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In this paper, a quaternion boundary element method (BEM) is proposed to solve the magnetostatic problem. The present
quaternion-valued BEM is developed by discretizing the quaternion-valued boundary integral equation (BIE). The quaternionvalued BIE can be seen as an extension of the generalized complex variable BIE in 3-D space. In other words, quaternion algebra
is an extension of the complex variable in 3-D space. To derive quaternion-valued BIEs, the quaternion-valued Stokes’ theorem
is utilized. The quaternion-valued BIEs are noted for singularity, which exists in the sense of the Cauchy principal value (CPV).
An analytical scheme is developed to evaluate the CPV by introducing a simple quaternion-valued harmonic function. For the domain
points close to the boundary, some sorts of analogous, nearly singular, so-called “numerical boundary layer” phenomena appear
and are remedied by using a similar analytic evaluation. The quaternion BEM features the oriented surface element, combining
the unit outward normal vector with the ordinary surface element. It is noted that all derivations are done in quaternion algebra.
In addition, quaternion algebra is more flexible than vector algebra in solving some 3-D problems from the point view of algebraic
space. In deriving BIEs for exterior fields, the conditions at infinity for the quaternion-valued functions are carefully examined.
Later, a magnetic sphere in a uniform magnetic field is considered. This problem is a magnetostatic problem of coupled exterior
and interior magnetostatic fields. Finally, we apply the present approach to solve the magnetostatic problem. By comparing with
exact solutions, the validity of the present approach is checked.
Index Terms— Magnetostatic problem, quaternion algebra, quaternion boundary element method (BEM), quaternion-valued
boundary integral equation (BIE).

I. I NTRODUCTION
A. Literature Review
XTENDING complex variables to quaternionic variables
in order to solve 3-D problems is long desired. In this
process, preserving some benefits of complex variables is
possible. Quaternion algebra was proposed by Hamilton [1].
Complex algebra is a subalgebra of quaternion algebra [2].
Fueter [3], [4] started a series of development of quaternion analysis in 1930. Recently, there is a new field of
quaternion analysis [5], [6]. Lin [7] proposed the generalized complex variable boundary integral equation (CVBIE).
Later, Lee et al. [8] employed it to develop the generalized
complex variable boundary element method (CVBEM) and
solve torsion problems. However, the limitation of the CVBIE
is only suitable for 2-D problems. For this reason, Liu and
Hong [9] derived the quaternion-valued boundary integral
equation method (BIEM) and developed the quaternion BEM
to solve 3-D problems of magnetostatics. The quaternionvalued BIE can be seen as a 3-D extension of the CVBIE.
In addition, there is another option for solving 3-D problems.
Lee et al. [10] proposed a Clifford algebra-valued BEM to
solve electromagnetic scattering problems. Liu and Hong [11]
developed a Clifford algebra-valued BIE/BEM to solve 3-D
problems of elasticity. These BEM, can be seen as an 3-D
extension of the CVBEM.
In this paper, the main target is to develop a quaternion BEM
to deal with coupled exterior and interior magnetostatic fields.
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In the area of electromagnetics, Stratton [12] first formulated
electric and magnetic fields into the form of BIEs. Later,
Tsuboi and Misaki [13] solved 3-D eddy current problems
by using the BEM. They considered the electric field and
the magnetic flux density as the unknown variables in their
manner. Morisue and Fukumi [14] applied the BIEM with
the vector magnetic potential to 3-D eddy current problems.
Fang et al. [15] considered an exterior magnetostatic problem
with two separated and uniformly magnetized spheres by using
the BEM. They also employed iterative methods to reduce the
CPU time when they solved large problems. Regarding the
problem of coupled exterior and interior magnetostatic fields,
Adriaens et al. [16] dealt with it by using the vector potential
BEM. For calculating strongly singular integrals, they used the
Cauchy principal value (CPV) sense. Tsuboi and Tanaka [17]
considered three external conditions for the external vector
potential field to describe the coupled magnetostatic problem
and solved it by using the vector potential BEM. Zou et al. [18]
proposed an adaptive Galerkin indirect BEM by using the
technology of h-type refinement. In this way, not only the
accuracy of numerical results improved, but the computational
cost is also decreased.
B. Quaternion Algebra
We introduce quaternion algebra H in this section. Quaternion algebra has four basis elements
1, i 1 , i 2 , i 3 .

