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ABSTRACT

The Laplace problem subject to the Dirichlet or Neumann boundary
condition in the direct and indirect boundary element methods
(BEM) sometimes both may result in a singular or ill-conditioned
system (some special situations) for the interior problem. In this
paper, the direct and indirect BEMs are revisited to examine the
uniqueness of the solution by introducing the Fichera’s idea and the
self-regularized technique. In order to construct the complete range
of the integral operator in the BEM lacking a constant term in the case
of a degenerate scale, the Fichera’s method is provided by adding
the constraint and a slack variable to circumvent the problem of
degenerate scale. We also revisit the Fredholm alternative theorem by
using the singular value decomposition (SVD) in the discrete system
and explain why the direct BEM and the indirect BEM are not indeed
equivalent in the solution space. According to the relation between
the SVD structure and Fichera’s technique, a self-regularized method
is proposed in the matrix level to deal with non-unique solutions of
the Neumann and Dirichlet problems which contain rigid body mode
and degenerate scale, respectively, at the same time. The singularity
and proportional influence matrices of 3 by 3 are studied by using the
property of the symmetric circulant matrix. Finally, several examples
are demonstrated to illustrate the validity and the effectiveness of the
self-regularized method.
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1. Introduction
Rizzo was the pioneer to solve 2D elasticity problems numerically by using the direct boundary element method (BEM) in 1967.[1] Until now, the BEM has been applied to many areas
such as potential problems,[2] acoustics,[3] elasticity [4] and biharmonic problems.[5–7]
The BEM can be classified to direct and indirect approaches. The relation between the direct
BEM (DBEM) and the indirect BEM (IBEM) has been of interest. The unified boundary
integral equation (BIE) to connect DBEM and IBEM was discussed by Altiero et al. [8].
The DBEM can be implemented from Green’s third identity or Betti’s law as well as
Somigliana’s identity, while the IBEM was motivated by superimposing singular solutions.
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It is interesting that roles of source and field points are reversed in the two BIE systems.
A clear linking was established in Hong and Chen’s paper.[9] By expanding a closed-form
fundamental solution into a degenerate kernel in the indirect and direct methods, it can
be found that all the complete Trefftz bases are included.[10,11] One may wonder whether
or not the DBEM and the IBEM are indeed equivalent in the solution space. Based on the
Fredholm alternative theorem as shown in Figure 1, we examine their difference in case
of the degenerate scale. Besides, the proposed approach to deal with degenerate scale for
indirect and direct methods is also different as shown in Table 1. Versions of function
space and vector space for the Fredholm alternative theorem by using the singular value
expansion and the singular value decomposition (SVD), respectively, are shown in Figure
1. This contradicts the comment in Banerjee and Butterfield’s book [12] which states that
they are indeed formally equivalent procedures. Once a scale of the domain size dilates to
a specific size termed ‘degenerate scale’ which may cause failure in the implementation of
the BEM [13] and may yield inaccurate results due to numerical instability. For a degenerate
scale, there are many different terminologies such as critical value,[14,15] transfinite diameter,[16] Gamma contour,[17] Robin constant [18] and the unit logarithmic capacity [19]
in the modern potential theory.[20] Chen et al. [21] used the theory of complex variables
to derive the degenerate scale of an elliptical geometry for the elasticity problem and found
two degenerate scales. Later, not only circular boundary but also elliptical, triangular, square
and regular N-gon boundaries were considered for 2D Laplace problems.[13] They also
found the degenerate scales when the BEM was used. Besides, they provided several remedy
approaches to improve this pitfall of the BEM. Recently, Chen and his coworkers [22–25] not
only used the null-field BIE in conjunction with the degenerate kernel, but also employed
the unit logarithmic capacity in conjunction with complex variables to analytically study
the degenerate scale of the elliptical, regular polygon boundaries and semi-circular disc. It
is known that a degenerate scale is inherent in the BEM for solving the 2D interior Laplace
equation subject to the Dirichelet boundary condition. Although fundamental solution
or Green function is paradise for solving boundary value problem by way of Green’s third
identity, it is also parasite in the BEM due to integral equation. In order to overcome this

