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Dual boundary integral equation (BIE) was developed for problems containing degenerate boundaries in 1988
by Hong and Chen [Journal of Engineering Mechanics-ASCE, 114, 6, 1988] and was termed the dual boundary
element method (BEM) in 1992 by Portela et al. [International Journal for Numerical Methods in Engineering,
33, 6, 1992]. After near 30 years, the dual BIE/BEM for the problem containing a zero-thickness barrier was
revisited mathematically to study the rank deﬁciency from the viewpoint of the updating term and the updating
document of singular value decomposition (SVD) [Journal of Mechanics, 31, 5, 2015]. In this paper, we revisit
the dual BEM from the physical point of view. Although there is no zero-thickness barrier in the real world, it is
always required to simulate a ﬁnite-thickness degenerate boundary to be zero-thickness in comparison with sea,
air or earth scale. For example, a sheet pile, a screen, a crack problem, a thin airfoil and a breakwater were
modeled by the geometry of zero-thickness. The role of the dual BEM is evident since Lafe et al. [Journal of the
Hydraulics Division-ASCE, 106, 6, 1980] used the conventional BEM to model the ﬁnite-thickness pile wall to
geometrically approximate zero-thickness barrier but numerically yielding divergent solution. On the contrary,
we physically model the ﬁnite-thickness breakwater as a zero-thickness barrier. The breakwater is employed as
an illustrative case to demonstrate that the dual BEM simulated by a zero-thickness barrier can yield more
acceptable results to match the experiment data in comparison with those of the ﬁnite thickness using the
conventional BEM. Finally, a single horizontal plate and two dual horizontal plates in vertical direction and in
horizontal direction are three illustrative cases to tell you why the dual BEM is necessary not only in
mathematics but also in physics.

1. Introduction
The boundary element method (BEM) or so-called boundary
integral equation method (BIEM) is an eﬃcient tool for the engineering
analysis. The advantage of the BEM/BIEM is the reduction of the mesh
generation because the dimension of the problem is diminished by
using the Green's third identity or Betti's law as well as Somigliana's
identity. Over the past 30 years, applications of the BEM/BIEM have
been found in many ﬁelds [1–6]. However, the conventional BEM/
BIEM has four degenerate problems due to the singular matrix or illposed model, such as the degenerate scale [7,8], the ﬁctitious frequency
[9,10], the spurious eigenvalue [11,12] and the degenerate boundary
[13]. It is found that the dual BEM plays an important role to solve the
above rank-deﬁciency problems. Mathematically speaking, we can not
ensure the uniqueness of the solution in case of these ill-posed models
[14]. Dual BIEM as an elegant method to deal with rank-deﬁciency
problems of the conventional BEM/BIEM was developed by Hong and
Chen [15]. By using the dual BEM, the degenerate boundary problems,