(1)

The quaternion product i j i k of i j and i k is defined by the
quaternion product rule
i j i k + i k i j = −2δ j k ,

j, k = 1, 2, 3, i 1i 2 = i 3

and the multiplication is summarized in Table I.
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TABLE I
Q UATERNION M ULTIPLICATION

Fig. 2.

Fig. 1.

Magnetized sphere in an external uniform magnetic field.

where ∂ stands for the interface, “in,” “ex,” and “uni” denote
the interior field, exterior field, and uniform field, μin and μex
are the permeabilities of magnetized medium and free space,
respectively. In addition, Aex (x) and B ex (x) must satisfy the
following decay conditions at infinity:
c1
(11)
lim | Aex (x)| ≤
|x|→∞
|x|
c2
lim |B ex (x)| ≤
(12)
|x|→∞
|x|2

Framework of magnetostatics.

A quaternion number or simply a quaternion is
a = a0 1 + a1i 1 + a2 i 2 + a3i 3 , a ∈ H, ai ∈ R.

(3)

The conjugate a is
a = a0 1 − a1i 1 − a2 i 2 − a3i 3 , a ∈ H, ai ∈ R.

(4)

In general, the multiplication of quaternions is noncommutative. The norm or absolute value of a quaternion is
1

1
|a| = (aa) 2 = a02 + a12 + a22 + a32 2 .
(5)

where c1 and c2 are real-valued constants.
We focus on developing the quaternion-valued BIEs in
Sections II and III for problems governed by the 3-D
quaternion-valued Laplace equation. In Section IV, we apply
the corresponding BEM to the coupled exterior and interior
magnetostatic fields.
In this paper, we employ the boldface to express a quaternion number or quaternion function, the symbol of bold italic
to express a vector variable, and the italic to express a scalar
variable.
II. Q UATERNION -VALUED BIEs

The inversion of a is
a−1 =

a
.
|a|2

(6)

C. Problem Statement of Magnetostatics
For the magnetostatic problem, A(x) is the magnetic vector
potential (unit: Vsm−1 ), B(x) is the magnetic flux density
(unit: Wb), H(x) is the magnetic field intensity (unit: Am−1 ),
J (x) is the free current density (unit: Am−2 ), and μ is the
magnetic permeability (unit: NA−2 ). The governing equation
of B(x) and H(x) is expressed in the frame of magnetostatic
problem, as shown in Fig. 1. If there is no free current density,
we have the vector Laplace equation
− A(x) = 0.

(7)

Here, we consider a magnetostatic problem with coupled
exterior and interior fields, as shown in Fig. 2. The interface
conditions in terms of vector form are
Ain (x) = Aex (x) + Auni (x), x ∈ ∂

(8)

n(x) · B in (x) = n(x) · (B ex (x) + B uni (x)), x ∈ ∂ (9)
n(x) × B in (x) n(x)×(B ex (x)+ B uni (x))
=
, x ∈ ∂ (10)
μin
μex

We derive the quaternion-valued BIEs and Dirac derivative
of quaternion BIEs. First, we introduce quaternion analysis. Then, according to quaternion-valued Stokes’ theorem,
we derive the quaternion-valued BIEs and Dirac derivativetype BIEs for the 3-D Laplace equation in quaternionic
variable. When the source point is located on the boundary,
an encounter with the singularity problem leads us to prove
that the singular integral exists in the sense of the CPV.
For this, we analytically evaluate the CPV by introducing
a simple quaternion-valued harmonic function. In addition,
when the source point is close to the boundary, a nearly
singular phenomenon occurs. We also alleviate this problem
by analytically evaluating the nearly singular integral. Finally,
we discretize the quaternion-valued BIEs into the quaternion BEM by constructing both constant element and linear
element.
A. Quaternion Analysis
For quaternion analysis, a point arbitrarily located in 3-D
space may be expressed as a vector quaternion
x=

3

j =1

x j i j , x ∈ H, x j ∈ R.

