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ABSTRACT

ARTICLE HISTORY

The inﬂuence matrix may be of deﬁcient rank in the speciﬁed scale when we have solved the 2D elasticity
problem by using the boundary element method (BEM). This problem stems from ln r in the 2D Kelvin solution.
On the other hand, the single-layer integral operator can not represent the constant term for the degenerate scale
in the boundary integral equation method (BIEM). To overcome this problem, we have proposed the enriched
fundamental solution containing an adaptive characteristic length to ensure that the argument in the logarithmic
function is dimensionless. The adaptive characteristic length, depending on the domain, diﬀers from the constant
base by adding a rigid body mode. In the analytical study, the degenerate kernel for the fundamental solution in
polar coordinates is revisited. An adaptive characteristic length analytically provides the deﬁcient constant term of
the ordinary 2D Kelvin solution. In numerical implementation, adaptive characteristic lengths of the circular
boundary, the regular triangular boundary and the elliptical boundary demonstrate the feasibility of the method.
By employing the enriched fundamental solution in the BEM/BIEM, the results show the degenerate scale free.
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1. Introduction
When we employ the BEM to solve the 2D Laplace equation (Chen
et al. 2002; Chen, Lin, and Chen 2005) and 2D elasticity problem
(Chen et al. 2016, 2017a) subjected to the Dirichlet boundary condition, the rank deﬁciency due to the special size of domain in the
inﬂuence matrix is found. The speciﬁc size is called the degenerate
scale. It is a mathematical problem due to the scale of the domain
instead of the physical phenomenon such as a rigid body mode in
the free-free structure. Feng (1980) pointed out the reason that the
solution space is not equivalent between the partial diﬀerential
equations and integral equations. In other words, it is
a fundamental issue for the existence and uniqueness theorem in
mathematics. Degenerate scales of several shapes have been investigated as shown in Figure 1 by Kuo, Chen, and Kao (2013); Chen,
Kao, and Lee (2017). To ensure the unique solution, there are six
regularization techniques to transform the ill-posed system to a wellposed one, such as the method of adding a rigid body mode (Chen,
Lin, and Chen 2005; Chen et al. 2014; Constanda 1993), the hypersingular formulation (Chen, Lin, and Chen 2005; Chen et al. 2014),
the boundary ﬂux equilibrium for rank promotion (Chen et al. 2014;
Christiansen 1974), the combined Helmholtz exterior integral equation formulation (CHEEF) method (Chen et al. 2002; Chen, Liu, and
Hong 2003; Chen, Lin, and Chen 2005; Chen et al. 2014) (the direct
BEM), Fichera’s method (Chen et al. 2014, 2017b; Fichera 1959; Hsiao
and MacCamy 1973) (the indirect BEM) and the self-regularization
technique (Christiansen 1974; Chen et al. 2018). Those regularization
techniques are summarized in Table 1. Since the ill-posed problem
stems from the single-layer representation for the solution in the
indirect BEM/BIEM, the method of adding a rigid body mode is the
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simplest way to solve the degenerate scale problem. However, the
degenerate scale is just shifted to another position. Chen, Lin, and
Chen (2005) proved that a new degenerate scale actually exists and
relates to a factor ec while adding a rigid body mode c in the
fundamental solution of the 2D Laplace equation. For ensuring the
completeness of the range space, Fichera (1959) not only added
a constant term in the integral representation but also provided
a constraint equation for the single-layer integral operator. The
kernel function in the BIE employed the original fundamental solution. To understand the mechanism of the degenerate scale in the
Laplace problem, Chen et al. (2014) used the degenerate kernel to
revisit the degenerate scale problem and reviewed several regularization techniques for the BIE. Mathematically speaking, the coeﬃcient of the constant term in the boundary density, α, cannot be
determined in the degenerate scale. The role of the constraint
equation in Fichera’s method can be explained to make the undetermined coeﬃcient of constant term α to be zero. Then, the
deﬁcient constant term c in the range is enriched separately. In
other words, when the domain is the degenerate scale exactly, the
single-layer integral operator may lose the constant term in the
BIEM. Chen et al. (2016, 2017a) extended Fichera’s idea to the 2D
elasticity problem. The key point of deﬁcient range in both problems
is due to ln r in the fundamental solution. From Hu’s mathematical
model (1992a, 1992b), and He, Ding, and Hu (1996), the necessary
and suﬃcient BIE is similar to Fichera’s formula. The main diﬀerence
is that the argument r of the logarithmic function is set to be r/a,
where a is an arbitrary constant. It can be considered that the
fundamental solution has been modiﬁed.
In engineering practice, there are many empirical formulae to
provide a design index for soil mechanics, hydraulics, and
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Figure 1. Degenerate scales of several shapes of domain.