⁎

e.g., Darcy ﬂow around the cutoﬀ wall [15], a screen in an acoustic
cavity [16,17] and a crack in an elastic body [18] were eﬃciently solved
free of subdomain. The key concept of the dual BEM is the application
of the hypersingular integral equation which provides suﬃcient constraints for unknown coeﬃcients. The integral named “Hadamard
principle value (HPV) [19]” (solid mechanics) or “Mangler's principle
value [20]” (aerodynamics) is embedded in the hypersingular integral
equation. In comparison with the singular integral equations, Hong
and Chen [15] termed it “Dual BIE” and applied it to deal with
degenerate-boundary problems. In 1989, the numerical implementation of dual BIEM was done for a cutoﬀ wall in BEM meeting. In
addition to the application of the hypersingular integral equation in
mechanics by Martin et al. [21], Chen and Hong [22] presented a
review article on the dual BEM. Recently, Chen et al. [23] revisited the
dual BEM from the mathematical point of view by using the updating
term and the updating document of the singular value decomposition
(SVD). Both the right and left singular vectors of the SVD for the four
inﬂuence matrices in the dual BEM were also discussed. The role of the
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tions due to the scale contrast are convenient and useful for the
modeling as shown in Table 1. For example, Dirac delta function can be
considered as a lumped force applied in a very small area. In the text
book of mechanics of material, we always model a wheel loading as a
concentrated load [33]. Similarly, pumping in a well can be approximated as a point source/sink in the groundwater drawdown problem
[34]. Furthermore, a local slippage of a geological fault or a defect in
crystal structure can be considered as a displacement discontinuity or
dislocation [35]. In the modeling, there is a simple case that a dipole
can be used to simulate as an obstacle of a circular cylinder in the
potential ﬂow [36]. In aerospace engineering, von Karman [37] dealt
with the airfoil problem by putting the source point on the mean curve
of the airfoil. Recently, Young et al. [38] and Young et al. [39] also
solved airfoil problems (NACA 2418 airfoil and NACA 0012 airfoil) of
2D potential ﬂow by using the method of fundamental solutions (MFS)
where sources are located on the Chord line of NACA 2418 airfoil and
NACA 0012 airfoil, respectively. It indicates that the airfoil can be
modeled by a mean line or a mean curve of the airfoil. Table 1
summarizes the simpliﬁcation for the several physical problems in the
real world. Therefore, choosing the suitable simpliﬁcation in the model
plays an important role in modeling the physical problem. As the
uniform distributed force presented by the lumped force in mechanics,
the submerged plate-type breakwater can be considered as a thin
barrier with the impenetrable boundary condition below the water
surface. For the simpliﬁcation, the breakwater can be seen as a zerothickness one causing the degenerate-boundary problem which can not
be solved by using the conventional BEM. Lafe et al. [40] found that the
geometry scheme of limiting to a zero thickness of the cut-oﬀ wall in
the sheet-pile problem for the BEM can not numerically lead to the
convergent solution to an exact solution with deviation as shown in
Fig. 1. The BEM with the multi-domain discretization by adding the
artiﬁcial boundary was used to deal with the degenerate-boundary
problem, e.g., cutoﬀ wall [40], crack problems [41], screen acoustics
and thin barrier [42,43]. As mentioned earlier, Hong and Chen [15]
solved it by using the dual BEM instead of the multi-domain BEM.
Yueh and Tsaur [44] also employed the dual BEM to solve the problem
of normal incident water wave past a submerged barrier. Chen et al.
[45] used the dual BEM to deal with the problem of the oblique
incident wave passing a thin submerged breakwater descending from
the water surface to a depth. Then, the problem of incident wave
passing a vertical thin submerged breakwater ﬁxed on the bed is solved
by using the dual BEM [46]. Unfortunately, the diﬀerence between the
conventional BEM and dual BEM by comparing with the experimental
data was not mentioned.

hypersingular integral equation to provide full rank matrix is obvious
after using the SVD updating technique from the mathematical point of
view.
In the coastal engineering, the breakwater is constructed to protect
the shoreline, marinas and coastal structures. It can also provide calm
water areas for loading and unloading ships in the harbor. In 1950,
Heins [24] was the ﬁrst researcher to investigate the hydrodynamic
performance of water waves over a semi-inﬁnite submerged horizontal
plane barrier in ﬁnite depths. Patarapanich et al. [25] measured the
experimental data and used the ﬁnite element mzethod to discuss the
dependence of the reﬂection coeﬃcients on the length of the plate.
Kojima et al. [26] conducted experiments to investigate the decomposition of regular and irregular waves by using a ﬁxed submerged
horizontal plate and a permeable vertical wall. One of the primary
conclusions obtained is that a submerged horizontal plate may serve as
an eﬀective interception device against long waves. Based on the
Galerkin approximation, Porter and Evans [27] accurately solved the
scattering problem of waves by vertical barriers in inﬁnite-depth and
ﬁnite-depth water containing square-root singularities at the end of the
barrier. There is a similar problem about the stress analysis for the
crack problem in the reference [15]. In the solid mechanics, crack tip
behavior dominates the crack growth. The asymptotic behavior at the
tip relates to the stress intensity factor on the fracture and fatigue. In
case of ﬂow over a right-angled wedge, the singularity for the ﬂow
velocity in the bottom point of the right-angled wedge occurs. Similarly,
the singularity also exists in the outﬂow tip for the saltwater intrusion
problem [28]. Therefore, an enriched singular element to capture r
behavior has been employed. Liu et al. [29] investigates the hydrodynamic performance of a submerged breakwater of two layer horizontal plates with a non-zero thickness. In the context of linear
potential theory, an analytical solution for interaction of water waves
with the plates is obtained by using the matched eigenfunction
expansion method. Results show that the space between two plates
aﬀects slightly the reﬂection and transmission coeﬃcients. Jin et al.
[30] examined the hydrodynamic performance of the horizontal plate
breakwater using the numerical wave ﬂume based on the OpenFOAM.
The viscous eﬀect of ﬂuid has been considered to obtain the ﬂow
characteristic and the energy dissipating mechanism of the submerged
horizontal plate. Hsieh [31] and Wu [32] investigated experimentally
the wave reﬂection and pressure forces by the wave over a series of
submerged horizontal plates. Experimental results showed that the
reﬂection coeﬃcient was being aﬀected with the plate length and
submerged depth.
For the linking between mathematics and physics, some simpliﬁca-

Table 1
The simplification of physical problems in the real world.

