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A systematic method for solving biharmonic problems with circular
boundaries by using the degenerate kernel
Abstract
The null-field integral equation method in conjunction with Fourier series and
degenerate kernels are proposed to solve the biharmonic problems with circular
boundaries. The degenerate kernels in the BIEM are expanded by using the technique of
separating the field point and source point. The improper boundary integrals are novelly
avoided since the appropriate interior and exterior expansions of degenerate kernels are
used. The unknown boundary densities are expressed in terms of Fourier series and the
unknown Fourier coefficients can be easily determined by using the collocation method.
Finally, the numerical solutions for problems of plate and Stokes flow are compared
with the data of finite element solution (ABAQUS) and previous results to demonstrate
the validity of the present method.
Keywords: biharmonic equation, degenerate kernel, null-field integral equation, Fourier
series, Stokes flow, Kirchhoff plate
中文摘要
本計劃利用零場積分方程配合傅利葉級數及退化核來求解含圓形邊界之雙諧
和問題。其中，我們利用場源點分離的技巧將核函數展成以內外域表示的退化核
型式，藉此可避開不適當的邊界積分。而未知的邊界密度則展成傅立葉級數型式，
再搭配選點法，可輕易的將未知的傅立葉係數計算出來。最後，我們使用薄板與
史托克斯流的問題來驗證此方法的可行性，並與有限元素法軟體(ABAQUS)與前人
所做之研究結果做一比對。
關鍵字：雙諧和方程、退化核、零場積分方程、傅立葉級數、史托克斯流、Kirchhoff
板
1. Introduction
The boundary element method (BEM) by discretizing the boundary integral
equation (BIE) has been extensively applied for solving engineering problems more
than domain type methods, e.g. finite element methods (FEM) or finite difference
methods (FDM). However, it is noted that improper integrals on the boundary should be
handled with care when BEM is used. In the past, many researchers proposed several
regularization techniques to deal with the singularity and hypersingularity. To determine
the Cauchy principal value (CPV) and the Hadamard principal value (HPV) in the
singular and hypersingular integrals is a critical issue in the BEM/BIEM. In this project,
instead of using the definitions of CPV and HPV, the kernel function is described in an
analytical form on each side (interior and exterior) by employing the separating
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technique since the potential is discontinuous across the boundary. Therefore,
degenerate kernel, or namely separable kernel, is a vital tool to study the perforated
domain which satisfies the biharmonic equation.
The null-field integral equation in conjunction with the degenerate kernel is
proposed to solve the biharmonic problems with circular boundaries. It is well known
that Fourier series is always incorporated to formulate the solution for problems with
circular boundaries [2, 6]. Bird and Steele [2] presented a Fourier series procedure to
solve circular plate problems containing multiple circular holes in a similar way of
Trefftz method by adopting the interior and exterior T-complete sets. Not only interior
but also exterior bases in the Trefftz method are embedded in the degenerate kernels [5].
A bridge of connection between the Trefftz method and method of fundamental solution
(MFS) was constructed by using the degenerate kernels [5]. Although the Fourier series
expansion was used in their research [2], the null-field integral equations were not
employed for the biharmonic problems.
In this project, a systematic approach, the null-field integral equation approach in
conjunction with degenerate kernels and Fourier series, is presented for the problems
with circular boundaries. The proposed approach is employed to solve biharmonic
problems regardless of arbitrary number, various positions and sizes of circular holes. A
linear algebraic system is constructed by matching the boundary conditions at the
collocation points. In the polar coordinate system, the calculation of potential gradients
in the normal and tangential directions for the non-concentric domain must be taken
care. Therefore, the technique of vector decomposition is adopted to deal with the
problem for the non-concentric domain. Finally, several examples for problems of plate
and Stokes flow are presented to show the validity of the present method and some
conclusions are made.
2. Formulation of present approach
2.1 The conventional formulation
The boundary integral equations for the domain point can be derived from
Rayleigh-Green’s identity [3] as follows:
8π u ( x) = − ∫ U ( s, x)v( s )dB ( s ) + ∫ Θ( s, x)m( s )dB( s )
B

B

− ∫ M ( s, x)θ ( s )dB( s ) + ∫ V ( s, x)u ( s )dB( s ) , x ∈ Ω ,
B

(1)

B

8π θ ( x) = − ∫ U θ ( s, x)v( s )dB ( s ) + ∫ Θθ ( s, x)m( s )dB ( s )
B

B

− ∫ M θ ( s, x)θ ( s )dB ( s ) + ∫ Vθ ( s, x)u ( s )dB ( s ) , x ∈ Ω ,
B

B
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(2)

where Ω is the domain of interest. By moving the field point x to the smooth boundary,
we have
4π u ( x) = − F .P.∫ U ( s, x)v( s )dB( s ) + F .P.∫ Θ( s, x)m( s )dB( s )
B

B

− F .P.∫ M ( s, x)θ ( s )dB ( s ) + F .P.∫ V ( s, x)u ( s )dB ( s ) , x ∈ B ,
B

(3)

B

4π θ ( x) = − F .P.∫ U θ ( s, x)v( s )dB ( s ) + F .P.∫ Θθ ( s, x)m( s )dB ( s )
B

B

− F .P.∫ M θ ( s, x)θ ( s )dB( s ) + F .P.∫ Vθ ( s, x)u ( s )dB( s ) , x ∈ B ,
B

(4)

B

where F.P. denotes the finite part for all the improper integrals. When the field point x
outside the domain, the null-field integral equations are yielded as follows:
0 = − ∫ U ( s, x)v( s )dB ( s ) + ∫ Θ( s, x)m( s )dB ( s )
B

B

− ∫ M ( s, x)θ ( s )dB( s ) + ∫ V ( s, x)u ( s )dB( s ) , x ∈ Ω c ,
B

(5)

B

0 = − ∫ U θ ( s, x)v( s )dB ( s ) + ∫ Θθ ( s, x)m( s )dB ( s )
B

B

− ∫ M θ ( s, x)θ ( s )dB ( s ) + ∫ Vθ ( s, x)u ( s )dB ( s ) , x ∈ Ω c ,
B

(6)

B

where Ω c is the complementary domain of Ω .
2.2 The present formulation
Since the introduction of the degenerate kernels [7], the formulation can be
rewritten as follows:
8π u ( x) = − ∫ U ( s, x)v( s )dB ( s ) + ∫ Θ( s, x)m( s )dB( s )
B

