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Relationship between the Green's matrix of SVD and the
Green's function matrix of SVE for exterior acoustics
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Abstract

In this paper, the principal objective is to study the physical meaning of the singular
value decomposition (SVD) in exterior acoustics. The degenerate kernel and image
method are employed to derive the Green's function. The Green's function can be
represented by the singular value expansion (SVE). The Green's matrix describes the
field of acoustic pressure to the strengths of sources on the surface of a body, which
radiates or scatters sound. The matrix decomposed by the SVD technique resulted in a
set of singular values and two sets of orthogona singular vectors. The singular value
relates to the radiation efficiency and the two sets of orthogonal unitary vectors
describe field mode shapes and source mode shapes, respectively. In addition, the
relationship between the unitary vectors provided by the SVD and the basis function
provided by SVE is constructed. The acoustic radiation mode shape of a circular
cylinder is obtained by wsing the SVD technique and is compared with the analytical
solution by using the SVE.
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| Introduction
Recently, the singular value decomposition (SVD) technique has been adopted to



study the fictitious frequency [1,2] and the spurious eigenvalue [3,4] successfully. In
analyzing the acoustic radiated power and radiation efficiency, the SVD technique
also plays an important role. Chen [5] employed the eigenvalue analysis to examine
the physica meaning of surface complex acoustic power and its relationship to
acoustic radiation efficiency. Borgiotti [6] was the first to employ the SVD technique
to analyze the radiation from a vibrating structure into the far field. Nelson and
Kahana [7] used the SVD technique to decompose the Green's function. They tried to
connect the decomposition and the basis functions of classical acoustics for
three-dimensional case. It was found that the left and right singular vectors associated
withthe SVD related to the sampled spherical harmonics by a unitary transformation.
However, the formulation of the transformation matrix is not clear in their paper. In
the present work, we will focus on the relationship between the unitary vectors
provided by the SVD and the basis function provided by the SVE. Based on the
degenerate kernels, the image method is used to obtain the Green's function of the
radiation field. A circular case is demonstrated to study the result of SVD and is
compared to the result of the Green's function matrix. The Green's function matrix
displayed n a singular value expansion (SVE) form. The relationship between the
unitary vectors and the basis function will be connected.
Il Theimage method of acoustic field

The Green's function, G(x,s), relating to the acoustic pressure of field to the strengths
of source on the boundary, satisfies

(N? +k*)G(x,s) = 2pd(x - s) (1)
where d(x- s) is the Dirac delta function. For the auxiliary system subject to the
Neumann boundary condition, the Green's function must satisfy
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where n, denotes the outnormal direction at the boundary point x. By employing the
image method, we have

G(x,8) =U (x,8) +U (x,9 (3
where U(x,s) is the fundamental solutionand U(x,s) is the fundamental solutionof the
image system with a point sink at the image point s. By using the two bases of the
first kind Hankel and Bessel functions of the n-th order and their derivatives,

H®(kX), J, (kX , we can decompose the two-dimensiond kernd function into
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where“ +" denote Hermintian conjugateand Q_(f)=€" , Q. () =€™, x=(r.,f),

s=(Rq) and st=(R¢q) in the polar coordinate. The definitionsof r, f ,R q,
R{, r and r¢ are shown in Fig.1. We can rewrite the Green's function as follows:

G(x,s)=U°(r,f;RQ)-U'(r,f;R¢q), (5)
subject to the Neumann boundary condition

1G(x,s) _ TU° (r.,f;Ra) U'(r.f; Rq) _
fin, fin, fin,

(6)

When the field point x locates on the boundary of the circle with a radius a,
subgtitution of Eq.(4) into Eq.(6), the relationship between the R and Ris obtained
_ HY(kRJIKka)
%R = ™)
By substituting Eqgs.(4) and (7) into EQ.(5), and the symmetry property, the Green’ s
function is derived,
-ip § H$(ka)J, (kR - HP(kRJINka)

Gsx) = & i HY60)Q,(MQ@ - ®
The acoustic pressure field u(x) can be obtained
69 =ior (9 & T, O, ©

where c isthe sound velocity and r, is the density and t(S) is the velocity strength
of apoint source at (a,c]) .