Figure 1. Fredholm alternative theorem – function and vector spaces.
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Table 1. Non-equivalence for the solution space between the direct and IBEMs.

inherent pitfall, Chen et al. [26] introduced Fichera’s concept [27] in the IBEM for interior
problems of some ordinary shapes. It can overcome the ill-posed problem caused from
the degenerate scale. Based on Fichera’s concept, a constant term and an extra constraint
were added to enrich the IBEM for solving the degenerate-scale problem. The basic idea
of the IBEM is to distribute sources on the real boundary or the fictitious boundary in the
complementary domain.[28] In another point of view, the IBEM on the fictitious boundary
can be considered as a continuous version of the method of fundamental solutions (MFS)
by transforming the lumped source strength into boundary density distribution. A free
constant and a constraint (moment condition [29]) were added to enrich the MFS. Later,
Chen and Fu [30] also introduced the moment conditions to the boundary collocation
method to guarantee the uniqueness of the solution in 2D exterior Laplace problems. Lin
et al. [31] also investigated various regularization techniques for the MFS. Besides, Fu
et al. [32] extended the MFS in conjunction with recursive composite multiple reciprocity
technique and Laplace transformation to solve time fractional diffusion equations. Although
Chen et al. [29] overcame ill-conditioned problems, they didn’t notice that the source of
ill-posedness is due to a degenerate scale. Besides, the physical and mathematical roles of
the free constant and an extra constraint were not explained. Chen et al. have solved this
problem in the BEM [28] and the MFS.[33] They also verified the validity of the enriched
IBEM on the real boundary or fictitious boundary.
To our best knowledge, the problem of degenerate scale is inherent in the numerical
approaches such as the BIEM, BEM or the MFS. When they are used to solve the Laplace
problem subject to the Dirichlet boundary condition, the degenerate-scale problem appears
at a specified size of the domain. It appears not only for circular or elliptical geometry shape,
but also for the interior problem with arbitrary geometry domains. Furthermore, the degenerate scale is not physical phenomenon but is due to numerical instability. Therefore, it is
important for the BEM users to know the size of the degenerate scale and its regularization
techniques. In the literature, three indices were proposed to examine the degenerate scale.
One is the minimum singular value,[13] σ1, of the influence matrix obtained from the BEM
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due to the weakly singular kernel, ln |s − x|. Another is the unit logarithmic capacity derived
from the complex variables.[20,24] The other is the free constant in Fichera’s approach.
[26,27] Besides, researchers provided several regularization techniques to promote the rank,
such as the hypersingular formulation,[26] rank promotion by adding the boundary flux
equilibrium [34] and the CHEEF method [35] for the DBEM, and the method of adding
a rigid body mode [35] and Fichera’s technique [26] for the IBEM. Many researchers have
investigated this ill-conditioned case, but a deeper study for the occurring mechanism of
the degenerate scale and the regularization technique was recently studied.[26,28,33]
In structural analysis, physical meaning of the Neumann boundary condition is freefree structure containing a rigid body mode. The corresponding mathematical problem is
how to inverse a singular matrix. In the BEM or FEM, similar outcome occurs naturally
in the Neumann problem or the traction problem for potential and elasticity problems,
respectively.[36–42] Mathematical or numerical methods proposed by Fredholm, Moore
and Penrose [43] and Lin et al. [44] were applied to deal with this problem. To transform
free-free stiffness and flexibility matrix to each other, Chen et al. [45] successfully proposed
the bordered system by using the SVD to solve the problem.
In this paper, a self-regularized method to solve both the degenerate-scale problem
(Dirichlet problem) and the problem of the rigid body mode (Neumann problem) at the
same time is proposed as shown in the flowchart of Figure 2. The self-regularized technique
related to the Fichera’s method is composed of the concept of the SVD and bordered matrices. The singularity and proportional 3 by 3 influence matrices due to single and double
layer potentials are studied by using the property of the symmetric circulant matrix. Finally,
we give several numerical examples to demonstrate our finding.