Mechanics
[31]

Groundwater
[32]

Crystal
[33]

Uniform flow
[34]

Real world

Simplification
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Aerodynamics
[35, 36, 37]

Breakwater
(present study)
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Fig. 1. Inﬂuence of thickness ε1 and ε2 on the cutoﬀ wall solution [40].

predict the reﬂection coeﬃcient. The results of the dual BEM are
compared with the experiment data [31,32] for the breakwater
problem to verify the eﬀectiveness of the Dual BEM program. Based
on available experimental data from the literature, we ﬁnd that
simpliﬁcation of the zero-thickness barrier using the dual BEM match
the experimental data better than those of the ﬁnite-thickness of the
breakwater using the conventional BEM to model a ﬁnite-thickness
breakwater. In addition to facing mathematical hypersingularity due to
the geometry degeneracy, the physical phenomena are captured well by
using the dual BEM.

In this paper, we revisit the dual integral formulation to solve the
breakwater problem not only from the mathematical point of view
(geometry degeneracy) but also from the physical point of view
(equivalent modeling). There are three cases as shown in Fig. 2 (A
single-plate case and two dual-plate cases). Two ways are considered in
the present paper. First, we model the ﬁnite-thickness breakwater by
using the conventional BEM. Then, we model the ﬁnite-thickness
breakwater as a zero-thickness barrier at the middle line of the depth
Dp
direction (the depth of the barrier is d + 2 as shown in Fig. 2) and
solve this degenerate-boundary problem by using the dual BEM. After
collocating the points on the degenerate boundary by using the dual
BIE for each side, the matrix is full rank. The role of the dual BEM is
evident since Lafe et al. [40] used the ﬁnite-thickness pile wall to
geometrically approximate zero-thickness barrier but numerically
yielding divergent solution. By using the dual BEM, we physically
simulate the ﬁnite-thickness breakwater as a zero-thickness barrier to

2. Formulation
The two-dimensional ﬂow of the submerged horizontal plate-type
breakwater with the small amplitude wave is shown in Fig. 2. The
domain is decomposed into three regions, (I), (II), and (III) as shown

Fig. 2. Sketch of the submerged horizontal plate-type breakwater containing ﬁnite thickness (left) and zero-thickness (right) (a) case 1 – a single horizontal
plate (b) case 2 – a dual horizontal plate in vertical way (c) case 3 – a dual horizontal plate in vertical way.
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in Fig. 2 by pseudo boundaries (dash-line in Fig. 2) at a distance
x = ± ℓ.

∂ϕ(2)(x, z )
= 0, on the structure surface .
∂n

2.1. The velocity potential in regions (I) and (III)

The radiation condition [47,48] represents the direction of an outgoing wave at a distance (x = ± ℓ) is away from the submerged
horizontal plate:

Assuming the condition of the inviscid and incompressible ﬂuid
coupled with the irrotational ﬂow, the velocity potential in twodimensional ﬂow can be presented as the Laplace equation,
∇2 Φ(x, z, t ) = 0. A wave of the small amplitude is propagated from
x = − ∞ toward the submerged horizontal plate. The complex form of
the velocity potential can be expressed as

Φ (x , z , t ) =

gζ0
ϕ(x, z )e−iσt ,
σ

⎛
⎞⎡ (3)
⎤
ϕ (x , z )
∂
⎥ = 0,
lim ⎜⎜
∓ ik ⎟⎟⎢ (1)
x→±∞ ∂x
⎝
⎠⎢⎣ ϕ (x, z ) − ϕ0 ⎥⎦

ϕ (x , z ) = [e

ik (x +ℓ)

+ R⋅e

−ik (x +ℓ)

(1)

cosh(k (h + z ))
]
,
cosh(kh )