reinforced concrete (RC). It is worth noting that the coeﬃcients for
the diﬀerent unit system are always used in the same formula (e.g.
the meter-kilogram-second (MKS) system and the centimetergram-second (CGS) system). By using the dimensional analysis,
there are three advantages such as simplifying the problem,
detecting the equation and establishing the relationship between
physical phenomena and mathematical modeling. Therefore, we
can analytically derive the objective tensorial formula to examine
the same coeﬃcient in a diﬀerent unit system (observer system).
Lin and Wu (2007) explained that ln r; H0 ðkrÞ, sinðθÞ and the radial
basis function (RBF) in the fundamental solution should be dimensionless. Otherwise, the rule of objectivity will be disobeyed. It is
another way to clarify why a degenerate scale occurs due to ln r
base in the fundamental solution by Christiansen’s study (1982).
Langtangen and Pedersen (2016) revisited the dimensionless timedependent elasticity partial diﬀerential equations. By using the
dimensional analysis (scaling technique), they explained that the
acceleration term can be neglected to connect with the static
problem, given a speciﬁed situation.
In the numerical analysis, Bird and Steele (1992) employed
a characteristic length into the radial term of ﬁeld solution to
solve the 2D steady-state heat equation. The characteristic length
was also adopted in the modiﬁed Treﬀtz method by Liu (2007a,
2007b, 2007c) and Chen, Liu, and Chang (2009). Once the
T-complete functions contain a characteristic length, the condition
number of the linear algebraic system can be reduced to ensure
the model being well posed. Liu (2009) improved the method of
fundamental solution (MFS) by using the characteristic length. As
mentioned above, the characteristic length can conﬁrm the convergence and stability in the modiﬁed Treﬀtz method and the MFS.

We extend this idea to solve the ill-posed problem for the
BEM/BIEM. Hu’s suﬃcient and necessary BIE and Fichera’s
method both contain an extra constant and a constraint equation. We only determine a modiﬁed term in the fundamental
solution to enrich the range. From the view of physics, the
logarithmic function with an argument of the length r is not
objective while considering a diﬀerent observer (unit) system.
Therefore, we utilized the ‘characteristic’ length L from the
boundary to ensure the argument r=L being dimensionless
because the ‘characteristic’ boundary (degenerate scale) yields
an ill-posed problem. In our approach, the objectivity means that
the uniqueness and existence to the solution representation are
independent of observer system or scaling change. The key
point is that the modiﬁed term L is adaptively tuned with respect
to the domain for the diﬀerent case instead of employing
a constant term, thus ensuring the argument in the logarithmic
function is feasible to satisfy dimensionlessness and objectivity.
Only ensuring the dimensionless argument r/a is not suﬃcient to
show the objectivity. It must be used with a constraint equation
to obtain a necessary and suﬃcient BIE according to Hu’s study.
Regarding the issues of ‘objective’ and ‘objectivity,’ Romano,
Barretta, and Diaco (2018) have formulated and discussed elastic
mechanics in detail. In this paper, the Kelvin solution containing
an adaptive characteristic length can modify the argument in the
logarithmic function. ‘Adaptive’ means a ﬂexible-modiﬁed term
depending on the domain. It deals with the degenerate scale
problem in the view of the dimensional analysis from our analytical study and the numerical result. The method of adding
a rigid body mode, Fichera’s method and the adaptive characteristic length are compared in Table 2.
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2. Problem statement and formulation

N1

Not necessary

B

B

ð
0 ¼ αðsÞdBðsÞ
n
oB
ðUÞ T
ψ1
fαb g ¼ 0

2.1. Problem statement

Not necessary

Extra constraint
ð
0 ¼ tðsÞdBðsÞ
B ð
ð
0 ¼ Tðs; xÞuðsÞdBðsÞ  Uðs; xÞtðsÞdBðsÞ; x 2 Dc
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Considering a small displacement gradient without a body
force, the relationships between displacement and stress for
a linear elastic, homogenous and isotropic material satisfy the
Navier equation in Chen et al. (2016, 2017a) as shown below:
Ñððλ þ GÞÑ  uðx ÞÞ þ GÑ2 uðx Þ ¼ 0; x 2 D;

where λ and G are the Lame constants, uðx Þ is the vector of
the displacement of the ﬁeld point x, Ñ is the gradient operator,
Ñ2 is the Laplace operator and D is the interested domain. In
this study, we have focused on the degenerate scale problem
when using the boundary integral equation formulation to
solve the 2D elasticity problems subjected to the Dirichlet
boundary condition in the interior problem. The Dirichlet
boundary condition f ðxÞ is shown below:
(2)