B

− ∫ M ( s, x)θ ( s )dB( s ) + ∫ V ( s, x)u ( s )dB( s ) , x ∈ Ω ∪ B ,
B

(7)

B

8π θ ( x) = − ∫ U θ ( s, x)v( s )dB ( s ) + ∫ Θθ ( s, x)m( s )dB ( s )
B

B

− ∫ M θ ( s, x)θ ( s )dB ( s ) + ∫ Vθ ( s, x)u ( s )dB ( s ) , x ∈ Ω ∪ B ,
B

(8)

B

and
0 = − ∫ U ( s, x)v( s )dB ( s ) + ∫ Θ( s, x)m( s )dB ( s )
B

B

− ∫ M ( s, x)θ ( s )dB( s ) + ∫ V ( s, x)u ( s )dB( s ) , x ∈ Ω c ∪ B ,
B

B
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(9)

0 = − ∫ U θ ( s, x)v( s )dB( s ) + ∫ Θθ ( s, x)m( s )dB ( s )
B

B

− ∫ M θ ( s, x)θ ( s )dB ( s ) + ∫ Vθ ( s, x)u ( s )dB( s ) , x ∈ Ω c ∪ B .
B

(10)

B

In the present formulation, the field point can be located on the real boundary and free
of calculating improper integral due to the induction of degenerate kernels. The detailed
derivation of the kernel functions in Eqs.(7)-(10) expanding to degenerate forms can be
found in [7].

2.3 Expansions of the unknown boundary densities
The unknown boundary densities u (s ) , θ (s ) , m(s ) and v(s ) are expressed in
terms of Fourier series as follows:
∞

u ( s ) = c0 + ∑ (c n cos nθ + d n sin nθ ), s ∈ B,

(11)

n =1
∞

θ ( s) = g 0 + ∑ ( g n cos nθ + hn sin nθ ), s ∈ B,

(12)

n =1

∞

m( s ) = a 0 + ∑ (a n + cos nθ + bn sin nθ ), s ∈ B,

(13)

n =1
∞

v( s) = p 0 + ∑ ( p n + cos nθ + q n sin nθ ), s ∈ B,

(14)

n =1

where a0, an, bn, c0, cn, dn, g0, gn, hn, p0, pn and qn are the Fourier coefficients.
2.4 Technique of vector decomposition
Since the integral equation in Eq.(8) are used, the potential gradient or higher-order
gradient is required to calculate carefully. For the non-concentric case as shown in Fig.1,
the circular boundary of field point x located and the circular boundary of source
under integration are not at the same center. Therefore, special treatment for the normal
derivative should be taken care. The degenerate kernels in Eq.(8) are reformulated as
follows:
∂U ( s, x)
π
∂U ( s, x)
U n ( s, x ) =
cos(φ − φ ′) +
cos( − φ + φ ′) ,
(15)
∂n x
2
∂t x
Θ n ( s, x ) =

∂Θ( s, x)
π
∂Θ( s, x)
cos(φ − φ ′) +
cos( − φ + φ ′) ,
∂n x
2
∂t x

(16)

M n ( s, x) =

∂M ( s, x)
π
∂M ( s, x)
cos(φ − φ ′) +
cos( − φ + φ ′) ,
∂n x
2
∂t x

(17)

Vn ( s, x ) =

∂V ( s, x)
π
∂V ( s, x)
cos(φ − φ ′) +
cos( − φ + φ ′) .
∂n x
2
∂t x

(18)

where nx and tx are the normal and tangential direction at x, respectively. φ and φ ′
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are shown in Fig.1. We call this treatment as “vector decomposition technique.”
3. Numerical examples
Case 1: circular plate with three holes

A circular plate with the three circular holes solved by Bird and Steele [2] is
considered. The geometric data and the essential boundary conditions are shown in
Fig.2. The contour plots of displacement by using different number of terms in the
Fourier series (M=10, 20, 30, 40, 50) are shown in Figs.3(a)~3(e). The case was also
solved by using the software of FEM (ABAQUS) with 6,606 triangle elements as
shown in Fig.3(g). Good agreement among the data of Bird and Steele [2] (Fig.3(f)),
ABAQUS results [1] (Fig.3(h)) and present solutions is made.
Case 2: Stokes flow of eccentric cylinder
The present method is also extended to solve the slow flow between eccentric
cylinders since the stream function satisfies the biharmonic equation. The inner cylinder
is rotating with a constant angular velocity and the outer one is stationary as shown in
Fig.4. The following parameters are defined: R1, radius of inner cylinder; R2, radius of
outer cylinder; c = R2 − R1 , the clearance; ε = e / c , the eccentricity; e, separation of
centers of cylinders; ω1 for the anticlockwise angular velocity of inner cylinder. The
essential boundary conditions are specified as follows:
u ( s ) = u1 , θ ( s ) =

∂u ( s )
= ω1 r1 = 0.5 , s on B1,
∂n

(17)

∂u ( s)
= 0 , s on B2.
(18)
∂n
It is noted that the boundary condition u1 is an unknown constant along the inner
u ( s) = 0 , θ ( s) =

boundary. An additional constraint is required to ensure a unique solution.

∫

B1

∂ω
dB1 = ∫ ω n dB1 = 0 ,
B1
∂n

(19)

where vorticity, ω = ∇ 2 u . The results u1 with different eccentricities are calculated
and are listed in Table 1. By using the fewer degrees of freedom than BIE [8, 9], the
present results are more accurate after comparing with the analytical solution as follows:
u1 =

Aω1 r1 (sinh δ − δ cosh δ )(sinh α 2 sinh δ − δ sinh α 1 )
,
2[(δ + sinh α 1 cosh α 1 − cosh α 2 sinh α 2 )(sinh δ − δ cosh δ ) + cosh δ (δ 2 − sinh δ 2 )]

(20)

where
1

r +r
c⎡
⎤2
A = ⎢(1 − ε 2 )[( 1 2 ) 2 − ε 2 ]⎥ ,
c
ε⎣
⎦

α 1 = − sinh −1 (

A
),
2r1
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(21)

(22)

α 2 = − sinh −1 (

A
),
2r2

(23)

