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Description of the Laplace problem

Engineering applications:

1. Seepage problem
2. Heat conduction
3. Electrostatics

4. Torsion bar

5. Water wave
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Two-dimensional Laplace problem with a
circular domain

G.E.: P
Vu(x)=0, xeD 9

B.C.: B
ux)=u, xeB

where ) .
V< denotes the Laplacian operator

(X is the potential function

£ is the radius of the circular domain

¢ IS the angle along the circular domain
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Fourier series

Orthogonal basis function :
1, cos(ng), sSn(ng)

Fourier serie%xpansion

_ N _ N
u(p.4)=ao+ Y ancos(ng)+ » bnsin(ng)
n=1 n=1

where @o, a@n, bn are the Fourier coefficients

Field

— N _ N _
Solution  |("#)= 0+ 2 an()"cosng) + 3 bn()"sin(ng)

where 0<r<p
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e
Trefftz method

Field solution :

2NT +1

u(x) = Z_ WU (X) [@

where
2N; +1 is the number of complete functions
Wi IS the unknown coefficient
u

j IS the T-complete function which
satisfies the Laplace equation
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T-complete set

T-complete set functions :

1, r" cos(ng), r"sin(ng)

4

Ny Ny
u(r,g)=ay + Zanr” cos(ng)+ anr”sin(n¢), O<r<p
n=1 n=1

W —a, a,h,.a,h n=012..
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By matching the boundary conditionat I = p
= Nt
U(p.¢)=ag + ) anp" cos(ng)+ > b,p"sin(ng).
n=1 n=1

N

— — N _
u(p,$)=ao+ » ancos(ng)+ Y bnsin(ng)
n=1

n=1

a, = go,
> a = a”n n=12..N,
L
o
bh=— n=12.N,

Yo, 10
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Method of Fundamental Solutions (R> p)

Field solution : [@

N
u(x)=> cU(xs;), s;eD®
j=1

where
N,, isthenumber of source pointsinthe MFS
C; istheunknown coefficient

U (X;s,) isthe fundamental solution
D® isthecomplementary domain
S isthesource point

X isthecollocation point

12
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Degeneratekernel : [@

U(RO,p,0) =+

Ui<R,e,p,¢)ﬂn(R)—&%(%)%os(n(@—@L R> p
ue(Re,p,¢)=|n@)—2171r](§)mcos<me—¢)), R<p

Symmetry property for kernel :

U(X,s )=

N
U(s,,X) =——> u(¥) =) cU(s;,x), s; D",
j=1
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By matching the boundary condition
N o0 1 r -
> u(r,@) = ¢ [In(R) - > —(=)" cos(m(¢; - ¢))]
j=1 m M R
— N _ N _
U(p,¢) =ao0+ ) ancos(ng)+ » bnsin(ng)
n=1 n=1

_ Ny
a =) ¢ In(R)
j=1

_
T 2 S iy, notzn,
Pt 2 'nR

bn w101 I
= ->¢,=(2)"sin(ng,), n=12..N,
-1 N R
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B e equi

On the equivalence of Trefftz method and MFS for

D

Laplace equation

We can find that the T-complete functions
of Trefftz method areimbedded in the

degeneratekernelsof MFS:[@

MEFS:

Trefftz:

U (X, S) =+

U'(x,9=Inj- > —) cos(m(@ ~ 0)), p<p

= BlH

pcos

Ue(x,s)=In p i— —) cos(m(@ —0)), p>p

3

m9 ,p"'sinmy

16
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By setting N, =N, =2N+1

2N-+1

a, = ch In(R)

:> a,= Zilc (—) cosfid), n=12.2N+1

2N+1

Zc (—) sinng,), n=12.2N+1

— {_ K v}

Trefftz MES

17
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In which

(w)=InR[L1....1,

(1) = ()[c083), 0050,).. 0 ) Cw,)
(95) =SNG, S1C)... S (W,)
K = ;
1,1, ;
(o) =—(2)"[coSNG), COSING).... OS] )

(e) =— )" [STNG), SNNG).. SN ),

18
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[Te] —

> [K]=[T][T,]

1 1

cos)) cosfh) - e e oeee ee
Sin€2N+1)
COSRA) COSRAL) -+ +ev wr o wee an

sn@)  sin@)

) o)

_SmQ\I@ SinQ\|(92)

COSQZNH)

COSQHZNH)
Si nQ‘92N+1)

COSNQZNH)

Si nq\|92N+1) i

(2N+Dx(2N-+D)

19



4 4

1 1 1
cosy) cosl) cosbhy.,)
sin@) sing,) SINGona)
[T]= COSQED C_OSQHZ) C.OSQHZNH)
sin@q)  sings,) SIN@Os.1)
cosfNg) cosfNe,) .- -e- - COSNGoy.1)
sinfNg) sin(N&g) .- - = SNND) | onaon
2N+1 0 0
o N+ .
2
TT,1" =| o T2
: S 0o
0 0 0 2N +1
2 J2N+Dx(2N+1)

det[Te] =

1
(2N +1) 2
N

=0, N e natural number
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Matrix Tr
------ o0 R>>1 1l1-posed
S \tee /[ problem
_1(_;)2 : :
oD in1=o0 5| Degenerate
...... o T scale problem
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Degenerate scale problem

J. T. Chen, S. R. Kuo and J. H. Lin, 2002, Analytical study and numerical
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pp.1669-1681. (SCI and El)

J. T.Chen, C.F. Lee, I. L. Chenand J. H. Lin, 2002 An alternative method for
degenerate scale problem in boundary e ement methods for the two-
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Vol.26, No.7, pp.559-569. (SCI and El)
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, , 1992, , Vol .4,
pp.398-404

, 1989, , Vol.2,

No.2, pp.99-104 22



D
The efficiency between the Trefftz method
and the MFS

W e propose an example for exact solution:

u(r,@) = 20 cos(5084),

U

Trefftz method : MFS:
Il Il
N=101 terms N < 101 terms
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Concluding Remarks

1. Theproof of the mathematical equivalence between the
Trefftz method and MFSfor Laplace equation was derived
successfully.

2. TheT-complete set functionsin the Trefftz method for
Interior and exterior problemsareimbedded in the
degenerate kernels of the fundamental solutionsasshown in
Table1for 1-D, 2-D and 3-D L aplace problems.

3. Thesourcesof degenerate scale and ill-posed behavior in the
MFES areeasily found in the present formulation.

4. Itisfound that MFS can approach the exact solution more
efficiently than the Trefftz method under the same number of

degrees of freedom.
25
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Further research

L aplace problem

(interior)

U

L aplace problem

(exterior)

Helmholtz
problem

(interior)

Helmholtz
problem

(exterior)

Simply-connected ——» Multiply-connected ?

Numerical examples ?

27
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The End

Thanks for your
attention
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1 V=0

\
L aplace

virieosng)=0 equation

r"sin(ng) /

Ver"sin(ng) =0

where 8% 148 1 &7
V*© = —+ + —
or ror r?o¢’

29



8

Fundamental solution

where

D

VU (S, X)=5(X—S)

U

U (s,x)=1In(r)

r=[s- X

2
sza +18+

1 ¢°

op° pop p°og°
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Degenerate kernel (stepl)

MPL Y (s,x) =In(R) =In[s- ¥

X
X: variable
s: fixed

31
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Degenerate kernel (step2, step3)

US(R.6,p,4) = In(p) - Z:%(g)m cos(M(0 - ¢)), R> p

U'(R0,.) =I(R) - X7~ (£)"cosm(@ - 9)), R<p 4
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