2. Formulation
A Laplace problem subject to the Dirichlet boundary condition is considered as follows:

∇2 u(𝐱) = 0, 𝐱 ∈ D,

(1)

u(𝐱) = f (𝐱), 𝐱 ∈ B,

(2)

where u(𝐱) is the potential, f (𝐱) is boundary condition, D is the domain of interest and B
is the boundary. For solving the boundary value problem shown in Equations (1) and (2),
the direct or indirect BIE are often used. Based on Green’s third identity, we have the BIE
for the domain point and the boundary point,

2𝜋u(𝐱) =

∫B

T(𝐬, 𝐱)u(𝐬)dB(𝐬) −

∫B

U(𝐬, 𝐱)t(𝐬)dB(𝐬), 𝐱 ∈ D,

(3)

∫B

(4)

and

𝜋u(𝐱) = C.P.V .

∫B

T(𝐬, 𝐱)u(𝐬)dB(𝐬) −

U(𝐬, 𝐱)t(𝐬)dB(𝐬), 𝐱 ∈ B,
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Figure 2. Flowchart to regularize rank-deficient matrices of the Dirichlet and Neumann problems.

respectively, where C.P.V. and denote the Cauchy principal value. Then, the fundamental
solution can be expressed as shown below:

U(𝐬, 𝐱) = ln |𝐱 − 𝐬|,

(5)

𝜕U(𝐬, 𝐱)
.
𝜕𝐧𝐬

(6)

and

T(𝐬, 𝐱) =

The linear algebraic system obtained from discretizing Equation (4) is called the DBEM
as shown below:

[U]{t} = [T]{f } = {b𝐓 },

(7)

where {b𝐓 } can be obtained from the Dirichlet {f} or Neumann boundary condition {t}. As
an alternative to the DBEM, the IBEM represents the solution of interior problem by superimposing single-layer potentials with unknown weighting coefficient, 𝛼0 (𝐬), as shown below:

u(𝐱) =

∫B

U(𝐬, 𝐱)𝛼0 (𝐬)dB(𝐬), 𝐱 ∈ D.

(8)
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By matching the boundary condition f (𝐱), we have

f (𝐱) =

∫B

U(𝐬, 𝐱)𝛼0 (𝐬)dB(𝐬), 𝐱 ∈ B.

(9)

The discretized form of Equation (9) is shown below:

[U]{𝛼0 } = {f }

(10)

The DBEM and IBEM may fail for the interior problem with a degenerate scale.
2.1. IBEM in conjunction with the Fichera’s method for the interior problem
Fichera [27] proposed an enriched boundary integral formulation as shown below:

u(𝐱) =

∫B

U(𝐬, 𝐱)𝛼(𝐬)dB(𝐬) + c, 𝐱 ∈ D,

(11)

f (𝐱) =

∫B

U(𝐬, 𝐱)𝛼(𝐬)dB(𝐬) + c, 𝐱 ∈ B,

(12)

where c is a constant to be determined, 𝛼(𝐬) is the unknown weighting coefficients on the
boundary. Furthermore, a constraint equation is needed to ensure a unique solution as
shown below:

∫B

𝛼(𝐬)dB(𝐬) = 0, 𝐬 ∈ B.