δ = α1 − α 2 .
(24)
The contour plots of streamlines for ε = 0.8 solved by employing the present method
are compared with the results [8, 9] obtained by using the 160 boundary nodes as shown
in Figs.5(a)~5(d). The case was also solved by using the ABAQUS with 2,162 triangle
elements as shown in Fig.5(e) and 5(f). Good agreement is also obtained.
4. Conclusions

For the biharmonic problems with circular boundaries, a semi-analytical solution
by using the null-field integral equation in conjunction with the degenerate kernels and
Fourier series has been obtained. The main advantage of the present method over BEM
is that all the improper integrals are easily calculated when degenerate kernels are used.
Also, the discretization of the boundary is not required. Case studies of the biharmonic
problems with circular boundaries were performed, namely a circular plate containing
three circular holes subject to the essential boundary conditions and the Stokes flow of
eccentric cylinder with the inner cylinder of a constant angular velocity and the outer
one stationary. The validity of the present method was confirmed and good agreements
were made after comparing with the available analytical solutions and the numerical
results acquired by using the finite element software, ABAQUS.
5. Evaluation

This 3-years project has fulfilled the study on the Laplace, Helmholtz and
biharmonic problems with circular boundaries. A summarized table is shown in Table 2.
The research people and published journals are also listed in the Table.
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Table 1 Comparison of analytical and numerical results of u1 for the eccentric
bearing
Kelmanson & Ingham [8, 9]

Analytical

Present method

ε

n=80

n=160

n=320

Limit n→∞

solution

0.0

0.1066

0.1062

0.1061

0.1061

0.1060

0.1060 (N=5)

0.1

0.1052

0.1048

0.1047

0.1047

0.1046

0.1046 (N=7)

0.2

0.1011

0.1006

0.1005

0.1005

0.1005

0.1005 (N=7)

0.3

0.0944

0.0939

0.0938

0.0938

0.0938

0.0938 (N=7)

0.4

0.0854

0.0850

0.0848

0.0846

0.0848

0.0848 (N=9)

0.5

0.0748

0.0740

0.0739

0.0739

0.0738

0.0738 (N=11)

0.6

0.0622

0.0615

0.0613

0.0612

0.0611

0.0611 (N=17)

0.7

0.0484

0.0477

0.0474

0.0472

0.0472

0.0472 (N=17)

0.8

0.0347

0.0332

0.0326

0.0322

0.0322

0.0322 (N=21)

0.9

0.0191

0.0175

0.0168

0.0163

0.0164

0.0164 (N=31)

(n: number of boundary nodes. N: number of collocation points on the inner cylinder.)
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Research topics of NTOU / MSV LAB on null-field BIEMs
(2003-2008)
Previous research and project

Null-field BIEM

Current work
Further work

Navier Equation

Laplace Equation

Elasticity & Crack Problem
APCOM 2007

Image method
(Green function)

Annular Green’s function
(Trefftz method and MFS)
EABE 2008 祥志與小島

Potential flow
NUMPDE 2008
Torsion
CMES 2006
Anti-plane shear
EABE 2006
Degenerate scale
MRC 2007

Inclusion
EABE 2006
Piezoleectricity
ASME 2007

Torsion bar (Inclusion)
ICOME 2006 李應德

Screw dislocation
(addition theorem)

周克勳

Beam bending
JoM 2007 陳柏源
Degenerate kernel
for ellipse
Added mass

陳義麟

Helmholtz Equation

Biharmonic Equation

BiHelmholtz Equation

Interior and exterior
Acoustics

Plate with circular holes
ASME JAM 2006 蕭嘉俊

Free vibration of plate
Real-part BIEM
EABE 2007 李為民

Exterior acoustics
CMAME 2007
Inclusions
JCA 2008

Stokes flow
IJNME 2008 蕭嘉俊

SH wave
Impinging canyons
SDEE 2008
SH wave
Impinging hill
Water wave impinging
circular cylinders
CFD 14 李應德

Green function for
an annular plate
ASME JAM 2008康康
JoM 2008康康
Green function of circular
inclusion (special case: statics)
CMES 2008 柯佳男
Green function of`circular boundary
(statics:superposition)
MRC 2008 周克勳

Imperfect interface
Green function of half plane
(Hole and inclusion)
CMC 2008
Effective conductivity

Free vibration of plate
Indirect BIEM
JSV 2007 李為民
Free vibration of plate
Direct BIEM
Comp. Mech. 2008李為民
Flexural wave of plate
with one and two holes
CSSV 2008 李為民
Flexural wave of plate
with two inclusions

李為民
Concentric sphere
高聖凱
Two spheres radiation
李應德

Source (two cylinders)
林羿州

Modified Helmholtz Equation

Dynamic Green’s
function for an infinite
plate with a hole
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Fig.1 Vector decomposition (Collocation on Fig.2 A circular plate containing three
x and integration on Bj)
circular holes subject to the essential
boundary conditions [2]
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Fig.3 Contour plots of circular plate with three holes
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陳正宗 周克勳
日本京都、名古屋學術之旅
一、 參加會議經過
本次會議為 Third Asian-Pacific Congress on Computational
Mechanics (APCOM＇07)合併 Eleventh International Conference on
Enhancement

and

Promotion

of

Computational

Methods

in

Engineering and Science (EPMESC XI)，於 12 月 03 日至 12 月 06
日在日本京都之國際會議廳舉行。本次大會以數學模式之計算方法解
決工程問題為主題，四天會議中分為多個 sessions，並有幾個
mini-symposium，如 Advances in BEM/Fast BEM、Computational
Methods for Multiphase Flows 、 The Scaled Boundary Finite
Element Method...等等，同時在會場內各樓層的會議室同步進行，
並有 Plenary talk 與 Semi-plenary talk 與會人數大約六百餘人。
除了亞太地區中、日、台三國的學者外，亦有遠從歐美各大學的教授
前來參與此次的盛會，台灣參與此會尚有楊德良、陳俊杉、胡潛濱、
朱錦州、廖駿偉與林佳璋等教授。其中與會人士亦不乏國際知名學
者，如：西北大學 Ted Belytschko 教授、日本京都大學 Nishimura
教授與大會主持人矢川元基教授等。此行，除了前往參加會議外，在
會議之後，我們還參加了在京大會館舉辦的快速多極法(FMM)的一日
研習營，在研習營後，我們前往名古屋大學進行參訪(松本敏郎教授
邀請)與一場學術演講。