(12)

where ϕ0 is the velocity potential of the incident wave. Since energy and
mass ﬂuxes through the pseudo boundary must satisfy the conservation
law, the velocity potential and its normal derivative on the pseudo
boundary are shown as

where g is the gravitational acceleration, ζ0 is the amplitude of the
incident wave, σ is the angular frequency and ϕ(x, z ) is the potential
function in the complex form.
Since the pseudo boundaries at x = ± ℓ are suﬃciently far from the
horizontal plate, the potential function can be expressed as
(1)

(11)

(2)

ϕ(1)( − ℓ, z ) = ϕ(2)( − ℓ, z ),

(13)

∂ϕ(1)(x, z )
∂ϕ(2)(x, z )
|x =−ℓ =
|x =−ℓ ,
∂n
∂n

(14)

ϕ(3)(ℓ, z ) = ϕ(2)(ℓ, z ),

(15)

∂ϕ(3)(x, z )
∂ϕ(2)(x, z )
|x =ℓ =
|x =ℓ .
∂n
∂n

(16)

where R is the coeﬃcient of reﬂection (complex), h is the water depth
and k is the wavenumber which obeys the dispersion relation:

σ 2 = gk tanh(kh ).

(3)

2.3. The reﬂection coeﬃcient and the transmission coeﬃcient

The potential function at the pseudo boundary (x = − ℓ) and its
normal derivative are

ϕ(1)( − ℓ, z ) = (1 + R )

cosh(k (h + z ))
,
cosh(kh )

After substituting Eq. (4) into Eq. (13), we multiply both the RHS
and the LHS of the substituted equation by cosh(k(h+z)) as

(4)

(1 + R )

and

∂ϕ(1)(x, z )
∂ϕ(1)(x, z )
cosh(k (h + z ))
,
|x =−ℓ = − ik (1 − R )
=−
∂n
∂x
cosh(kh )

(5)

R=−1+

where n is the normal vector. The potential function ϕ (x, z ) in the
region (III) can be expressed as

cosh k (h + z )
,
cosh kh

cosh(k (h + z ))
,
cosh(kh )

(6)

T=

0

∫−h ϕ(2)( − ℓ, z)cosh(k (h + z)) dz,

(18)

k
N0sinh(kh)

0

∫ −h ϕ(2)(ℓ, z)cosh(k (h + z)) dz.

(19)

2.4. Dual boundary integral formulation

(7)

The potential function in the region (II) ϕ(2)(x, z ) satisﬁes the
Laplace equation. By using the Green's third identity, the boundary
integral representation for the potential function ϕ(2)(x) can be expressed as

and

∂ϕ(3)(x, z )
∂ϕ(3)(x, z )
cosh(k (h + z ))
=
|x =ℓ = ikT
,
∂n
∂x
cosh(kh )

k
N0 sinh(kh )

where N0 = (1 + 2kh /sinh 2kh )/2 .
Similarly, the coeﬃcient of transmission is expressed as

where T is the coeﬃcient of transmission (complex).
At the pseudo boundary (x = ℓ), the potential function and its
normal derivative are

ϕ(3)(ℓ, z ) = T

(17)

We integrate Eq. (17) with respect to z from –h to 0, the coeﬃcient
of reﬂection is obtained as

(3)

ϕ(3)(x, z ) = Teik (x −ℓ)

cosh2(k (h + z ))
= ϕ(2)( − ℓ, z )cosh(k (h + z )).
cosh(kh )

(8)

respectively.

α ϕ(2)(x) =

⎡

∫B ⎢⎣ϕ(2)(s) ∂ U∂(s,n

x)

− U (s, x)

s

2.2. Boundary conditions

∂ϕ(2)(s) ⎤
⎥ dB(s),
∂ ns ⎦

(20)

where α depends on the collocation point,
By combining the kinematic and dynamic free surface boundary
conditions, the boundary condition on the free surface is obtained as

∂ϕ(2)(x, z )
∂ϕ(2)(x, z )
σ 2 (2)
=
=
ϕ (x, z ), at z = 0.
∂n
∂z
g

⎧ 2π , x ∈ D ,
⎪
α = ⎨ π , x ∈ B,
⎪ 0, x ∈ Dc ,
⎩

(9)

in which D is the complementary domain of D , U (s, x) = ln r is the
fundamental solution for the Laplace equation, r is the distance
between the ﬁeld point, x(x, z ), and the source point, s(ξ, η),