B

ðUÞ

½UNN fαb g þ cb fϕ1 gN1 ¼ fug

2.2. Boundary integral equation formulation
Uðr ðs; xÞ ¼ Injrjτ

uðxÞ ¼ Uðs; xÞαðsÞdBðsÞ þ γ; x 2 D

B

Formulation
ð
2πuðxÞ ¼ Tðs; xÞuðsÞdBðsÞ  Uðs; xÞtðsÞdBðsÞ; x 2 D
ðB
ðB
2πuðxÞ ¼ Tðs; xÞuðsÞdBðsÞ  Uðs; xÞtðsÞdBðsÞ; x 2 D
ðB
ðB
2πuðxÞ ¼ Tðs; xÞuðsÞdBðsÞ  Uðs; xÞtðsÞdBðsÞ; x 2 D
ðB
ðB
2πðxÞ ¼ Mðs; xÞuðsÞdBðsÞ  Lðs; xÞtðsÞdBðsÞ; x 2 D
B
B
ð
uðxÞ ¼ Ur ðs; xÞ aðsÞ dBðsÞ; x 2 D

uð x Þ ¼ f ð x Þ; x 2 B:

ð

(1)

The single-layer integral representation for the solution yields
the Fredholm integral equation of the ﬁrst kind as given below:
ui ðx Þ ¼ ò B Uij ðx; sÞαj ðsÞdBðsÞ; x 2 D;

(3)

where Uij ðx; sÞ is the fundamental solution (or Kelvin solution)
that means a concentrated load of the j direction at the source
point s caused by the displacement of the i direction at the ﬁeld
point x, αj ðsÞ is the boundary density corresponding to the
j direction. The Kelvin solution is:

yi yj 
1
(4)
Uij ðx; sÞ ¼ 
κδij ln r  2 ;
r
8πGð1  νÞ

A self-regularization technique
Discrete system

Fichera’s method

Method of adding rigid body mode
Indirect method

Hypersingular formulation

CHEEF method

Regularization technique
Boundary ﬂux equilibrium
BEM
Direct method

Table 1. Comparison of the six regularization techniques.

where δij is the Kronecker delta, ν is the Poisson ratio and the
relationship with the Lame constants is ν ¼ λ=2ðλ þ GÞ, the
material constant κ is 3  4ν,r ¼ jx  sj, yi ¼ x i  si , i ¼ 1; 2
and j ¼ 1; 2.

2.3. Revisit of the analytical degenerate scale by using
the degenerate kernel in the circular domain
For the 2D elasticity, Chen et al. (2016, 2017a) have analytically
derived the degenerate scales for a circle and an ellipse in the
indirect BIEM and compared them with the corresponding
numerical results. In this section, we focus on the degenerate
kernel for the Kelvin solution in terms of the polar coordinates.
To avoid calculating the Riemann principal value (RPV) and
Cauchy principal value (CPV) in the BIEM, a powerful mathematical tool, degenerate kernel, is introduced to analytically study.
To derive the degenerate kernel of fundamental solution in
terms of the polar coordinates, a source point s and a ﬁeld
point x can be represented as ðR; θÞ and ðρ; ϕÞ, respectively. In
the theory of complex variables, a point z in the Argand plane
(complex plane) can be represented as zs ¼ s1 þ is2 ¼ Reiθ and
zx ¼ x1 þ ix2 ¼ ρeiϕ . Then, the separable logarithmic function
in the fundamental solution can be found for the 2D Laplace
problem in Chen et al. (2014) as follows:

Uijr ðx; sÞ αj ðsÞ dBðsÞ ; x 2 D

yi yj 
1
Uijr ðx; sÞ ¼ 
κ δij ðln r þ τ Þ  2
r
8πGð1  νÞ
Arbitrary constant term
Shifts degenerate scale
Not necessary
A simple way
B

ui ðxÞ ¼

ð

Adding a rigid body mode

B

A slack variable to satisfy a constraint
Provide deﬁcient base in the solution space
Necessary
Enriching the deﬁcient range

ui ðxÞ ¼ Uij ðx; sÞ αj ðsÞ dBðsÞ þ ci ; x 2 D
ð B
0 ¼ αj ðsÞ dBðsÞ

ð

Fichera’s method

Adding adaptive characteristic length
ð
ui ðxÞ ¼ Uijc ðx; sÞαj ðsÞdBðsÞ; x 2 D
B

1
r yi yj 
c
Uij ðx; sÞ ¼ 
κδij ln  2
8πGð1  νÞ
L r
Depends on the domain (perimeter)
Overcome degenerate-scale problem in an objective fundamental solution
Not necessary
Enriching the deﬁcient range
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ln r ¼

8
1
P
>
>
< ln R 


1 ρ m
m RÞ

1
P
>
>
: ln ρ 

1
m

m¼1

m¼1


cosðmðθ  ϕÞ ; R  ρ;

 m
R
ρ

(5)
cosðmðθ  ϕÞÞ; R < ρ:

We can expand the term 1=ðzs  zx Þ by using the Taylor series
to further derive the separable form of yi yj =r2 . The equations
can be obtained in Chen et al. (2016, 2017a) as follows:
1
y12 1 X
1 ρm
¼ þ
cos½mϕ  ðm þ 2Þθ
2
r
2 m¼0 2 R
1
X
1 ρmþ1
cos½ðm  1Þϕ  ðm þ 1Þθ;

2 R
m¼0

(6)

1
y22 1 X
1 ρm
¼
cos½mϕ  ðm þ 2Þθ

r2 2 m¼0 2 R
1
X
1 ρmþ1
cos½ðm  1Þϕ  ðm þ 1Þθ;
þ
2 R
m¼0

(7)
1
y1 y2 X
1 ρm
¼
sin½mϕ  ðm þ 2Þθ
r2
2 R
m¼0
1
X
1 ρmþ1
sin½ðm  1Þϕ  ðm þ 1Þθ;
þ
2 R
m¼0

or the interior case ðρ  RÞ, and
 
1
y12 1 X
1 R m
¼
cos½mθ  ðm þ 2Þϕ
þ
r2 2 m¼0 2 ρ
 
1
X
1 R mþ1

cos½ðm  1Þθ  ðm þ 1Þϕ;
2 ρ
m¼0
 
1
y22 1 X
1 R m
¼
cos½mθ  ðm þ 2Þϕ

r2 2 m¼0 2 ρ
 
1
X
1 R mþ1
þ
cos½ðm  1Þθ  ðm þ 1Þϕ;
2 ρ
m¼0
 
1
y1 y2 X
1 R m
¼
sin½mθ  ðm þ 2Þϕ
r2
2 ρ
m¼0


1
X
1 R mþ1
þ
sin½ðm  1Þθ  ðm þ 1Þϕ;
2 ρ
m¼0

(8)

(9)

(10)

(11)

for the exterior case ðρ > RÞ. Therefore, the degenerate kernels
of the fundamental solution can be obtained from Equations (5)
to (11). By using the Fourier series, the unknown boundary
densities αj ðsÞ and the boundary conditions f1 ð x Þ can be
expanded as shown below:
ð jÞ

αj ðsÞ ¼ a0 þ

1
X

aðnjÞ cosðnθÞ þ bðnjÞ sinðnθÞ; j ¼ 1; 2;

(12)

pðniÞ cosðnϕÞ þ qðniÞ sinðnϕÞ; i ¼ 1; 2;

(13)

n¼1

Adding term
Role of adding term
Extra constraint
Advantage

Regularization technique
Representation of solution

Table 2. Comparisons of the method of adding a rigid body mode, Fichera’s method and method of adding adaptive characteristic length.
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ðiÞ

fi ðx Þ ¼ p0 þ

1
X
n¼1

ð jÞ

ð jÞ

ð jÞ

where a0 , an and bn are unknown coeﬃcients of the source
ðiÞ

ð iÞ

points for the j direction; p0 , and qn are the known coeﬃcients of
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the ﬁeld points for the i direction on the circular boundary. The
term dBðsÞ in Equation (3) is Rdθ for the circular domain. By
substituting the degenerate form of fundamental solution and
Equations (12) and (13) into Equation (3), we can analytically
determine the unknown boundary densities by matching the
boundary conditions in the BIEM. For the circular case, the
unknown coeﬃcients of the boundary densities have been fully
discussed in Chen et al. (2016, 2017a) as shown below:

degenerate scale moves to a new scale. It is still a simple
regularization technique to avoid the ill-posed system by just
adding a constant term in the fundamental solution. For simplicity and comparing the treatment of adding a rigid body
mode with the present method in the 2D elasticity problem, we
considered the same τ in U11 and U22 . The modiﬁed fundamental solution Urij is shown below:

yi yj 
1
(25)
Urij ðx; sÞ ¼ 
κδij ðln r þ τ Þ  2 ;
r
8πGð1  νÞ

8Gð1  νÞ
ð1Þ
p ;
ð1  2κ ln R0 ÞR0 0

(14)