二、與會心得
首先，感謝國科會與海洋大學編列預算支助教師與研究生出國參

加國際研討會，使我們能有機會參與這次的第三屆亞太計算力學研討
會，此次演講內容為＂Dual BEM since 1986＂與＂Revisit of two
classical elasticity problems using the null-field BIE＂。此
次對學生是第一次於國際學術舞台上登場亮相，內心實在是既興奮又
緊張。雖然這次與會人數只有六百餘人，算是中型國際會議，與會學
者皆為此領域之專業，討論之熱烈，可想而知。除了會議進行時的討
論外，連中場 Coffee Break 的時間，亦可看到許許多多學者仍不斷
針對他們的疑問與作者進行交流，討論之熱烈，是我參加國內研討會
時，從未見過的景象，值得國內學者省思。但是，會議空間過於雜亂
鬆散，演講會場顯得有點冷清。
計算方法在求解工程或物理問題是相當普遍的，除了眾人熟悉的
有限元素法與邊界元素法外，近年來所謂的無網格法，也頗為盛行。
涵蓋應用範圍也頗為廣泛，除了傳統土木工程問題外，聲學分析、熱
應力分析、複合材料分析…等，皆可使用數值方法進行計算研究。近
年來，許多數學相關科系的學者也投入此領域的研究，因此，此次會
議除了可看到數值方法的應用外，亦可看到一些基礎理論的研究。
這一趟行程，除了參加會議外，我們也參加了一天的 FMM 講習會，
在此課程中發現，參加 FMM 學員幾乎全員從頭聽到底，這在台灣實在
難見。此外，我們也參訪了名古屋大學。他們的大學校地都非常大，

學生也非常多，而且每個大學有每個大學發展的特色。或許，這也是
可以讓我們台灣做為一個借鏡。當今的台灣，大專院校林立，國私立
大學有一百六七十所，密度之高，堪稱世界之最。但許多學校都是小
規模經營，且發展目標特色不明確，而政府當局又積極的想讓台灣有
一、兩所大學進入世界百大之林。或許，為政者該好好思考目前台灣
的教育政策與方針，以及教育資源的分配，這也是我此行意外的收
穫。而這一次的國際會議，我深刻的感受到英語的重要性，因為各國
的學者教授都是利用英文在交談，所以這是自已相當不足的地方，即
使自已專業素養內涵豐富，但英語的表達不甚理想，以至於在會場上
無法盡情與其他學者溝通，使人與人之間的討論有了隔閡。對於語文
(英語)的學習，需持續不間斷，他是不同國家的人溝通的一個媒介。
因此，對於英語的掌握，我們必須要在更努力的學習。此行對我而言
可說受益良多。
目前國際上廣為流行的數值計算方法，研究的人員除了以有限元
素法、無網格法及邊界元素法為背景外，亦包含許多數學系的學者。
會議上，可看到許多學者所提出的無網格法與快速多極邊界元素法，
在各個不同領域上的應用，也讓我的眼界放寬、避免在國內閉門造
車。藉此，可使我了解到目前在世界上此數值方法的最新脈動。討論
時，讓我了解到世界有名的學者他們的思考脈絡為何、關心的議題在

哪？
這一次的國際會議讓我了解到學術是沒有分界的，不會因為你是
工程背景就被限制住只能做實務，學數學的人就只能去發展理論。對
於語文的學習，也有了更深一層的體認，來自不同國家的學者，皆使
用共通的語言(英語)來溝通，對於英語的掌握，對一個研究生而言更
是要去好好面對，並走出國際，跟上潮流。

三、 建議
本次研討會給我的感覺是學術交流與國際視野開拓的重要性。
國際間，針對各種專業領域不乏會有幾位知名學者。在交流的過程
中，可從提問與答辯間，解答許多的疑惑；亦可在私下討論時，了解
每位學者間所關注的焦點，能使我們對整體研究趨勢脈動有些許的了
解，有助我們掌握新的研究方向。因此，極力鼓勵教育部或國科會往
後仍能盡量補助國內博士生，甚至碩士生，參與國際學術會議，開拓
其國際視野；同時，也希望能多多補助支持國內大專院校，承辦一些
大型國際會議，使無法獲得出國補助的學生及國內年輕老師，也能參
與國際會議，增加與國外學者進行交流的機會，亦可提升台灣在國際
上的知名度。