(13)

Chen et al. [28] proposed the necessary and sufficient BIE that the undetermined constant
coefficient of the Fourier series to be zero and the constant field in the solution space is
equal to c. Since the degenerate scale results from the integral operator which lacks the
constant field in a specific size, Han et al. [46] proposed a specific boundary condition as

u(𝐱) = f (𝐱) =

∫B

ln rdB(𝐬), 𝐱 ∈ B,

(14)

where r = |𝐱 − 𝐬|and the boundary singularity is a constant distribution.[46] In this boundary condition, a new index γΓ is namely a undetermined constant c in Equation (12) to represent the constant field of the boundary density in Equation (11). If the size is a degenerate
scale, then γΓ is equal to zero.[46] Recently, Chen et al. [47] searched degenerate scales of
elasticity by solving the 2 by 2 eigen problem.
2.2. DBEM in conjunction with the Fichera’s concept for the interior problem
By using the DBEM and Fichera’s technique,[27] we have the BIE for the boundary point
and a constraint equation as
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𝜋u(𝐱) =

∫B

T(𝐬, 𝐱)u(𝐬)dB(𝐬) −

∫B

U(𝐬, 𝐱)t(𝐬)dB(𝐬) + c, 𝐱 ∈ B.
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(15)

and

∫B

t(𝐬)dB(𝐬) = 0,

(16)

respectively. In Equation (7), the constant term of the Fourier coefficients could not be determined for the specified size of the domain. Therefore, we used Equation (13) to suppress
the constant term to be zero and provided a coefficient c in Equation (11) to represent a
constant field of the solution space. This formulation is more complete. However, Equation
(16) comes from the physics. When a body is in a stable situation, the resultant boundary
flux is necessary to be zero for equilibrium. Although Equations (13) and (16) have the same
mathematical representation, they have different meanings in physics.
2.3. Linear algebraic system obtained from the IBEM and DBEM to solve the
integral equation
According to the Fichera’s method,[26,28,33,48] the DBEM and the IBEM can be discretized
as the same form,

[A]{x} = {bT },

(17)

where [A] is the influence matrix from U (Dirichlet problem), {bT } is obtained by the given
boundary condition and {x} is the unknown vector. After boundary discretization by using
constant elements, the discrete form of Equations (13) and (16) is shown as

⟨l⟩{x} = 0,

(18)

where ⟨l⟩ = ⟨Δl, Δl, … , Δl⟩, and Δl is the length of boundary element. By discretizing
Equations (12) and (15) and combining with Equations (13) and (16), respectively, we have
�
��
� �
�
{x}N×1
{b}N×1
[A]N×N ⟨e⟩T
,
=
(19)
⟨l⟩
0
c
0
where ⟨e⟩ = ⟨1, 1, … , 1⟩. By adding Equation (18), the rank of the bordered matrix in
Equation (19) is N + 1 although the rank of [A] is only N – 1 due to the rigid body mode
or the degenerate scale. Equation (19) motivates us that the bordered system can alleviate
the problem of the ill-posed or singular matrices.
After comparing Equation (4) with Equation (15), it is easily found that the slack variable
c is equal to zero if the solution is unique. After adding the constraint and the slack variable,
it is interesting that influence matrix of the linear algebraic system from discretizing the
Equation (15) is full-rank in the linear algebraic system even the slack variable is zero. It
indicates that the main contribution of treating the degenerate scale is on Equation (16).
However, it is not a trivial work to add a slack variable c which makes the bordered matrix
to be a square full-rank matrix.
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2.4. Revisit of the Fredholm alternative theorem by using the SVD
The way of solving BVPs in the BEM is to discretize the BIE to a linear algebraic system.
However, the influence matrices suffer rank deficiency when the size of the domain is the
degenerate scale or there is a rigid body mode. Therefore, we employed the SVD technique
to study the degenerate scale for the direct and the IBEMs. By using the SVD, matrices of
[U] and [T] in the DBEM can be decomposed, respectively, as