ð1Þ


4Gð1  νÞ 
ð1Þ
ð2Þ
ð2κ  1Þp1 þ q1 ;
R0 κðκ  1Þ

(15)

ð1Þ


4Gð1  νÞ  ð2Þ
ð1Þ
p1 þ ð2κ þ 1Þq1 ;
R0 κðκ þ 1Þ

(16)

8Gð1  νÞn ð1Þ
pn ; n  2;
κR0

(17)

8Gð1  νÞn ð1Þ
qn ; n  2;
κR0

(18)

8Gð1  νÞ
ð2Þ
p ;
ð1  2κ ln R0 ÞR0 0

(19)

ð2Þ


4Gð1  νÞ 
ð2Þ
ð1Þ
ð2κ þ 1Þp1 þ q1 ;
R0 κðκ  1Þ

(20)

ð2Þ


4Gð1  νÞ  ð1Þ
ð2Þ
p1 þ ð2κ  1Þq1 ;
R0 κðκ  1Þ

(21)

a0 ¼

aðn2Þ ¼

8Gð1  νÞn ð2Þ
pn ; n  2;
κR0

(22)

a0 ¼

bðn2Þ ¼

8Gð1  νÞn ð2Þ
qn ; n  2;
κR0

(22)

ð1Þ

a0 ¼

a1 ¼

b1 ¼

aðn1Þ ¼
bðn1Þ ¼
ð2Þ

a0 ¼

a1 ¼

b1 ¼

(26)

ð2Þ

leads to both indeterminate coeﬃcients a0 and a0 when the
term 1  2κ ln R0 equals zero in the denominator of Equations (14)
and (19). The analytical degenerate scale Rd is shown below:
1

Rd ¼ e2κ :

where τ is an arbitrary constant.
To our knowledge, there are no analytical studies to discuss
this method for the 2D elasticity equation. In this section, we
have introduced the degenerate kernel in the polar coordinates
to prove the eﬀectiveness of this regularization technique. The
term of ln r in the fundamental solution can be derived by our
successful experiences in Equation (5) and we have:
8
1


P
>
1 ρ m
>
< ln R þ τ 
m R Þ cosðmðθ  ϕÞ ; R  ρ;
m¼1
ln r þ τ ¼
 m
1
P
>
1 R
>
cosðmðθ  ϕÞÞ; R < ρ:
: ln ρ þ τ 
m ρ
m¼1

where R0 is the radius of the circular domain. All of the coeﬃcients
can be determined in the ordinary scale. But, the degenerate scale
ð1Þ
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(24)

Especially, this problem, due to the term of 2κ ln R0 in Equations
(14) and (19) is caused by the term of ln r in the fundamental
solution instead of the term of yi yj =r2 . It also clariﬁes why the
BIEM produces a non-unique solution due to the base of ln r for
the degenerate-scale problem.

According to Equations (6) to (11) and Equation (26), the Kelvin
solution after adding a rigid body mode can be obtained in terms
of the degenerate form. We could substitute the degenerate kernel
of Urij and Equations (12) and (13) into Equation (3) to determine
the unknown boundary densities. Then, a rigid body mode τ only
appears in a constant term and it does not inﬂuence the other
coeﬃcients. The new coeﬃcients of constant terms by adding
a rigid body mode are shown below:
ð1Þ

ð2Þ

8Gð1  νÞ
ð1Þ
p :
ð1  2κ ln R0  2κτÞR0 0

(27)

8Gð1  νÞ
ð2Þ
p :
ð1  2κ ln R0  2κτÞR0 0

(28)

From the denominator of Equations (27) and (28), we derived
the same discriminants in the two directions as shown below:
1  2κ ln R0  2κτ ¼ 0:

(29)

The new degenerate scale can be obtained and the relationship
between a new degenerate scale and original one is shown below:
Rrd ¼ e2κ eτ ¼ Rd eτ :
1

(30)

To compare the studies of Chen, Lin, and Chen (2005) and our
present study, the same factor eτ in the degenerate-scale problem is found for the 2D elasticity problem. Although adding
a rigid body mode can circumvent the degenerate scale problem,
the degenerate scale is not eliminated and the range deﬁciency
still appears in other speciﬁc scales.