(13)
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A quaternion-valued function is defined in the Euclidean
space R3 as
f(x) : R3 → H

f(x) = f 0 (x) +

3


f j (x)i j

where the Cauchy kernel is
C(x − y) = D(x)U (x − y) =

(14)

where
(15)

j =1

in which f0 (x) and f j (x) are real-valued functions and the
domain and the range of f(x) are R3 and H, respectively.
In Cartesian coordinates, the Dirac (Moisil–Theodoresco)
operator in H is defined as
∂
∂
∂
+ i2
+ i3
(16)
D(x) = i 1
∂ x1
∂ x2
∂ x3
∂
∂
∂
− i2
− i3
.
∂ x1
∂ x2
∂ x3

(17)

where

⎧
⎪
⎪
⎨1α ∀ y ∈ 
∀ y ∈ ∂
c( y) =
⎪
4π
⎪
⎩0
∀ y ∈ R3 \ cl

and


(18)

Using quaternion analysis, we can introduce a quaternionvalued Laplace equation to replace (7) as follows:
−f(x) = 0

(19)

where f(x) is a quaternion-valued function. The scalar part
of f(x) may be identified with the electric potential and the
vector part of f(x) with the magnetic vector potential A(x).
The fundamental solution of the 3-D Laplace equation is
1
U (x − y) =
(20)
4π|x − y|
where the fundamental solution U (x − y) satisfies
−U (x − y) = δ(x − y)

(21)

in which δ(x − y) is the Dirac delta function and y is the
position of the source point. Note that the fundamental solution
is a scalar-valued function.

Quaternion-valued Stokes’ theorem in 3-D space is
∂

g(x)n(x)h(x)d S(x)

[(g(x)D(x))h(x) + g(x)(D(x)h(x))]d 3 x
=


=

⎧
⎪
⎨

∂
−
∂
⎪

⎩

∂

∀y ∈ 
∀ y ∈ ∂
∀ y ∈ R3 \ cl

(26)

(27)

in which α is the solid angle and − denotes the CPV. When
the source point y is on the boundary, an encounter with the
singular integral leads us to use the interior bump detour to
deal with this problem.
C. Dirac Derivative of Quaternion-Valued BIEs
Applying the Dirac operator to (25), we have the Dirac
derivative of quaternion-valued BIEs
 ( y)
C(x − y)n(x)D(x)f(x)d S(x) (28)
b( y)f( y) = −
∂

where

⎧
⎪
∀y ∈ 
⎪
⎨D(y)
α
D( y) ∀y ∈ ∂
b( y) =
⎪
4π
⎪
⎩0
∀ y ∈ R3 \ cl.

(29)

Note that
D( y)U (x − y) =
(22)

where g(x), 
h(x), and n(x) are quaternion-valued functions
and n(x) = 3j =1 n j (x)i j is the outward unit vector normal
to the boundary. We derive in the following quaternionvalued BIE for quaternion-valued Laplace equation in three
dimensions based on Stokes’ theorem (22).
Let g(x) = U (x − y)D(x) and h(x) = f(x) in (22); also let
g(x) = U (x − y) and h(x) = −D(x)f(x) in (22); combining
the results, we have


δ(x − y)f(x)d 3 x =
U (x − y)n(x)D(x)f(x)d S(x)

∂

C(x − y)n(x)f(x)d S(x), (23)
−
∂

( y)
∂

B. Quaternion-Valued BIEs


(24)

∂

The 3-D Laplace operator is
 = −D(x)D(x) = D(x)D(x).

(x − y)
.
4π|x − y|3

According to the location of the source point y, we have
the quaternion-valued BIEs
 ( y)
c( y)f( y) =
U (x − y)n(x)D(x)f(x)d S(x)
∂
 ( y)
−
C(x − y)n(x)f(x)d S(x)
(25)

and the conjugate D(x) is
D(x) = −D(x) = −i 1
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(x − y)
= C(x − y)
4π|x − y|3

(30)

namely, D( y)U (x − y) is nothing but the Cauchy kernel
C(x − y). Note also that
D( y)C(x − y) =

3(x − y)(x − y)
3
+
=0
5
4π|x − y|3
4π|x − y|

(31)

namely, D( y)C(x − y) is zero.
III. A NALYTICAL E VALUATION OF S INGULAR I NTEGRAL
A. Analytically Evaluating the Cauchy Principal Value
When the source point y is located on the boundary, we may
encounter the problem of evaluating the CPV and the solid
angle. To obtain an accurate value of the boundary integral,
we introduce a simple quaternion-valued harmonic function
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w(x) and its quaternion-valued BIE. For a simple quaternionvalued harmonic function w(x), the quaternion-valued singular
BIE is

α
w( y) =
U (x − y)n(x)D(x)w(x)d S(x)
4π
∂

− − C(x − y)n(x)w(x)d S(x), y ∈ ∂.
∂

(32)
Fig. 3.