[U]N×N

�T
� �
� �
�
= Φ(U) N×N Σ(U) N×N Ψ(U) N×N
N
�
�� (U) �T
∑
𝜓i
= 𝜎i(U) 𝜙(U)
i

(20)

i=1

and

[T]N×N

�T
� �
� �
�
= Φ(T) N×N Σ(T) N×N Ψ(T) N×N
N
�
�� (T) �T
∑
𝜓i
= 𝜎i(T) 𝜙(T)
,
i

(21)

i=1

[ ]
{ }
( ) { ( )}
where 𝛴 ( ) is a diagonal matrix, 𝜎i( ) ≤ 𝜎i+1
, 𝜙i and 𝜓i( ) are the left and right singular
vectors with respect to 𝜎i( ), respectively, where the symbol in the parentheses can be either
U or T kernel. While the size of domain is a degenerate scale, [U] and [T] are both rank
deficient by one. We found that [U] and [T] in the DBEM yield the same left singular vector
corresponding to zero singular value once a degenerate scale occurs. The detailed information and derivation will be discussed in next section. The rigid body mode is imbedded in
the right singular vector of [T] for any size. According to the SVD structure and the singular
bases, we can decompose the boundary flux into
{t} =

N
∑
{
}
ki 𝜓i(U)

(22)

i=1

and

[T]{u} = {bT } =

N
∑
{
}
di 𝜙(U)
,
i

(23)

i=1

where ki is the{unknown
coefficient and di is determined from the Dirichlet boundary con}
dition, {u} = f , respectively. Since 𝜎1(T) = 0 due to the rigid body mode, we could obtain
d1 = 0. By substituting Equations (20)–(23) into Equation (7), we have
N
∑
i=1

N
{
} ∑
{
}
ki 𝜎i(U) 𝜙(U)
=
di 𝜙(U)
.
i
i

(24)

i=1

Equation (24) results in a non-unique solution according to the Fredholm alternative theorem and 0 k1 = 0 as shown in Table 1. This means that the DBEM yields infinite solutions
instead of no solution from the Fredholm alternative theorem.

Inverse Problems in Science and Engineering

97

In the IBEM, we have
N
∑

{
}
wi 𝜓i(U)

(25)

N
{ } ∑
{
}
f =
gi 𝜙(U)
,
i

(26)

{𝛼} =

i=1

and

i=1

where αi is the unknown
coefficient and gi is determined from the Dirichlet boundary
{ }
condition, {u} = f , respectively. Then we obtain
N
∑

N
{
} ∑
{
}
wi 𝜎i(U) 𝜙(U)
=
gi 𝜙(U)
.
i
i

i=1

(27)

i=1

The unknown coefficients are uniquely obtained by comparing coefficients, except for w1.
Since {f} can be arbitrarily specified, g1 may be zero or non-zero. According to the Fredholm
alternative theorem, w1 may have infinite solutions or no solution. In the above analysis,
we found that the linear algebraic equation in the DBEM of Equation (24) yields only case
of infinite solutions in the Fredholm alternative theorem. But the IBEM in Equation (27)
yields either infinite solutions or no solution. In other words, the DBEM and the IBEM are
not indeed equivalent in the solution space as shown in Table 1.
2.5. A self-regularized method
Based on the idea in Equation (19), the bordered matrix is one alternative to promote the
rank of the deficient matrix.[44] Since [A] is singular in case of the degenerate scale or rigid
body mode, we could introduce this technique to regularize the singular matrix. According
to the bordered technique, we propose a bordered system by adding its left and right singular
vectors which have the zero singular value as shown below:
]
[
[ ]
{𝜙(A)
}
[A]N×N
1
,
Ab (N+1)×(N+1) = { (A) }T
(28)
𝜓1
0
(A)
where the matrix [A] can be either [U] or [T], 𝜑(A)
1 and 𝜓1 are the left and right singular
vector which have the zero singular value from the SVD of [A], respectively. Then, Equations
(24) or (27) are regularized to a bordered system as shown below:
}
]{ { } } {
[
{𝜙(A)
[A]N×N
xr
{b}
1 }
,
=
{ (A) }T
(29)
cr
0
𝜓1
0

