C. aliasing
Failure (       )

9 Points:

Failure (       )

5 Points:  B.C. aliasing
base deficiency

9 Points:
a=2 5 Points:
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Trefftz method
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MFS for simply-connected problem
Interior problem Exterior problem

Exact solution Numerical solution Exact solution Numerical solution
a=1: 5 Points:

B.C. aliasing
Failure ( ln a)

9 Points:
Failure ( ln a)

a=2: 5 Points:
B.C. 
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9 Points:
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0=φ 1=φ
X

Y

0:.. 2 =∇ φEG a1=1
a2=2.5

0=φ 1=φ

5.2ln
ln),( ρφρ =u }

cos816
cos8116{

2ln2
1),( 2

2

φρρ
φρρφρ

++
++

=uExact solution:

Numerical Example 2

1. Trefftz method for multiply-connected problem

2. MFS for multiply-connected problem



Mechanics, Sound and Vibration Laboratary ~ 35

Trefftz method for multiply-connected problem
Concentric circle Eccentric circle

Exact solution Numerical solution Exact solution Numerical solution

26 Points 26 Points
6 Points
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MFS for the multiply-connected problem
Concentric circle Eccentric circle

Exact solution Numerical solution Exact solution Numerical solution

Inner circle: 20 
points outer circle: 
60points

Inner circle: a1=0.9 
outer circle :a2=2.6
Inner circle: 20 points
outer circle: 60points

Inner circle: 20 points
outer circle: 60points

Inner: 20points; outer: 60points;  inner a1=0.9
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Inner: 20points; outer: 60points;  outer a22.6

inner a1=0.5            inner a1 =0.3
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Outlines

Laplace and biharmonic problems1.

Trefftz method and MFS2.

Connection between the two methods

Numerical examples

Conclusions

3.

4.

5.
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1. The proof of the mathematical equivalence between the 
Trefftz method and MFS for Laplace equation was 
derived successfully.

2. The T-complete set functions in the Trefftz method 
for interior and exterior problems are imbedded in the 
degenerate kernels of the fundamental solutions

3. The sources of degenerate scale and ill-posed behavior 
in the MFS are easily found in the present formulation.

4. It is found that MFS can approach the exact solution 
more efficiently than the Trefftz method under the 
same number of degrees of freedom.

5. The content of this talk will be published in Computers 
and Mathematics with Applications.

Conclusions
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歡迎參觀

海洋大學力學聲響振動實驗室
烘焙雞及捎來伊妹兒

http://ind.ntou.edu.tw/~msvlab/

E-mail: jtchen@mail.ntou.edu.tw
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The End
Thanks for 

your kind attention
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Symmetry property for kernel :

),(),( xsUsxU jj = .,),()(
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=

Degenerate kernel :
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Degenerate kernel



Mechanics, Sound and Vibration Laboratary ~ 42

Step 1

xsrxsU −== ln)ln(),(

S

x

r x: variable

s: fixed

Degenerate kernel 
(step1)
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ρφθ
ρ

ρφρθ >−−= ∑∞

=
RmR

m
RU

m
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1
)),(cos()(1)ln(),,,(

ρφθρφρθ <−−= ∑∞
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Rm
RRU

m
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1
)),(cos()(1)ln(),,,(

x

s

A

B

Step 2
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iU
eU

Aρ
Step 3

x

B

A
s
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iU

eUBρ

Degenerate kernel 
(Step 2, Step 3)
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Use the Complex Variable method to 
derive the degenerate kernel:

θirz += lnMotivation:

zRszx →=→= ),(,),(
~~

θφρ

)(ln
)(ln

siRz
xiz

θ
φρ

+=
+=

Derivation of 
degenerate kernel
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s

x

zz − θirzz +=− ln)ln(
Not important

)]Re[ln(ln zzr −=

)1(ln)ln(
z
zzzz −=−

Due to: 1<
z
z

∑
∞

=
−=−

1
)(11ln

m

mx
m

x

))(cos())(1(ln]))(1(Re[ln φθρρ −
−

+=
−

+ ∑∑ m
Rmz

z
m

z
m

Derivation of 
degenerate kernel
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