四、 攜回資料名稱及內容
與會後攜回的主要資料，除了該會議的詳細議程外，以及 VCD
及一本大會論文摘要集。另附 FMM 講習會講義一本與 USB 資料。

五、 誌謝
本次經費支出係由海大研究生補助出國案、國科會專題計劃出國
經費補助與受大會邀請並承日本京都大學 COE 案贊助。

六、 照片

陳正宗教授演講

周克勳學生演講

FMM 講習班全員

書讀不多 無以證斯理之變化

多 而 不 求 於 心 是謂俗學

名古屋大學專題演講 (松本敏郎教授邀請)2007 年 12 月 8 日
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Dual BEM since 1986
Jeng-Tzong Chen
Department of Harbor and River Engineering, National Taiwan Ocean University, 2 Pei-Ning Road,
Keelung, 202-24, Taiwan
e-mail: jtchen@mail.ntou.edu.tw
Abstract In this talk, the development of dual BEM is reviewed since its appearance in 1986 by Hong and
Chen. Roles of hypersigularity are also examined in the computational mechanics. A novel method using
the SVD (singular value decomposition) for problems with degenerate boundaries was proposed without
employing hypersingular formulation and subdomain approach in 2003. Some traps of BEM in
engineering applications, degenerate scale, spurious eigenvalues and fictitious frequencies, are
investigated. We provide a perspective on the nonuniqueness and its treatment, including degenerate
boundary, degenerate scale, spurious eigensolution, fictitious frequency and corner problems as shown in
Table 1, in the boundary integral formulation and boundary element method (BEM). All the
nonuniqueness problems originate from the rank deficiency in the influence matrix. Both the Fredholm
alternative theorem and SVD technique are employed to study the nonuniqueness problems. Based on the
circulant properties and degenerate kernels as analytical tools for circular and annular cases, mathematical
analysis can be done. Updating terms and updating documents of the SVD technique are utilized. The roles
of right and left unitary vectors of SVD in BEM and their relations to true, spurious and fictitious modes
are examined by using the Fredholm alternative theorem. Two methods, CHIEF and CHEEF techniques,
for dealing with the nonuniqueness problems in BEM are proposed. Null-fields of nonuniqueness
problems are shown in Table 2. The related works since 1984 are shown in Table 3. The three-years
project on this topic supported by NSC Wu Ta-You Award is also shown in Table 4. Only key references
of NTOU/MSV group are contained here.
Key words: dual BEM, dual BIEM, rank deficiency, degenerate problem, spurious eigenvalue and
fictitious eigenfrequency
1. INTRODUCTION
The boundary integral equation method (BIEM) and the boundary element method (BEM) have received
much attention since Rizzo proposed a numerical treatment of the boundary integral equation for
elastostatics. Most of the efforts have been focused on the singular boundary integral equation for primary
fields, e.g. potential or displacement. For most problems, the formulation of a singular boundary integral
equation for the primary field provides sufficient conditions to ensure a unique solution. In some cases,
e.g., those with Hermite polynomial elements, degenerate boundaries, corners, the construction of a
symmetric matrix, the improvement of condition numbers, the construction of an image system, the
tangent flux or hoop stress calculation on the boundary, an error indicator in the adaptive BEM, fictitious
(irregular) frequencies in exterior acoustics, spurious eigenvalues, degenerate scale, the free surface
seepage flow and the Tikhonov formulation for inverse problems, it is found that the integral
representation for a primary field (Cauchy integral formula) can not provide sufficient constraints. In other
words, the influence matrices are rank deficient. It is well known now that the hypersingular equation
plays an important role in the aforementioned problems. Mathematicians and engineers have paid attention
to the hypersingular equation from the viewpoint of mathematics and engineering, respectively. A review
article by Chen and Hong on hypersingularity can be found. The hypersingular formulation provides the
theoretical base of BIE for degenerate boundary problems. Natural boundary element method by Feng and
Yu also focused on the hypersingular formulation. Totally speaking, four degenerate problems in BEM,
degenerate scale, degenerate boundary, spurious eigenvalues and fictitious frequency, are encountered. In

the following, we will first examine the roles of hypersingularity and then review the rank-deficiency
problems in a unified manner.
2. ROLES OF HYPERSINGULARITY IN BEM/BIEM
In dual integral equations, hypersingularity is present in the integral equation with the hypersingular
kernel. In this section, we discuss why hypersingularity is important in treating certain problems and
summarize the roles that it plays in the boundary element methods. One important role of the
hypersingular equation is that it can provide additional constraints to ensure a unique solution in the
former six items of sections 2.1-2.6. Based on the foundation of potential theory of single, double-layer
potentials and their derivatives, the dual frame provide the well-posed mathematical model.
2.1 Higher order element
In order to improve accuracy for a coarse mesh, Watson chose the Hermite cubic element. An immediate
gain is the interelement continuity of the first derivative of the primary variable. Another gain is that the
smoothness of the density function for the primary variable can improve the condition of existence for the
hypersingular integral. Since the number of unknown data doubles at the same time, taking the gradient of
the displacement integral equation, which introduces hypersingularity, is necessary.
2.2 Degenerate boundary
In a degenerate boundary problem, the spatial coincidence of the two sides of the degenerate boundary
leads to the result that the singular integral equation on one side is indistinguishable from that on the other
side where the displacements on the two sides may be different. Although the hypersingular integral
equations are different between the two collocation points on the two sides by their corresponding normal
vectors, they are dependent since the two normal vectors differ only by a minus sign. To obtain additional
independent equations, both singular and hypersingular equations, collocated on the degenerate boundary,
are necessary. They were first given the name of the dual (boundary) integral equations for elasticity by
Hong and Chen and were later implemented into the BEPO2D program for potential flow. Cruse
formulated this degenerate boundary problem in terms of the density functions by using the displacement
discontinuity and traction summation on the two sides of the degenerate boundary. Cruse noticed that this
formulation introduced double unknowns and then additional equations were required. He went on further
to survey the traction BIE. Although Watson proposed another type of additional equation, the kernels that
he derived were different from the kernels in the dual boundary integral equations, and the properties of his
kernels had not been investigated thoroughly. Chen in 1986 established the unified dual formulation,
which incorporates the displacement and traction boundary integral equations under the supervision of
Prof. Hong. Besides, Gray independently found the formulation of dual integral equations. Feng and Yu
also proposed a similar formulation of natural BEM. A review paper in fracture mechanics using dual
BEMs was written by Aliabadi. In mathematical physics, a degenerate boundary is often present, e.g., a
cutoff wall in potential flow, a crack problem in elasticity, a thin airfoil in aerodynamics, a baffle in heat
conduction, a screen barrier in acoustics, a thin breakwater and a magnetic wave across an antenna. All
these problems have been successfully solved by NTOU/MSV group. The dual formulation is closely
related to the theory of pseudo-differential operators. The four kernels in the dual formulation obey the
property of Calderon projector.
2.3 Degenerate scale
For a plane elasticity, plate and potential problems, the BIE approach and BEM have been shown to yield
a nonunique solution when the geometry size is equal to degenerate scale. Not only the simply connected
domain but also the multiply connected problems have the transfinite boundaries. By employing the
hypersingular formulation, no degenerate scale occurs since a zero eigenvalue is not imbedded in the
influence matrix. Other alternatives to avoid the degenerate scale are the addition of rigid body term and
CHEEF approach. The degenerate scale (critical value) of the circular and annular cases can be obtained in
the continuous and discrete systems by using the degenerate kernel, the Fourier series and the circulant.
The degenerate scale depends on the outer boundary of the problems of doubly-connected domain.
Mathematically speaking, degenerate scale stems from Γ contour and log capacity.