where {xr} and cr are the regularized unknown boundary strength and the slack variable,
respectively. It can be verified that our approach can be used to successfully avoid the
appearance of the degenerate scale for the Dirichlet problem or to solve the rigid body
mode for the Neumann problem.
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3. Numerical examples
In this section, two cases were designed to verify the validity of the DBEM and the IBEM
with the enriched formulation and bordered system. The roles of the free constant and the
extra constraint in the enriched DBEM/IBEM are examined in two cases. One is a regular
triangular domain with the side length l = 2.37105 (degenerate scale) [24] subject to the
Dirichlet boundary condition as shown in Figure 3(a) and another is a triangular domain
subject to the Neumann boundary condition. The analytical solution of two cases is the
same,

u(𝐱) = 4x + 3y + 5,

(30)

where the origin is set at one vertex of a regular triangle (point A in Figure 3(a)).
3.1. Case 1: Dirichlet problem containing a degenerate scale
The degenerate scale of a regular triangle was found to be l = 2.37105.[24] The conventional
DBEM and IBEM fail to deal with the interior problem subject to the Dirichlet boundary

Figure 3. Problem sketch of a triangular domain for observer coordinates of different origins (a) problem
sketch of a triangular domain by setting the origin at the bottom left corner (l = 2.37105); (b) problem
sketch of a triangular domain by setting the origin at the geometric centre (l = 2.37105).
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condition of the degenerate scale. The reason why it fails is that a constant field of the
solution representation by using the DBEM/IBEM on the degenerate scale (l = 2.37105) is
range deficient. Here, we use three methods to solve it. One is the conventional DBEM in
conjunction with Fichera’s idea, another is to combine the DBEM with the self-regularized
method, and the other is to use the IBEM accompanied with Fichera’s method. The analytical
solution is given in Figure 4 and the results by using three DBEMs are shown in Figures 5–7.

Figure 4. Contour plot and 3D plot of analytical solution (a) contour plot; (b) 3D plot.
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Figure 5. Contour plot and 3D plot for the Dirichlet problem by using the conventional DBEM (unregularized)
(a) contour plot; (b) 3D plot.

It can be found that the unregularized result shown in Figure 5 is unacceptable. In the IBEM
accompanied with Fichera’s method for the problem with the Dirichlet boundary condition,
the results are shown in Figures 8 and 9. We found that the solution was inconsistent with
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Figure 6. Contour plot and 3D plot for the Dirichlet problem by using the conventional DBEM (Fichera’s
method) (a) contour plot; (b) 3D plot.

the value of constant term c value in comparison with the analytical solution. It is surprise
that the value of c is equal to 11.7954, instead of the constant term of 5 in Equation (30).
In order to explain this result, Equation (30) is rewritten to
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Figure 7. Contour plot and 3D plot for the Dirichlet problem by using the conventional DBEM (selfregularized) (a) contour plot; (b) 3D plot.

u(𝐱� ) = 4x � + 3y � + 11.7954.

(31)

if the origin is set at the geometric centre in Figure 3(b). However, it is interesting that the
numerical result of c is found to be the constant term in Equation (31) when the origin is
set at the geometric centre. After employing the regularization technique, all the results
become acceptable and match well to each other.
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Figure 8. Contour plot for the Dirichlet problem by using the conventional IBEM (unregularized).