The boundary conditions on the seabed and the surface of structure
are

∂ϕ(2)(x, z )
∂ϕ(2)(x, z )
=
= 0, at z = − h ,
∂n
∂z

(21)

c

(r = (x − ξ )2 + (z − η)2 ), ns is the unit normal vector at the source
point s and B is the boundary in the domain.
By collocating the boundary point on both sides of the degenerate
boundary with respect to the singular integral equation and the

(10)

and
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Fig. 3. The inﬂuent matrix of the pile-wall case for the seepage ﬂow by using the UT method (singular BIE) and the LM method (hypersingular BIE).

hypersingular integral equation, we have

π ϕ(2)(x) =

⎡

⎤

(2)

∫B ⎢⎣ϕ(2)(s) ∂ U∂(s,n x) − U (s, x) ∂ϕ∂ n(s) ⎥⎦ dB(s),
s

⎡ (U )SS (U )SΓ +
⎢
⎢ (U )Γ +S (U )Γ +Γ +
⎢⎣ (L )Γ −S (L )Γ −Γ +

x ∈ B, Γ +,

s

(22)

π

∂ϕ(2)(x)
=
∂nx

⎡

2

∫B ⎢⎣ϕ(2)(s) ∂ ∂Un (s,∂n x)
x

s

−

∂U (s, x) ∂ϕ(2)(s) ⎤
⎥dB(s), x ∈ Γ −,
∂nx
∂ns ⎦

⎡ (T )SS
⎢
=⎢ (T )Γ +S
⎢⎣ (M )Γ −S

(23)

B = S + Γ + + Γ −,

(24)

(2)

[A]{ϕ(2)} = {b}.

(2)

(28)

The linear algebraic equation of Eq. (28) can be solved. Then, the
reﬂection and transmission coeﬃcient can be obtained on the pseudo
boundary (x = ± ℓ). In the cutoﬀ-wall case of the seepage ﬂow,
inﬂuence matrices constructed by using the CBEM (UT method) and
the DBEM (LM method) are shown in Fig. 3. Inﬂuence matrices are
singular due to the degenerate boundary (the same location on element
#5 and #6). Therefore, we replace the singular BIE by the hypersingular BIE for collocation element #6 to transform the singular matrix
to be a non-singular one.

(25)

where [U ] and [T ] are inﬂuence matrices due to kernel functions U and
T[49].
For a nonzero-thickness plate-type breakwater, the unknowns of
the potential can be solved using only Eq. (25). Otherwise, it is not
suﬃcient to obtain a unique solution due to the rank deﬁciency of the
inﬂuence matrix for a zero-thickness barrier. Therefore, the hypersingular boundary integral equation is required. By taking the normal
derivative of the boundary integral representation of the potential
function, we can obtain the hypersingular integral equation. After
discretizing the boundary, it can also be expressed in a matrix form as
follows:

[L ]{ϕ } = [M ]{ϕ(2)},

(27)

By substituting boundary conditions into Eq. (27), we can obtain
the following linear algebraic equation:

where B denotes the nondegenerate boundary S and the two sides of
the degenerate boundary, Γ+ and Γ-. In the numerical implementation,
the boundary B is discretized into N constant elements. Eq. (20) or Eq.
(22) can be rewritten in a matrix form as

[U ]{ϕ } = [T ]{ϕ(2)},

⎧ ⎛ ∂ϕ(2) ⎞ ⎫
⎪⎜
⎟ ⎪
⎪ ⎝ ∂n ⎠S ⎪
(U )SΓ − ⎤⎪
⎪
⎥⎪ ⎛ ∂ϕ(2) ⎞ ⎪
(U )Γ +Γ − ⎥⎨ ⎜ ∂n ⎟ ⎬
⎠Γ + ⎪
⎝
(L )Γ −Γ − ⎦⎥⎪
⎪ ⎛ (2) ⎞ ⎪
⎪ ⎜ ∂ϕ ⎟ ⎪
⎪ ⎝ ∂n ⎠ − ⎪
⎩
Γ ⎭
⎧ (2) ⎫
(T )SΓ +
(T )SΓ − ⎤⎪ ϕS ⎪
⎥⎪ (2) ⎪
(T )Γ +Γ + (T )Γ +Γ − ⎥⎨ ϕ Γ + ⎬.
⎪
(M )Γ −Γ + (M )Γ −Γ − ⎥⎦⎪
⎪ ϕ (2)− ⎪
⎩ Γ ⎭