2.4 Spurious eigenvalues in the dual multiple reciprocity method (MRM) and the real-part BEM for
simply-connected eigen problems as well as the complex-valued BEM for multiply-connected eigen
problems
The conventional MRM result is spurious eigenvalues. To deal with this problem the dual MRM provides
an ideal framework to solve the eigenproblems by using the real-valued computation. To distinguish
whether the eigenvalue is true or not, Chen and Wong applied a hypersingular MRM formulation to obtain
sufficient constraints for the eigenequations. The dual formulation for the MRM has also been successfully
extended to solve the acoustic modes for a two-dimensional cavity with an incomplete partition. The
singular value decomposition (SVD) technique can also be used to filter out spurious eigenvalues for an
overdeterminate system in the dual MRM. Another advantage by using the SVD for the overdetermined
system in the dual MRM was its ability to determine the multiplities of the eigenvalues. Moreover, a
series-type complex-valued dual BEM called the complete MRM was derived by Yeih et al. Five methods,
the complete MRM, the complex-valued dual BEM, the real-part dual BEM, the imaginary-part dual
BEM, and the conventional dual MRM, were summarized in the WCCM 4 keynote lecture by Chen.
Regarding to the complex-valued BEM, it is found that spurious eigenvalues also appear for the multiply
connected eigen problems. Both the annular membrane and plate as well as eccentric cases were
theoretically and numerically demonstrated to show the appearance of spurious eigenvalues which exactly
match the true eigenvalue of the domain bounded by the inner boundary. Not only BEM but also method of
fundamental solutions (MFS) result in spurious eigenvalues.
2.5 Fictitious frequencies (irregular values)
It is worth noting that the dual integral equations in acoustic applications received much attention earlier
than did the Laplace problem since the exterior problem using the singular integral equation with the
weakly singular and strongly singular kernels resulted in fictitious eigenfrequencies. Although Schenck
found a unique solution by using the CHIEF method, which is generally preferred by the engineering
community, this method has limitations. For example, it can not be used to solve the exterior problem with
a degenerate boundary (such as a noise barrier) since an interior point is not available. Burton and Miller
were first to propose the combined use of dual integral representation for the acoustic problem with all
wave numbers. Terai applied dual integral equations to the acoustic problem with the degenerate boundary
of a screen. Wu and Wan also applied dual integral equations to the acoustic radiation and scattering
problems for thin bodies. For the indirect method, Brakhage and Werner employed the mixed-potential
approach. Several researchers have dealt with hypersingularity to overcome the fictitious-frequency
problems. The available methods have been summarized from the viewpoint of the dual integral
representation. From this viewpoint, the fictitious frequencies depend on the kernel of the integral
representation of the solution and on the location where the singularity is distributed. In other words, the
boundary condition can not change the position of fictitious frequencies once the integral representation is
chosen. To demonstrate that these statements are true, Chen has given three examples for one-, two- and
three-dimensional problems by using the indirect method and the direct method. In the three examples, the
degenerate kernels in the frequency domain have been employed to represent the potentials in the interior
and exterior domains. The analytical results can be obtained and the mechanism of fictitious frequencies
can be easily understood upon considering the difference of the stiffness matrix between the exterior and
interior problems. Therefore, some misleading comments by Shaw and Rizzo have been corrected.
Besides, the mathematical structures of the four matrices, U, T, L and M can be unified by using the SVD.
It is found that fictitious modes are imbedded in the left unitary vectors of the influence matrix after using
the SVD while true modes are given in the right unitary vectors.
2.6 Corner problem
The corner problem with the Dirichlet boundary condition is another problem in which the number of
equations is not sufficient for the conventional BEM. The double-node technique was utilized to tackle
this problem. Researchers have tried to find better and additional constraints. Again, the hypersingular
integral formulation plays a role in providing independent constraints for the boundary unknowns. For the
case that the displacement (or potential) is specified at the corner, the traction (or potential flux) unknowns

are doubled due to the different normal vectors. Unfortunately, the singular equations alone can not
distinguish the normal vectors of the collocation points at the corner. The second equation of the dual
integral representation can be collocated to the points before the corner and after the corner with two
different independent normal vectors, causing the equations to be independent. The detailed derivations
were derived by Chen and Hong. Therefore, a unique solution can be achieved by balancing the number of
equations and unknowns after choosing any two of the three independent equations. The three methods can
all match the exact solution well. However, it has been reported that using two hypersingular equations for
the two points before and after the corner results in lower accuracy than that by using one singular and one
hypersingular equation.
2.7 Adaptive boundary element methods
An essential ingredient for all adaptive boundary element methods is a reliable estimate of the local error.
The hypersingular integral equation is a complementary equation available for error estimation. By using
this concept, the error indicator can successfully track the form of the exact error curve which is the guide
of mesh generation. Error estimation and adaptive BEMs were successfully applied to solve for the
Laplace, Helmhotlz and modified Helmholtz equations by NTOU/MSV group.
2.8 Calculation of the tangent flux or the hoop stress on and near the boundary
The hypersingular integral equation can be used to directly calculate the boundary stress instead of using
the numerical derivative of the obtained displacement field through the Hooke's law. The tangent
derivative along the boundary has been formulated in terms of both the boundary potential and the
boundary normal flux. For elasticity problems, Huber et al. have shown that the accuracy of the numerical
derivative is lower than that of the direct calculation of the boundary stress by using the hypersingular
formulation. Since the integral representation of the solution exhibits the jump behavior across the
boundary, the stress or flux near the boundary often displays the Gibbs phenomenon. By using the
regularized version of dual integral equations, accuracy near the boundary can be ensured. Numerical
examples have been provided by NTOU/MSV group. To avoid the boundary-layer effect, null-field
formulation in conjunction with degenerate kernel can well capture the discontinuity across the boundary.
This approach can also deal with the nearly singular integrals. Successful applications in the Laplace,
Helmholtz, biharmonic and biHelmholtz equations were done by the author’s group.
2.9 Symmetric formulation
In the coupled use of FEM and BEM, the symmetry requirement of the stiffness matrix is especially useful.
The four kernel functions in the dual integral equations display the elegant structure of potential theory.
The symmetry and transpose symmetry properties for the four kernel functions have been found by Hong
and Chen. The dual integral representations can be used to assemble the four kernel functions of the dual
integral equations into a global symmetric matrix by using the symmetry and transpose symmetry
properties of the kernel functions. In order to establish the symmetry for the interpolation function, the
quadratic energy form of double integration was needed in the symmetric-Galerkin formulation by Shiau,
Chiu, Bonnet, Kane, Parreira, and Sirtori. The numerical experiment has been perormed successfully by
Shiau and Chiu. However, all the symmetric formulations in the literature need double boundary
integrations are time-consuming. For reduction to a single boundary integration, degenerate kernels can be
employed. Construction of symmetric matrices has been investigated in more detail in Italy.
2.10 Improvement of condition numbers
In the dual integral representation, the potentials resulted from integrating the U and M kernels are
continuous when the field point moves across the boundary, while those from integrating the T and L
kernels show the jump behavior. The jump terms make the [T] and [L] matrices diagonally dominant and
preferably lower their condition numbers. For the case of the Dirichlet problem, an inversion of the [U]
matrix is needed when the first equation of the dual integral representation is considered. If we adopt the
second equation, an inversion of the [L] matrix is preferred since it is more well-conditioned. From the
viewpoint of the pseudo-differential operators, the orders of T and L kernels are of zero order, which are
numerically stabler than the U kernel of order minus one and the M kernel of order one. This agrees with