3.2. Case 2: Neumann boundary condition containing a rigid body mode
No matter what the numerical method, FDM, FEM or BEM applied in this case, it is wellknown that the Neumann problem does not have the unique solution due to the rigid body
mode. Therefore, all numerical methods can’t yield the unique solution for this problem. It
is well known that infinite solutions differ by a constant term. Although Fichera’s method
was developed to solve the degenerate-scale problem, we here used the same self-regularized
method [44] to solve this Neumann problem containing a rigid body mode. By using the
proposed approach, we obtain an acceptable solution as shown in Figure 10(a) and (b) after
adding the same constant 11.7954. The results obtained by using the proposed approach
and the analytical solution are shown together in Figure 11(a). The error distribution in the
triangular domain is displayed in Figure 11(b). In this case, it shows that this is a non-unique
solution problem because the rigid body mode can be superimposed by any constant. In
the proposed approach, we provided an acceptable solution. Although it is not equal to the
analytical solution, their difference is only by a rigid body mode (a constant field of 11.7954).
3.3. Discussions on the symmetric circulant matrix (3 elements) to verify the
singularity and proportional equivalence of [U] and [T]
Here, we intend to employ only three elements to study the rigid body mode and degenerate
scale of a regular triangle. Figure 12(a) and (b) of the minimum singular value of [U]3×3
and [T]3×3 vs. the side length of the regular triangle indicate that a drop at l = 2.6249 for [U]
and all zeros for [T] of any l are found, respectively. The case of employing only 3 boundary
elements captures the degenerate scale of 2.6249 (exact solution is 2.37105). Although the
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Figure 9. Contour plot for the Dirichlet problem by using the conventional IBEM + Fichera’s method.

error 10.7% is obtained in the case of only using 3 elements, it is interesting to find that it has
a proportional property for the [U] and [T]. Therefore, we can explain this interesting result.
Based on the DBEM for a regular triangle with only one element for each side, we have

[U]3×3 t∼ = [T]3×3 u∼ .

(32)

Since a regular triangle results in a symmetric circulant influence matrix for [U] and [T],
we have the structure of

⎡ a b b ⎤
⎥
⎢
[U] = ⎢ b a b ⎥,
⎢ b b a ⎥
⎦
⎣

(33)

⎡ c d d ⎤
⎥
⎢
[T] = ⎢ d c d ⎥,
⎢ d d c ⎥
⎦
⎣

(34)

and

where a, b and c, d are influence coefficients for [U] and [T], respectively. For the rigid body
mode of problems with any size, we have to satisfy the rigid body test as
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Figure 10. Contour plot and 3D plot for the Neumann problem by using the conventional DBEM + selfregularized (a) contour plot (after superimposing a rigid body mode); (b) 3D plot (after superimposing
a rigid body mode).

⎧ 1 ⎫ ⎧ 0 ⎫
⎪ ⎪ ⎪ ⎪
[T]⎨ 1 ⎬ = ⎨ 0 ⎬,
⎪ 1 ⎪ ⎪ 0 ⎪
⎩ ⎭ ⎩ ⎭

(35)

c + 2d = 0.

(36)

and Equation (35) results in
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Figure 11. (a) Contour plot of the exact solution and the regularized solution after adding a rigid body
mode; (b) Error distribution (Exact solution-regularized solution adding a rigid body mode).

By using Equation (36), Equation (34) can be rewritten as

⎡ −2d d d
⎢
[T] = ⎢ d − 2d d
⎢ d d − 2d
⎣

⎡ −2 1 1
⎤
⎢
⎥
⎥ = d⎢ 1 − 2 1
⎢ 1 1 −2
⎥
⎣
⎦

⎤
⎥
⎥.
⎥
⎦

(37)
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(a)

(b)
Figure 12. Minimum singular value of [U] and [T] vs. the side length of a regular triangle by employing
3 boundary elements (a) Minimum singular value of [U] vs. the boundary length; (b) Minimum singular
value of [T] vs. the boundary length.
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Figure 13. Minimum singular value of [U] vs. the side length for a regular triangle by employing various
meshes (dash line denotes the theoretical degenerate scale for a regular triangle, 2.37105).