3. Results and discussions
In this research, three cases using the single horizontal plate or dual
horizontal plates as the breakwater and corresponding zero-thickness
barriers under the water are shown in Fig. 2. The length and
submerged depth of the horizontal plate is denoted by Bp and d,
respectively. The thickness of the horizontal plate is denoted as Dp. In
Case 2 and Case 3, the gap between two horizontal plates is denoted by
w. The Cartesian coordinate system is used, and the origin O is located
on the mean free surface. The x-coordinate denotes the horizontal axis
and the z-coordinate denotes vertical axis. In all cases, it is noted that
the ﬁnite-thickness barrier is modeled by a zero-thickness plate located
at the middle line of the submerged breakwater as shown in Fig. 2. In

(26)

where [L ] and [M ] are inﬂuence matrices due to L and M kernels [49].
For the numerical computations, the boundary of the region (II) is
divided into N constant elements by discretizing the integral equation
using the boundary element technique. Eqs. (25) and (26) can be
assembled in a matrix form:
63
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Table 2
Two error indices for two methods in three cases (Bp/h=1.0, Dp/h=0.15).
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Fig. 5. Reﬂection coeﬃcient |R| with the dimensionless wavenumber kh for a dual
submerged horizontal plate in vertical way (Bp/h=1.0, Dp/h=0.15, w/h=0.15) (a) Case
2(a): d/h=0.2 (b) Case 2(b): d/h=0.3.

Fig. 4. Reﬂection coeﬃcient |R| with the dimensionless wavenumber kh for a single
submerged horizontal plate (Bp/h=1.0, Dp/h=0.15), (a) Case 1(a): d/h=0.2 (b) Case 1(b):
d/h=0.3.

all experiments, the water depth was kept in a constant (h=0.5 m).
Under the regular wave condition, the test model was subjected to 13
generated wave periods ranging from 1.0 to 2.2 s with the regular
interval 0.1 s in Case 1 and Case 2. The corresponding dimensionless
wave number of kh is in the range of 0.693–2.076 [31] In Case 3, the
model was subjected to 14 generated wave periods ranging from 0.9 to
2.2 s with the same regular interval 0.1 s. The corresponding dimensionless wave number of kh is in the range of 0.693–2.520 [32]. The
wave steepness (H/L) used in the experiment is in the range of 0.008 <
H/L < 0.0363 [31] and 0.0159 < H/L < 0.0424 [32], where H is the
incident wave height and L is the wavelength. The Ursell number
(Ur=HL2/h3) is employed to indicate the nonlinearity of waves. In Case
1–3, the Ursell number is in the range of 0.301 < Ur < 11.151 [31] and
0.93 < Ur < 13.91[32], within the acceptable range of linear wave
theory. In the present study, the experimental tests were primarily
conducted in non-breaking wave conditions. The experiment was
repeated three times. Because only the reﬂection coeﬃcient in the
experiment [31,32] was measured, the reﬂection coeﬃcient obtained
from the experimental data and the numerical implementation by
using the conventional BEM and the dual BEM are compared with.
Four error indices [50] for the conventional BEM and the dual BEM are
given below

∑

1
Ne

∑

Di − EDi ,

i =1

Ci − EDi ,

1
Ne

∑ (Ci − EDi )2 ,

i =1

(31)

Ne

i =1

(32)

3.1. Case 1 – a single horizontal plate
In this case, the coeﬃcient of reﬂection was obtained by using the
experimental measurement [29] (circle), the conventional BEM with
the ﬁnite-thickness breakwater (solid line) and the dual BEM with the
zero-thickness barrier (dash-dot line) in Fig. 4. It shows that the
numerical result using the dual BEM is close to the experimental data
in Case 1(a) (d/h=0.2) and Case 1(b) (d/h=0.3) for the range of
kh=1.36–1.76. The maximum reﬂection coeﬃcient of this case can be
well predicted by using the dual BEM in Case 1(a). Four error indices in
this case are listed in Table 2 to show the better performance of the
dual BEM.