the above statement that the inversion of a matrix with diagonal dominance is numerically stable. Also, the
properties of Caleron projector can be found.
2.11 The Tikhonov formulation for inverse problems with overspecified boundary conditions
In solving an ill-posed inverse problem with overspecified boundary conditions by the Tikhonov
formulation, double boundary integrals occur naturally. The inner integrals in the double integrals are
hypersingular. To avoid hypersingularity, Yeih, Koya and Mura employed a fictitious BEM to deal with
the inverse problem. Fictitious BEM proposed by Yeih et al. is not absolutely necessary since the
hypersingular integral can be evaluated by using the regularization techniques.
2.12 Free-surface problems
The free-surface problem can be treated as a moving boundary problem with overspecified boundary
conditions. An iterative scheme for the free-surface seepage was proposed by Niwa using the conventional
BEM. By employing the hypersingular integral equation, the rate of convergence can be accelerated. The
number of iteration using the hypersingular equation is lower than that using the singular formulation.
2.13 Construction of the image system
In the half-plane, half-space, quarter-plane or quarter space problems, special Green's functions subjected
to certain boundary conditions are often used as auxiliary systems to establish integral equations which
can eliminate integrations on the rectilinear or plane boundaries such as the ground surface.
Conventionally, we always locate the source outside the domain to adjust for the satisfaction of boundary
conditions. Based on the physical meaning of the dual integral equations in potential theory, an additional
degree of freedom for adjusting is available, which is the normal vector of the dipole or dislocation source.
Illustrative examples have been given in the book by Chen and Hong.
3. RANK DEFICIENCY IN BEM/BIEM
3.1 Degenerate boundary in boundary value problems
For the problem with a degenerate boundary, the dual integral representation has been proposed for crack
problems in elasticity by Hong and Chen, and boundary element researchers have increasingly paid
attention to the second equation of the dual representation. The second equation, which is derived for the
secondary field, e.g., flux or traction, is very popular now and is termed the hypersingular boundary
integral equation. Hong and Chen presented the theoretical bases of the dual integral equations and a
general formulation which incorporates the displacement and traction boundary integral equations. Huang
and So extended the concept of he Hadamard principal value in the dual integral equations to determine the
dynamic stress intensity factors of multiple cracks. Gray also independently found the hypersingular
integral representations for the Laplace equation and the Navier equation although he did not coin the
formulation “dual”. Martin, Rizzo and Gonsalves called the new kernel in the dual integral equations
“hypersingular” while Kaya earlier called the kernel “superstrong singularity”. Since the formulation was
derived for the secondary field, by analogy with the term “natural boundary condition”, Feng and Yu
called the method ``natural BEM" or ``canonical integral equations''. Balas, Sladek and Sladek in their
book proposed a unified theory for crack problems by using the displacement boundary integral equation
and another integro-differential equation for the traction field. Based on the dual integral representation for
the degenerate boundary problems, Hong and Chen developed the dual BEM programs for crack and
potential flow problems with a cutoff wall. Besides, Chen and his coworkers extended the dual BEM
program for the Laplace equation and the Navier equation to three programs. One is for the Helmholtz
equation by the dual MRM. Another is for the Helmholtz equation by the complex-valued formulation.The
other is for the modified Helmholtz equation. A general purpose program, BEASY, was developed for
crack problems by the Wessex Institute of Technology (WIT) and termed the ``dual boundary element
method (DBEM)" . This program has been extended to solve crack growth problems more efficiently by
using the benefit of the single-domain approach. Chen and Hong, Mi and Aliabadi extended
two-dimensional cases to three-dimensional crack problems. A program implemented by Lutz et al. was
also reported. In the mathematical literature, the relationships between the boundary integral operators and
various layer potentials are obtainable through the so-called Calderon projector. Four identities to relate

the four kernels have been constructed. The order of pseudo-differential operator for the integral equations
on the circular case in the dual formulation was discussed by Amini, Chen and Chiu. These mathematical
problems were first studied by Hadamard and Mangler. The hypersingular integral equation was derived
by Hadamard in solving the cylindrical wave equation by employing the spherical means of descent. The
improper integral was then defined by Tuck as the ``Hadamard principal value". Almost at the same time
of Hadamard's work, Mangler derived the same mathematical form in solving a thin airfoil problem. This
is the reason why the improper integral of hypersingularity is called the ``Mangler principal value" in
theoretical aerodynamics. This nonintegrable integral of hypersingularity arises naturally in the dual
boundary integral representations especially for problems with degenerate boundaries, e.g., crack
problems in elasticity, heat flow through a baffle, Darcy flow around a cutoff wall, a cracked bar under
torsion, screen impinging in acoustics, antenna in electromagnetic wave, a thin breakwater and
aerodynamic problems of a thin airfoil. Applications of the hypersingular integral equation in mechanics
were discussed by Martin et al. and by Chen and Hong. Combining the singular integral equation, e.g.,
Green's identity (scalar field) or Somigliana's identity (vector field), with the hypersingular integral
equation, we can construct the dual integral equations according to the continuous and discontinuous
properties of the potential as the field point moves across the boundary. From the above point of view, the
definition of the dual (boundary) integral equations is quite different from that of the dual integral
equations given by Sneddon and Lowangrub and Buecker, which, indeed, come from the same equation
but different collocation points in crack problems of elastodynamics. The solution for the conventional
dual integral equations was first studied by Beltrami. The dual boundary integral equations for the primary
and secondary fields defined and coined by Hong and Chen are generally independent of each other, and
only for very special cases are they dependent. To deal with the degenerate boundary problems, the
hypersingular formulation is a powerful method in conjunction with the dual BEM. However,
regularization for hypersingularity is required. To avoid hypersingularity, one alternative has been
proposed by using the multi-domain approach of singular equation in sacrifice of introducing artificial
boundary where the continuity and equilibrium conditions on the interface boundary are considered to
condense the matrix. We may wonder whether it is possible to solve the degenerate problems by using
only the singular equation in the single-domain approach. The SVD technique was successfully considered
to achieve the goal in 2003 by Chen et al..
3.2 Degenerate scale for 2-D Laplace, biharmonic and Navier problems
It is well known that rigid body motion test or so called use of simple solution can be employed to examine
the singular matrices in BEM for the strongly singular and hypersingular kernels in the problems without
degenerate boundaries. Zero eigenvalues associated with rigid body modes are imbedded in the
corresponding influence matrices. In such a case, singular matrix occurs physically and mathematically.
The nonunique solution for a singular matrix is found to include a rigid body term for the interior
Neumann (traction) problem. However, for a certain geometry, the influence matrix of the weakly singular
kernel may be singular for the Dirichlet problem or displacement specified problem. In other words, the
numerical results may be unstable when the used scale is changed or the considered domain is expanded to
a special size. The nonunique solution is not physically realizable but results from the zero eigenvalue of
the influence matrix in the BEM. The special geometry dimension which results in a nonunique solution
for a potential problem is called a degenerate scale by He and Chen et al.. The term ``scale" stems from the
fact that degenerate mechanism depends on the geometry size used in the BEM implementation. Some
mathematicians coined it a critical value (C.V.), logarithmic capacity, Gamma contour and transfinite
boundary since it is mathematically realizable. For several specific boundary conditions, some studies for
potential problems (Laplace equations), plate problems (biharmonic equations) and plane elasticity
problems (Navier equation) have been done. The difficulties due to nonuniqueness of solutions were
overcome by the necessary and sufficient boundary integral formulation and boundary contour method.
The degenerate scale problems in the BEM have been studied analytically by Kuhn and Constanda and
numerical experiments have been performed. Degenerate kernels and circulant matrices were employed to
determine the eigenvalues for the influence matrices analytically in a discrete system for circular and
annular problems. The singularity pattern distributed along a ring boundary resulting in a null-field can be
obtained when the ring boundary is a degenerate scale. An annular region has also been considered for the