To achieve our requirement, a simple quaternion-valued harmonic function w(x) must satisfy
⎧
⎪
⎨w(x) = 0, x ∈ 
(33)
w(x)| x= y = f( y)
⎪
⎩
D(x)w(x)| x= y = D( y)f( y).
Subtracting (32) from (25) in the second case of (26) and (27),
we obtain

0=

∂


−

U (x − y)n(x)[D(x)f(x) − D(x)w(x)]d S(x)

∂

C(x − y)n(x)[f(x)−w(x)]d S(x), y ∈ ∂. (34)

In this way, two advantages can be obtained. One is exactly
evaluating the CPV and the other is suitable for any geometry.
We can adopt this idea even though we solve other types of
BIE such as EFIE, MFIE, and CFIE formulations. The original
Dirac derivative of the quaternion-valued singular BIE is
α
D( y)f( y)
4π

= −− C(x − y)n(x)D(x)f(x)d S(x), y ∈ ∂. (35)
∂

Similarly, we also find a simple quaternion-valued harmonic
function wD (x) and the corresponding quaternion-valued singular BIE
α
D( y)wD ( y)
4π

= −− C(x − y)D(x)wD (x)d S(x),
∂

y ∈ ∂.

(36)

Subtracting (36) from (35), we obtain

C(x − y)n(x)
0=−
∂

× [D(x)f(x) − D(x)wD (x)]d S(x),

y ∈ ∂.

(37)

It is noted that free of calculating the solid angle is gained
in (34) and (37).
B. Analytically Evaluating the Nearly Singular Integral
of Quaternion-Valued BIE
When the domain point is very close to the boundary,
as shown in Fig. 3, it may encounter a nearly singular integral.
To deal with this problem, we also use a simple quaternionvalued harmonic function to analytically evaluate the nearly
singular integral equation. Let z be a domain point, y be
a boundary point, and x be the integration variable, and
from (25), it follows that the BIE for the domain point z is:

U (x − z)n(x)D(x)f(x)d S(x)
f(z) =
∂

C(x − z)n(x)f(x)d S(x), z ∈ . (38)
−
∂

Analytical evaluation of the nearly singular integral.

There is a simple quaternion-valued harmonic function w(z),
which satisfies (33). Substituting w(z) for f(z) in (38), we have

w(z) =
U (x − z)n(x)D(x)w(x)d S(x)
∂

C(x − z)n(x)w(x)d S(x), z ∈ . (39)
−
∂

Then, subtracting (39) from (38) to alleviate the nearly singular
integral, we have

f(z) = w(z) +
U (x − z)
∂

− D(x)w(x)]d S(x)
× n(x)[D(x)f(x)

−

∂

C(x − z)n(x)[f(x) − w(x)]d S(x), z ∈ .
(40)

Similarly, the quaternion-valued BIE with nearly singularity
alleviated for the out-of-domain point is

0=
U (x − z)n(x)[D(x)f(x) − D(x)w(x)]d S(x)
∂

C(x − z)n(x)[f(x) − w(x)]d S(x), z ∈ R3 \ cl.
−
∂

(41)
In the case of z = y, both (40) and (41) turn out to be (34).
C. Simple Quaternion-Valued Harmonic Function
for the Interior Problem
For the interior problem, we introduce a simple quaternionvalued harmonic function w(x) to analytically evaluate the
CPV and the nearly singular integral. A simple quaternionvalued harmonic function w(x) satisfies (33). Then, we can
find a simple solution of w(x) as follows:
w(x) = f( y) +

x−y
D( y)f( y).
3

(42)

D. Simple Quaternion-Valued Harmonic Function
for the Exterior Problem
An exterior problem in an exterior domain  with a
bounded boundary  and the boundary at infinity ∞ is
schematically shown in Fig. 4. The quaternion-valued BIE for
the domain point in the exterior problem is

f( y) =
U (x − y)n(x)D(x)f(x)d S(x)
+∞

−
C(x − y)n(x)f(x)d S(x). (43)
+∞
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π

where 0 0 | sin θ |dθ dφ = 4π. Therefore, we have proved
that

U (x − y)n(x)D(x)f(x)d S(x)
∞

C(x − y)n(x)f(x)d S(x) = 0. (50)
−
∞

Fig. 4.

Exterior problem.