2.4. Revisit of the regularization technique by adding
a rigid body mode in the circular domain

2.5. Enriched fundamental solution with a dimensionless
argument in the circular domain

Regarding adding a rigid body mode in the 2D Laplace equation, Chen, Lin, and Chen (2005) have proved that the original

If we directly provided a constant term in the integral operator,
a unique solution would not be ensured. In this section, we
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(a)

(b)

x2

x2

R0

b

0.6R0

0.6b

x1

0.6a

x1

a = 2b

ui ( x ) D
fi ( x ) B

ui ( x ) D
fi ( x ) B

x2

(c)

x1

0.8lT
lT

ui ( x ) D
fi ( x ) B

Figure 2. The sketch of the distributional points. (a) The distributions of ﬁeld points and node points for the circular domain; (b) the distributions of ﬁeld points and
node points for the elliptical domain; (c) the distributions of ﬁeld points and node points for the triangular domain.

Figure 3. The minimum singular value versus the scale by using diﬀerent number of constant elements.
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Figure 4. The minimum singular value versus scale in the three cases by using the direct searching technique. (a) The minimum singular value versus the radius R0 in
the circular domain; (b) the minimum singular value versus the side length lT in the triangular domain; (c) the minimum singular value versus the semi-minor axis b in
the elliptical domain.

Figure 5. The displacement versus the ID of x m for the circular case with the degenerate scale R0 ¼ 1:2845489395: (a) The displacement u1 ðx Þ; (b) the displacement u2 ðx Þ.
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Figure 6. The displacement versus the ID of x m for the circular case with the failed case R0 ¼ 0:86128708 due to a rigid body mode τ ¼ 0:4. (a) The displacement u1 ðx Þ;
(b) the displacement u2 ðx Þ.

Figure 7. The displacement versus the ID of x m for the triangular case with the degenerate scale lT ¼ 3:00004. (a) The displacement u1 ðx Þ; (b) the displacement u2 ðx Þ.

provide a way to consider a modiﬁed term without a constraint
equation for a diﬀerent domain to overcome the ill-posed problem. The enriched fundamental solution Ucij is shown below:
Ucij ðx; sÞ ¼ 


1
r yi yj 
κδij ln  2 :
8πGð1  νÞ
L r

(31)

where L is an adaptive characteristic length and depends on
the domain such as the perimeter. Then, L will be adjusted
to the corresponding scale in the diﬀerent case and ensure
the argument in lnðr=LÞ being dimensionless. Comparing
the method of adding a rigid body mode and the present
method in mathematics, both methods provide the speciﬁed constant term for the single-layer integral representation. The former does not deﬁne a speciﬁc rule to select

a constant term, but the latter determines a constant term
more adaptively from the domain to complete the range. It
is also regarded as an improvement for adding a rigid body
mode.
The logarithmic term in the fundamental solution adding an
adaptive characteristic length can be derived in the polar coordinates as shown below:
8
1
P
>
>
< ln RL 



1 ρ m
cosðmðθ  ϕÞ ; R  ρ;
m RÞ
r
m¼1
ln ¼
 m
1
P
L >
ρ
1 R
>

cosðmðθ  ϕÞÞ; R < ρ:
ln
: L
m ρ

(32)

m¼1

We could assemble Equations (6) to (11) and Equation (32)
together to construct the enriched fundamental solution Ucij . The
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Figure 8. The displacement versus the ID of x m for the triangular case with the failed case lT ¼ 2:0120590104 due to a rigid body mode τ ¼ 0:4. (a) The displacement
u1 ðx Þ; (b) the displacement u2 ðx Þ.

Figure 9. The displacement versus the ID of x m for the elliptical case with the degenerate scale b ¼ 0:787891333 ða ¼ 2bÞ. (a) The displacement u1 ðx Þ; (b) the
displacement u2 ðx Þ.

unknown boundary densities can be determined by using the
degenerate kernel and the Fourier series expansion to match the
boundary conditions. Also, the adaptive characteristic length
only appears in the constant term of the boundary densities.
The new coeﬃcients of the constant terms are shown below:
ð1Þ

a0

8Gð1  νÞ
ð1Þ
¼
p :
ð1  2κ ln R0 þ 2κ ln LÞR0 0

(33)