Il The singular value decomposition for the Green's matrix
For the readers convenience, the [G] denotes the Green's matrix obtained by using
BEM and the [G(s,x)] denotes the Green's function matrix obtained by the Green's
function in this chapter. In BEM implementation, the boundary of a circle is
discretized into V constant elements. If the P field points and the V source points are
consdered and {ug} and {t;} denote the acoustic pressure and normal velocity
vectors on the boundary, respectively, then the boundary and the domain integral
equations can be modified and assembled by the following matrix form,

[Te{ug} =[Uel{ts} (10)

u(x) =[T, {us} - [Up{ts} (11)
where {u(x)} is the vector whose elements define the field pressure for the domain
point X, T, U, are the boundary influence matrices on the boundary, T,, U, are
the domain influence matrices, respectively. Substituting Eq.(10) into Eq.(11), we
have

{u(} = (TLJTa] U] - [Uo1H te} =[G{ts} (12)



The SVD enables any arbitrary complex matrix [G] of order P~V , the SVD of the

N
Green's function matrix can be expressed in such that [G]=Q sfy, , Where the

i=1
Green's matrix is shown to consst of alinear superpositionof N submatrices.

IV Thesingular value expansion of the Green's function matrix
We use Eq.(9) to define the elements of the Green's function G(§,x) relating the
acoustic pressure at number of P points in the sound field to the source strength at
number of V points on the boundary of the domain. The Green's function matrix can
be written in the form

2d 9,Q,()Q@) ~ & 9,QF)Q;E) g
én:MM n:'\;lM l:l
ée — 2 o — N
[G(é, X)] = I I en:a_.MgnQn(f Z)Qn (ql) n:a.MgnQn(f Z)Qn (qV)ld (13)
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where ¢ =ir ¢ Eé;((ira; . Since each term in the series comprising each element of the

meatrix is weighted by the same factor g,, it is possible to write the matrix as a

singular value expansion having the form (s x) = lim g g.W. (W (Q,) in which

M®¥ n=-M
W,(f ») and w(q,) aretheleft and right singular vectors, respectively.
V Thesingular value expansion and the singular value decomposition
It will be demonstrated by the numerical smulations presented below that there is
indeed, under certain circumstances, a direct connection between the results of the

components (F and Y ) in the singular value decomposition for the Green's matrix
and the matrices Q(f,) and Q(g,) of the SVE. Now, we connected the F, Y,

Q(f,) and q,)by atranformation matrix Gf,) and3(q, ), respectively.
The Green's matrix can be written as [G] = Q(f )G +)S\G (@»)Q" @p) , Where S, is

the diagonal matrix of the N non-zero real singular values. It is evident from that the
diagond matrix L of the complex amplitudesis given by

L =G{f:)S,G@,)- (14)

We obtained the relationship betweenthe S, of the SVYD and the L of the SVE.

VI Numerical examples
For the numerical experiments, we consider an infinite circular cylinder with radius
a=1m. Thirty points were adopted in the boundary element mesh for a circular
boundary and observation field. The source points on the surface and the observation



points are shown in Fig.2. The first five columns of F and Y matrices for the
circular cylinder with thirty pointsat r =10m, are shown in Fig.3 for the cases of
ka=0.01. The dotted line and solid line denote the imaginary-part and the real-part of
the vector, respectively. The x axis denotes the angular degrees of the position for the
source points in y, and for the observation points in f,. The y axis denotes the
amplitude of singular vectors in the F or Y matrices. Figure 3 show that the
magnitude of the individual component is unchanged, but their phase may be different.
The figure matches the harmonic basesin the SVD.
VII Conclusions
In this paper, we have demonstrated the effectiveness of the SVD technique in solving
exterior acoustics. The physical meaning of the SVD has been examined. We applied
the image method in conjunction with the degenerate kernel function to obtain the
Green's function. The connection between the unitary vectors in the Green's matrix
provided by the SVD and the function provided by the singular value expansion has
been investigated. The unitary vectors are the basis functions for a diagonal
transformation with respect to the generalized coordinate. The left and right singular
vectors of the SVD of the Geen's matrix yield two sets of orthogona basis functions
describing field mode shapes and source mode shapes, respectively.
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Figure 3. The first five columnsof F and Y matrices for the circular cylinder at I =10.0 m for

k=0.01 using thirty observation points.