In this section, we will find out the restriction condition to
be imposed on the function f(x) at infinity in order that the
two integrals over ∞ in (43) vanish. To conveniently calculate
the integrals over ∞ , let lim S 2 ( y, r ) = ∞ . We have
r→∞



U (x − y)n(x)D(x)f(x)d S(x)

−
C(x − y)n(x)f(x)d S(x)
∞

= lim
U (x − y)n(x)D(x)f(x)d S(x)
r→∞
S 2 ( y,r)


C(x − y)n(x)f(x)d S(x) .
−

w(x) = C(x − s)[C( y − s)]−1 f( y)
+ [U (x −s)−U ( y−s)][C( y − s)]−1 D( y)f( y)

(51)

where for simplicity s was located at the origin in the present
implementation. The implementation for the exterior problem
is basically analogous to that for the interior problem.

∞

S 2 ( y,r)

The meanings of the two conditions (47) and (48) are that at
∂
infinity f(x) and ∂r
f(x) tend to zero with decay orders 1r and
1
, respectively.
r2
For the exterior problem, a simple quaternion-valued harmonic function w(x) should satisfy not only (33) but also the
restriction conditions. Then, we can find

E. Oriented Surface Element
(44)

On the sphere S 2 ( y, r ), U (x − y) is (1/4π|x − y|) and
C(x − y) is ((x − y)/4π|x − y|3 ), where (x − y) is
r n(x), |x − y| = r . Furthermore, n(x)D(x) = (∂/∂r )
2π π
and S 2( y,r) d S(x) = 0 0 r 2 sin θ dθ dφ. Therefore, (44)
becomes

 2π  π 
1
∂
lim
r f(x) + f(x) sin θ dθ dφ. (45)
r→∞ 4π 0
∂r
0
To evaluate the bounds of the double integral (45), we have
the following inequality:

 2π  π 
1
∂
| lim
r f(x) + f(x) sin θ dθ dφ|
4π r→∞ 0
∂r
0


 2π  π 


∂
1
 dθ dφ
sin
θ
≤
lim
r  f(x) 


4π r→∞ 0
∂r
0
 2π  π
1
+
lim
|f(x)|| sin θ |dθ dφ.
(46)
4π r→∞ 0
0
Therefore, if the function f(x) satisfies the following decay
conditions at infinity:
c1
(47)
lim |f(x)| ≤
r→∞
r
c2
∂
lim | f(x)| ≤ 2
(48)
r→∞ ∂r
r
where c1 and c2 are the real numbers, and the right-hand side
of the inequality (46) is less than the following:
 2π  π
c2
| sin θ |dθ dφ
lim
r→∞ 4πr 0
0
 2π  π
c1
+ lim
| sin θ |dθ dφ = 0 (49)
r→∞ 4πr 0
0

The term n(x)d S(x) can be merged into an oriented surface
element as follows:
n(x)d S(x) = dσ (x)
= d x2 d x3i 1 − d x1 d x3i 2 + d x1 d x2i 3 .

(52)

For the triangle Gaussian quadrature, the field point x can be
expressed as
x = (1 − ξ1 − ξ2 )xa + ξ1 xb + ξ2 xc

(53)

where the vector part of quaternions x a , x b , and x c [see (13)]
is the nodal points of the triangle element, and ξ1 and ξ2 are
the parameters of Gaussian quadrature. For example, using the
Gaussian quadrature to evaluate U (x − x j )dσ (x)

U (x − y)dσ (x) ≈

ngp

1
k=1

2


 

 
wk U x ξ1k , ξ2k − y J ξ1k , ξ2k
(54)

where wk is the Gaussian weights and ngp is the number of
Gaussian points. J(ξ1k , ξ2k ) is a quaternion-valued function as
follows:
J(ξ1 , ξ2 ) =

1
2

∂x ∂x
∂x ∂x
−
∂ξ1 ∂ξ2
∂ξ2 ∂ξ1

.

(55)

Therefore, the oriented surface element in the Gaussian
quadrature is
dσ (x) = dσ (ξ1 , ξ2 ) = J(ξ1 , ξ2 )dξ1 dξ2 .