When the denominators of Equations (33) and (34) are equal to
zero, we have the identical discriminant in the two directions:
R0
1
¼ e2κ :
L

For example, the perimeter ðL ¼ 2πR0 Þ is substituted into
Equation (35) for a circular domain. It can eﬀectively ensure
ð1Þ

the denominator of Equations (33) and (34) not be zero. a0
ð2Þ

ð2Þ

a0 ¼

8Gð1  νÞ
ð2Þ
p :
ð1  2κ ln R0 þ 2κ ln LÞR0 0

(35)

(34)

and a0 have unique solutions since only an unreasonable case
for an elastic material, ðκ ¼ 1=ð2 ln 2πÞÞ and the impossible
Poisson ratio ν ¼ 0:818, can cause a zero denominator.
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Figure 10. The displacement versus the ID of x m for the elliptical case with the degenerate scale b ¼ 0:930785701 ða ¼ 2bÞ. (a) The displacement u1 ðx Þ; (b) the
displacement u2 ðx Þ.

Figure 11. The displacement versus the ID of x m for the elliptical case with the failed case b ¼ 0:5281393534 ða ¼ 2bÞ due to a rigid body mode τ ¼ 0:4. (a) The
displacement u1 ðx Þ; (b) the displacement u2 ðx Þ.

Therefore, the present method can avoid the numerical
instability of 1/0 while determining the constant term for α.
The deﬁcient range can be directly fulﬁlled without the extra
constraint equation and the additional constant term c in case
of the degenerate scale for any material parameter and any
scale.

3. Numerical examples
Because the degenerate scale is always unknown in engineering
practice, the critical size makes for an incorrect result when the
engineering software developed by the conventional boundary
element method (CBEM) is used. In this section, the improved

Kelvin solution is implemented to deal with a degenerate-scale
problem. This method is easier than other methods. An additional
task is to calculate the perimeter of the domain. Three cases, the
circular, regular triangular and elliptical boundaries, are considered
to verify the full rank in inﬂuence matrix by using the present
method. To display the diﬀerence between adding a rigid body
mode and adding an adaptive characteristic length, we focused on
the displacement on the degenerate scale and an ordinary scale
with a failed rigid body mode. To provide a test for three cases in
the BEM, the exact solution is considered in Chen et al. (2016) as
shown below:
u1 ðx Þ ¼ 1  γx2 ; x 2 D;

(36)
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Figure 12. The displacement versus the ID of x m for the elliptical case with the failed case b ¼ 0:6239243115 ða ¼ 2bÞ due to a rigid body mode τ ¼ 0:4: (a) The
displacement u1 ðsÞ; (b) the displacement u2 ðsÞ.

u2 ðx Þ ¼ 1 þ γx1 ; x 2 D;

(37)

i ðx Þ is the displacement in the ﬁeld point x ¼ ðx1 ; x2 Þ
where u
for i ¼ 1; 2, and γ is a weighting of the rigid body rotation. The
Lame constant G and the Poisson ratio ν are given as 1 and 0.25,
respectively. The weighting γ is set to 0.0001. Circular and
elliptical boundaries were divided into 100 constant elements
by the equal angle discretization. The distributions of ﬁeld
points are shown in Figure 2(a,b), respectively. Those results
are compared with the CBEM, Chen et al. (2016) and the analytical solution. Because the related result for the triangular
domain only demonstrates the minimum singular value versus
length in Chen et al. (2017a), we employ 120 constant elements, such that there are 40 elements on each side. The
distributions of ﬁeld points are shown in Figure 2(c). The results
are compared with those of the CBEM and the analytical solution. Although the higher-order elements may converge to the
exact solution faster, the use of constant elements can also
yield acceptable results by the sacriﬁce of a higher number of
elements. Figure 3 supports the point that the rank deﬁciency
of the exact location for the degenerate scale can be accurately
captured.

degenerate scale and a failed scale due to a rigid body
mode, respectively. They show that adding a rigid body
mode may fail on another scale. However, the adaptive
characteristic length can ensure the activity of adding
constant term from the boundary to solve the degenerate
scale problem.

3.2. Enriched fundamental solution in the regular
triangular case
In the triangular case, a side length of the triangle is lT and
the degenerate scale is 3.00004 by employing the direct
searching scheme in Chen et al. (2017a). When we add
a rigid body mode τ ¼ 0:4, the degenerate scale is shifted
to 2.0120590104. By using the perimeter 3lT as an adaptive
characteristic length, the inﬂuence matrix is full rank as
shown in Figure 4(b) for any size. Figure 7(a, b) shows
the displacement solution in the degenerate scale while
Figure 8(a, b) shows the numerical results in the speciﬁc
scale to make a rigid body mode fail.