By using the property of the symmetric circulant matrix, [U] can be decomposed as

⎡ a−b 0
0
⎢
[U] = [𝜓]⎢ 0 a − b 0
⎢ 0
0 a + 2b
⎣

⎤
⎥ −1
⎥[𝜓] .
⎥
⎦

(38)

We have
(39)

a + 2b = 0,
since there is only one zero singular value due to the degenerate scale.
Similarly, Equation (33) can be written as

⎡ −2b b b
⎢
[U] = ⎢ b − 2b b
⎢ b b − 2b
⎣

⎡ −2 1 1
⎤
⎢
⎥
⎥ = b⎢ 1 − 2 1
⎢ 1 1 −2
⎥
⎣
⎦

⎤
⎥
⎥.
⎥
⎦

(40)

By comparing Equation (37) with Equation (40), it is interesting to find that [U] and [T]
are proportional by a constant, 1.64378 as shown below:
1.64378 [U] = [T].
(41)
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Figure 14. Numerical degenerate scale of [U] vs. number of elements for a regular triangle by employing
uniform boundary element mesh (dash line denotes the theoretical degenerate scale for a regular triangle,
2.37105).

Since [T] is singular due to a rigid body mode, [U] must be singular but due to a degenerate scale. For an ordinary scale of the regular triangle, the proportional relationship fails.
As we mentioned earlier, it happens that the singular matrix of [U] is proportional to
the singular matrix of [T] while the size of the regular triangle is on the degenerate scale
(l = 2.6249). After employing more elements for boundary construction, the more accurate
result is obtained as shown in Figure 13. The convergence of approximate degenerate scale
vs. number of elements can be found in Figure 14. Since [U] and [T] are both singular in
case of degenerate scale, we employ the Fredholm alternative theorem to revisit the two
singular matrices by plotting the right and left vectors in Figure 15. Different sources of
rank deficiency from the degenerate scale and the rigid body mode to introduce the singular
matrix are summarized in Table 2 and can be solved in a unified manner of bordered system.
In case of a degenerate scale, the influence matrices in the BIEM/BEM are rank-deficient. The direct idea is to use the bordered matrix to promote the rank of the matrix,
e.g. adding an extra row vector and an extra column vector. Nevertheless, the key point is
how to choose the extra information. From the mathematical point of view, Fichera used
an additional constraint to enforce the undetermined coefficient to be zero and to simultaneously enrich an additional constant term to construct the complete solution space of
the integral operator. In the DBEM, an additional constraint could be obtained from the
physical sense of the equilibrium of boundary flux. For other governing equations such as
the Helmholtz equation, this additional constraint may not be easy to find. Therefore, we
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Figure 15. Two roles of the Fredholm alternative theorem in a triangular case (degenerate scale and rigid
body mode).
Table 2. [U] and [T] matrices for the triangular domain (degenerate and ordinary scales).
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use the SVD structure of the matrix in the present approach. The additional constraint can
be chosen from the corresponding singular vector with respect to the zero singular value
due to a degenerate scale. The extra constraint can be found from the SVD structure of the
matrix. Therefore, it may be more general than the existing approaches.

4. Conclusions
Based on the idea of the bordered matrix, a bordered system by adding the left and right
singular vectors corresponding to the zero singular value was obtained to solve the ill-posed
or singular system. Both two formulations, the IBEM and the DBEM by using the Fichera’s
method or the self-regularized method, successfully yield the unique solution for any size
of domain. Therefore, not only the degenerate-scale problem due to mathematics (Dirichlet
BC), but also the non-unique solution of the Neumann problem due to physics (rigid
body mode) is solved. It is interesting to find that [U] and [T] are both singular in case of
a degenerate scale, since [T] is singular due to a rigid body mode and [U] is also singular
but due to a degenerate scale. The derivation of this finding by using the property of the
symmetric circulant matrix indicates proportional relation between [U] and [T] for a 3 by
3 system. The numerical results also show the validity of our approach and the interesting
result. Similarly, the self-regularized method can be directly extended to solve the three-dimensional problem subject to the Neumann boundary condition without any difficulty.
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