(56)

It is noted that the representation in (56) is suitable for any
curved surface in R3 .
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IV. C OUPLED E XTERIOR AND I NTERIOR
M AGNETOSTATIC F IELDS
Consider a magnetized sphere of radius R immersed in
an external uniform field Buni (x), as shown in Fig. 2. The
exterior field Bex (x) outside of the sphere and the interior field
Bin (x) inside of the sphere are coupled through the interface
conditions. The relative permeability μr is the ratio of the
permeability of a magnetized medium μin to the permeability
of free space μex
μin
μr =
= 100.
(57)
μex
In terms of quaternion algebra, the external uniform field
Buni (x) is expressed as
uni

B

(x) = Bc i 3

Fig. 5.

Mesh distribution of triangular boundary elements for the sphere.

(58)

where Bc is the weighting of the external uniform field and
Bc = 1. To satisfy the governing equations, there are several
possible vector potentials
⎧
 x
x1 
2
⎪
⎪Case I: Bc − i 1 + i 2
⎨
 2
 2 

(59)
Auni (x) = Case II: Bc x 3 − x2 i 1 + x 3 + x1 i 2
2
2
⎪

⎪
⎩
+(x + x )i .
1

2 3

The case I have been considered by Tsuboi and Tanaka [17].
The exact solutions of the Bex (x) and Bin (x) fields for these
two cases are
R 3 Bc
μr − 1
Bex (x) =
μr + 2 x 2 + x 2 + x 2  52
1
2
3
 

× 3x 1 x 3i 1 + 3x 2 x 3i 2 + (2x 32 − x 12 − x 22 i 3 (60)
3μr Bc
i3.
(61)
Bin (x) =
μr + 2
The exact solutions of the A1 (x) and A2 (x) fields for these
two cases are
R 3 Bc
μr − 1
Aex (x) =
(−x 2 i 1 + x 1 i 2 ) (62)
μr + 2  x 2 + x 2 + x 2  32
1

2

3

and
⎧
3 μr Bc
⎪
Case I:
(−x 2i 1 + x 1i 2 ),
⎪
⎪
⎪
2 μr + 2
⎪
⎨
3μr
(x 2 i 1 + x 1 i 2 )
Ain (x) = Case II: Bc −
(63)
4
+
2μr
⎪

⎪
⎪
⎪
⎪
⎩
+ x 3 (i 1 + i 2 ) + (x 1 + x 2 )i 3 .
We used 642 nodal points with 1280 triangular elements
as shown in Fig. 5 to solve the magnetostatic problems.
In addition, not only constant element but also linear element is
considered. On using quaternion algebra, the relation between
A j (x) and B j (x) is
B j (x) = −D(x)A j (x),

j = uni, ex, in

(64)

where the superscript j indicates the uniform field, exterior
field, and interior field. Discretizing the quaternion-valued
BIEs, we have
[C ( j )]{A( j )} + [U ( j )]{B ( j )} = {0} j = ex, in

(65)

Fig. 6. Contour plots of the components of the magnetic vector potential field
on the plane x3 = 0. (a) Numerical solution by using linear element ( A1 ).
(b) Numerical solution by using linear element ( A1 ). (c) Exact solution ( A1 ).
(d) Exact solution ( A2 ).

where
[U (in)] = −[U (ex)]
[C

(in)

] + [C

(ex)

] = [I ].

(66)
(67)

Note that the scalar parts of four quaternion-valued functions,
Aex (x), Ain (x), Bex (x), and Bin (x) are all equal to zero.
Deleting them, we have
[C ( j ) ]{A( j )} + [U ( j )]{B ( j )} = {0} j = ex, in.

(68)

For the interface conditions in (8) to (10), we have
[I ]{A(in)} − [I ]{A(ex)} = {A(uni)}
[N in ]{B (in)} − [N ex ]{B (ex)}
= [N ex ]{B (uni)}.

(69)
(70)
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Fig. 7. Vector field ( A1 , A2 ) for case I on the plane x3 = 0. (a) Constant
element. (b) Linear element.

Fig. 8. Vector field ( A1 , A2 ) for case I on the plane x3 = 0 with nearly
singularity alleviated. (a) Constant element. (b) Linear element.

Fig. 9. Exact solution of vector field ( A1 , A2 ) for case I on the plane x3 = 0.

Fig. 10. Distribution of A2 on the x1 -axis for case I. (a) Constant element.
(b) Linear element.

Fig. 11. Vector field ( A1 , A2 ) for case II on the plane x3 = 0. (a) Constant
element. (b) Linear element.