3.3. Enriched fundamental solution in the elliptical case
3.1. Enriched fundamental solution in the circular case
In the circular case, the degenerate scale R0 ¼
1:2845489395 can be captured by the direct searching
scheme (Chen et al. 2016) as shown in Figure 4(a). The
analytical degenerate scale derived by Chen et al. (2016,
2017a) is 1.284025417. The degenerate scale is moved to
0.86128708 and the rank deﬁciency still exists when we
add a rigid body mode τ ¼ 0:4. The analytical result Rrd ¼
0:8607079766 is derived in this study. The full rank matrix
is obtained by adding the perimeter 2πR0 as an adaptive
characteristic length. Figures 5(a,b) and 6(a,b) show the
numerical results of the displacement solution in the

In the last case, the ratio of the length of semi-major axis to the
length of semi-minor axis a=b is 2. We can obtain two degenerate scales, b ¼ 0:787891333 and 0.930785701, by employing
the direct searching scheme in Chen et al. (2016). The analytical
bd1 and bd2 are 0.7875736086 and 0.9304082834 in Chen et al.
(2016) and (2017a), respectively. When we add a rigid body
mode τ ¼ 0:4, the degenerate scale is moved to 0.5281393534
and 0.6239243115. By using the perimeter as an adaptive characteristic length, the inﬂuence matrix is full rank as shown in
Figure 4(c) for any size. Because the accurate perimeter is not
an exact value, summing the length of boundary elements is
employed as an alternative. Figures 9(a,b) and 10(a,b) show the
displacement solution in the degenerate scale bd1 and bd2 . Even
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if we add a rigid body mode, it may fail in other ordinary scales
brd1 and brd2 as shown in Figures 11(a,b) and 12(a,b). Not only in
the ordinary scales but also in the degenerate scale, the reasonable results are obtained by using the adaptive characteristic
length.

4. Concluding remarks
To solve the degenerate scale problem of using the BEM/BIEM
for the 2D Navier equations, we proposed the fundamental
solution with dimensionless argument r=L to overcome this
problem from the viewpoint of dimensional analysis.
Compared to adding a rigid body mode, our formulation provides a systematic rule to determine the modiﬁed term for
a general case. This method also avoids the failure at the
same time. By using the degenerate kernel in the polar coordinates, we clariﬁed the role of an adaptive characteristic length
for enriching the deﬁcient constant term in the single-layer
integral operator. Three numerical cases, the circular, regular
triangular and elliptical boundaries were used to examine the
treatment for transforming the inﬂuence matrix to be full rank.
Selecting perimeter of the problem as an adaptive characteristic length is a feasible way to ensure a well-posed system. By
using our regularization technique, one can ensure the BEM/
BIEM solving the 2D Navier equations free of the degenerate
scale for any material parameter and any size.

Nomenclature
a, b

The lengthes of semi-major and semi-minor axes of an
ellipse
The boundary density corresponding to the j direction.

αj ðsÞ
ð jÞ

ð jÞ

ð jÞ

a0 ,an , bn

B
D
f ð xÞ
G and λ
κ
L
lT
ðiÞ ðiÞ
ðiÞ
p0 ,pn , qn
r
γ
R0
ðR; θÞ
s
uðx Þ
ui ð x Þ
Uij ðx; sÞ
Uijc ðx; sÞ
Uijr ðx; sÞ
ν
x
Ñ
Ñ2
δij
τ
ðρ; ϕÞ

The unknown coeﬃcients of the ﬁctitious densities for
the j direction
Boundary of the problem
Domain of the problem
Dirichlet boundary condition
Lame constants
Material constant
An adaptive characteristic length
A side length of the triangle
The known coeﬃcients of the boundary data for the
i direction
The distance between source point and ﬁeld point
A weighting of the rigid body rotation
The radius of the circular domain
Position vector of the source point s in terms of polar
coordinates
Position vector of the source point
Vector of the displacement of the ﬁeld point x
Displacement of the i direction at the ﬁeld point x
The fundamental solution or called Kelvin solution
The enriched fundamental solution
Modiﬁed fundamental solution
Poisson ratio
Position vector of the ﬁeld point
Gradient operator
Laplace operator
Kronecker delta function
An arbitrary constant
Position vector of the ﬁeld point x in terms of polar
coordinates
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