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Description of the Laplace problem

Engineering applications: 

1. Seepage problem

2. Heat conduction

3. Electrostatics

4. Torsion bar 

5. Water wave 4



Two-dimensional  Laplace problem with a 
circular domain

Dxxu ∈=∇ ,0)(2
G.E. :

B.C. :
Bxuxu ∈= ,)(
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where

φ is the angle along the circular domain

ρ is the radius of the circular domain
)(xu is the potential function

2∇ denotes the Laplacian operator
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Fourier series
Orthogonal basis function :
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Trefftz method
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Field solution :

where
12 +TN is the number of complete functions

jw is the unknown coefficient
ju is the T-complete function which 

satisfies the Laplace equation 
8



T-complete set

T-complete set functions :
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Method of Fundamental Solutions )( ρ>R

e
j

N

j
jj DssxUcxu

M

∈=∑
=

,),()(
1

Field solution :
R θ φ

ρ

B
B’

),( φρ=x
),( θRs =

eD

where

MN is the number of source points in the MFS
jc is the unknown coefficient
),( jsxU is the fundamental solution

eD is the complementary domain

s is the source point

x is the collocation point
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Degenerate kernel :
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By matching the boundary condition 
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On the equivalence of Trefftz method and MFS for
Laplace equation

We can find that the T-complete functions 
of Trefftz method are imbedded in the 
degenerate kernels of MFS :

MFS:
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By setting 12 +== NNN MT
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Matrix θT
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Matrix RT
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Degenerate scale problem
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The efficiency between the Trefftz method 
and the MFS

We propose an example for exact solution:

),50cos(),( 50 θθ rru =

MFS :

NM<50

Trefftz method :

NT=50

N < 101 termsN=101 terms
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Concluding Remarks

1. The proof of the mathematical equivalence between the 
Trefftz method and MFS for Laplace equation was derived 
successfully.

2. The T-complete set functions in the Trefftz method for 
interior and exterior problems are imbedded in the 
degenerate kernels of the fundamental solutions as shown in 
Table 1 for 1-D, 2-D and 3-D Laplace problems. 

3. The sources of degenerate scale and ill-posed behavior in the 
MFS are easily found in the present formulation. 

4. It is found that MFS can approach the exact solution more 
efficiently than the Trefftz method under the same number of 
degrees of freedom.
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Further research

Laplace problem

(interior)

Laplace problem

(exterior)

Helmholtz
problem

(exterior)

Helmholtz
problem

(interior)

Multiply-connected ?Simply-connected

Numerical examples ?
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The End
Thanks for your 

attention
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Fundamental solution
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Degenerate kernel (step1)

Step 1 xsRxsU −== ln)ln(),(
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x

R
x: variable

s: fixed
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Degenerate kernel (step2, step3)
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