We combine (68)–(70) to obtain the linear algebraic equation
⎡ (in)
⎤
C
U (in)
0
0
⎢ 0
0
C (ex) U (ex) ⎥
⎢
⎥
⎣ I
0
−I
0 ⎦
0
N in
0
−N ex
⎧ (in) ⎫ ⎧
⎫
A
0
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨ (in) ⎬ ⎨
⎬
0
B
=
.
(71)
(uni)
(ex)
A
A
⎪
⎪ ⎪
⎪
⎪
⎩ (ex)⎪
⎭ ⎪
⎩ ex (uni)⎪
⎭
N B
B
It is noted that all coefficients in the matrices are real value,
not quaterion value. After determining all boundary densities,
the field solutions can be calculated straightforward by using
the domain point BIE.
First, we plot two components A1 and A2 of the magnetic
vector potential field on the plane x 3 = 0 for the case I
in Fig. 6(a) and (b), respectively. The corresponding exact
solutions are also shown in Fig. 6(c) and (d). For the vector
plot, Fig. 7 shows the magnetic vector potential field (A1 , A2 )
on the plane x 3 = 0 for the case I, whereas Fig. 8 shows

Fig. 12. Vector field ( A1 , A2 ) for case II on the plane x3 = 0 with nearly
singularity alleviated. (a) Constant element. (b) Linear element.

(A1 , A2 ) with the nearly singularity alleviated. For comparison, the exact solution is shown in Fig. 9. We also plot the
distribution of A2 on the x 1 -axis for the case I and good
agreement is seen when compared with the exact solution
in Fig. 10. Solution 1 was solved by the original quaternionvalued BIE and solution 2 was obtained by the quaternion-
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Fig. 16. Vector field (B1 , B3 ) on the plane x2 = 0 with nearly singularity
alleviated. (a) Constant element. (b) Linear element.
Fig. 13.

Exact solution of ( A1 , A2 ) for case II on the plane x3 = 0.

Fig. 17.

Fig. 18.
x2 = 0.

Exact solution of vector field (B1 , B3 ) on the plane x2 = 0.

Magnetic flux density field of a spherical magnet on the plane

Fig. 14. Distribution of A2 on the x1 -axis for case II. (a) Constant element.
(b) Linear element.

Fig. 15. Vector field (B1 , B3 ) on the plane x2 = 0. (a) Constant element.
(b) Linear element.

valued BIE with alleviating the nearly singular integral. The
results for the cases II are shown in Figs. 11–14. Fig. 15 shows
the magnetic flux density field (B1 , B3 ) on the plane x 2 = 0
for all cases, whereas Fig. 16 with nearly singularity alleviated.
The exact solution of the magnetic flux density for all cases
is shown in Fig. 17. In addition, Fig. 18 shows the magnetic
flux density field of a spherical magnet on the plane x 2 = 0.
It is noted that no external uniform magnetic flux density field

Fig. 19. Distribution of B3 on the x1 -axis. (a) Constant element. (b) Linear
element.

in Fig. 18. In Fig. 19, we also plot the distributions of the B3
component on the x 1 -axis. Good agreement is observed when
compared with the exact solution. Fig. 20 summarizes our
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Fig. 20. Distribution of B3 on the x1 -axis at different nodal points for linear
elements.

linear element results that more nodal points and elements we
use, better results we have.
V. C ONCLUSION
Using quaternion algebra, we constructed the quaternionvalued BIEs for solving the 3-D quaternion-valued Laplace
equation. The quaternion-valued BIE is applicable not only to
the smooth boundary but also to the non-smooth boundary.
The CPV is analytically evaluated by introducing a simple
quaternion-valued harmonic function. For the exterior and interior magnetostatic fields, the corresponding simple quaternionvalued harmonic functions are different. The exterior one
must satisfy the decay condition at infinity; on the contrary,
the interior one has no need to satisfy the constraint condition.
This idea can also be employed to deal with the phenomena of
boundary layer due to the nearly singular integral. In the real
implementation, we combine the unit outward normal vector
with the ordinary surface element into an oriented surface
element. One advantage is that we can avoid treating the
normal vector at the corner. Hence, the quaternion BEM may
be more efficient than vector potential BEM. Since quaternion
bases contain scalar and vector parts, it is more flexible than
vector variables. Both constant and linear elements were used
to discretize the quaternion-valued BIE into the quaternion
BEM. For the coupled exterior and interior magnetostatic
problem governed by the vector Laplace equation was also
solved by using the quaternion BEM in this paper.
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