(29)

Ne
i =1

∑ (Di − EDi )2 ,

where Ne is the number of the experimental data or captured points
from the numerical model versus the dimensionless wavenumber, kh,
EDi is the average value of the ith point of experimental data for threetimes measurement, Di is the value of the ith point captured from the
dual BEM corresponding to EDi, Ci is the value of the ith point
captured from the conventional BEM corresponding to EDi. Two error
indices employed in three cases are presented in Table 2.

Ne

1
Ne

Ne

1
Ne

(30)
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Fig. 6. Reﬂection coeﬃcient |R| with the dimensionless wavenumber kh for a dual
submerged horizontal plate in horizontal way (d/h =0.3, Bp/h =1.0, Dp/h=0.15). (a) Case
3(a): w/h=0.5 (b) Case 3(b): w/h=1.0.

Fig. 7. Reﬂection coeﬃcient |R| with the dimensionless wavenumber kh for a dual
submerged horizontal plate in horizontal way (d/h =0.4, Bp/h =1.0, Dp/h=0.15), (a) Case
3(c): w/h=0.5 (b) Case 3(d): w/h=1.0.

3.2. Case 2 – a dual horizontal plate in vertical way

Table 3
The required CPU time in solving the single submerged plate-type barrier by employing
the DBEM and the CBEM.

In the second case, the coeﬃcient of reﬂection was shown in Fig. 5.
In Fig. 5, the reﬂection coeﬃcient measured from the experiment
(circle), the reﬂection coeﬃcient obtained by using the conventional
BEM (solid line) and the dual BEM (dash-dot line) are compared with
together. Four error indices of this case are listed in Table 2 to show the
performance of two methods. Results using the dual BEM is better than
using the conventional BEM in Case 2(a) (d/h=0.2). In Case 2(a), the
validity of the dual BEM is veriﬁed in the range of kh=1.02–1.76.
Although the error index of the conventional BEM in Case 2(b) (d/
h=0.3) is smaller, the maximum reﬂection coeﬃcient in Case 2(b) is
well predicted in the range of kh=1.36–1.76 by using the dual BEM.

CBEM

3.3. Case 3 – a dual horizontal plate in horizontal way
In the ﬁnal case, we place the horizontal plates on the horizontal
axis with diﬀerent dimensionless gap widths (w/h) and dimensionless
submerged depths (d/h) as shown in Table 2. The coeﬃcient of
reﬂection was also obtained by using experimental measurement [30]
(circle), conventional BEM (solid line) and dual BEM (dash-dot line) as
shown in Figs. 6 and 7. The numerical implementation using the dual
BEM is piecewisely close to the experimental data with the dimensionless submerged depth (d/h=0.3) in two dimensionless gap width (w/
h=0.5 and w/h=1.0) for the range of kh=0.94–1.36 in Case 3(a) and
Case 3(b) as shown in Fig. 6. The ascending part of the reﬂection
coeﬃcient in the range of kh=1.22–1.53 is well-predicted by the dual
BEM in Case 3(c) (d/h=0.4 and w/h=0.5) as shown in Fig. 7. On the
other hand, the maximum reﬂection coeﬃcient is predicted better by

DBEM

Δh

Total
elements

CPU Time
(seconds)

Total
elements

CPU Time
(seconds)

80(1/80=0.0125)
70(1/70=0.0143)
60(1/60=0.0167)
50(1/50=0.02)
40(1/40=0.025)
30(1/30=0.0333)
20(1/20=0.05)
10(1/10=0.1)
5(1/5=0.2)

824
722
618
516
412
310
206
104
52

514
345
217
129
66
29
9
1
1

800
700
600
500
400
300
200
100
50

504
319
203
122
62
26
8
1
1

using the dual BEM in Case 3(a), Case 3(b), Case 3(c) and Case 3(d) as
shown in Fig. 6 and Fig. 7. The error indices in this case are also listed
in Table 2 to show the performance of two methods.
The result in Table 2 shows the better performance of the dual BEM
than the conventional BEM for all cases except for the Case 2(b) (d/
h=0.3) of a dual horizontal plate in vertical way by using the mean
absolute error (MAE) in the reference [50]. For another error index
(root mean square error, RMSE [50]), the performances for the
breakwaters in the deeper location by employing two methods
(CBEM and DBEM) are similar except for the Case 2(b) (d/h=0.3) of
a dual horizontal plate in vertical way.
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why the dual BEM is necessary.
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