harmonic equation and the biharmonic equation and the possible degenerate scales were investigated.
Hypersingular formulation is an alternative to study the degenerate scale problems for simply-connected
problems, since eigenvalues are never zero. Another simple approach is to superimpose a rigid body
motion in the fundamental solution so that the zero eigenvalue can be shifted to be nonzero. However, this
treatment results in another degenerate scale. By employing the CHIEF concept, a CHEEF approach was
developed to obtain the independent constraint. A unified method was proposed to study the problem by
using the Fredholm alternative theorem and the SVD updating technique. Both the spurious mode
(mathematically realizable) and rigid body mode (physically realizable) can be determined. The left and
right unitary matrices in the SVD for BEM are found to be the true and spurious modes. In addition, a
direct treatment in the matrix operation instead of adding a rigid body term in the fundamental solution can
be derived. The general proof of degenerate scale for eccentric Laplace problems was obtained to show the
outer radius of one is the critical value.
3.3 Spurious eigensolutions for interior eigenproblems
For interior problems, eigendata are very important informations in vibrations and acoustics. According to
the complex-valued boundary element method, the eigenvalues and eigenmodes can be determined.
Nevertheless, complex arithmetic is required. To avoid complex arithmetic, many approaches including
the multiple reciprocity method (MRM), the real-part and the imaginary-part BEMs have been proposed.
For example, Tai and Shaw employed only real-part kernel in the integral formulation. A simplified
method using only the real-part or imaginary-part kernel was also presented by De Mey, Yasko and
Hutchinson. Although De Mey found that the zeros for a real-part of the complex determinant may be
different from the determinant by using the real-part kernel, the spurious eigensolutions were not
discovered analytically. Chen and Wong and Yeih et al. found the spurious eigensolutions analytically in
the MRM by using simple examples of rod and beam, respectively. Later, Kamiya et al. and Yeih et al.
independently claimed that MRM is no more than the real-part BEM. Kang et al. employed the
Nondimensional Dynamic Influence Function method (NDIF) to solve the eigenproblem. Chen et al.
commented that the NDIF method is a special case of imaginary-part BEM. Kang and Lee also found the
spurious eigensolutions and filtered out the spurious eigenvalues by using the net approach. Later, they
extended to solve plate vibration problems. Chen et al. proposed a double-layer potential approach to filter
out the spurious eigenmodes. The reason why spurious eigenvalues occur in the real-part BEM is the loss
of the constraints, which was investigated by Yeih et al.. The spurious eigensolutions and fictitious
frequencies arise from an improper approximation of the null space operator. The fewer number of
constraint equations makes the solution space larger. Spurious eigensolutions were also found in the
Maxwell equation. The spurious eigensolutions can be filtered out by using many alternatives, e.g., the
complex-valued BEM, the domain partition technique, the dual formulation in conjunction with the SVD
updating techniques and the CHEEF(Combined Helmholtz Exterior integral Equation Formulation)
method. Besides, the spurious eigensolution for the multiply-connected problem was found even though
the complex-valued kernel was used. A unified formulation to study the phenomenon was proposed by
using the Fredholm alternative theorem and the SVD technique. The SVD updating techniques in
conjunction with the dual formulation was employed to sort out the true and spurious eigenvalues. In
addition, the relation between the left unitary vector in the SVD and the spurious mode was constructed by
NTOU/MSV group.
3.4 Fictitious frequency in exterior acoustics
For exterior acoustics, the solution to the boundary is unique for all wave numbers. This is not the case for
the numerical treatment of integral equation formulation, which breaks down at certain frequency known
as irregular frequency or fictitious frequency. This problem is completely nonphysical because there are
no discrete eigenvalues for the exterior problems. It was found that the singular (UT) equation results in
fictitious frequencies which are associated with the interior eigenfrequency of the Dirichlet problems
while the hypersingular (LM) equation produces fictitious frequencies which are associated with the
interior eigenfrequency of the Neumann problems. The general derivation was provided in a continuous
system, and a discrete system was analytically studied by using the properties of circulant for a circular
case. Schenck proposed a CHIEF (Combined Helmholtz Interior integral Equation Formulation) method,

which is easy to implement and is efficient but still has some drawbacks. Burton and Miller proposed an
integral equation that was valid for all wave numbers by forming a linear combination of the singular
integral equation and its normal derivative through an imaginary constant. In case of a fictitious frequency,
the resulting coefficient matrix for the exterior acoustic problems becomes ill-conditioned. This means
that the boundary integral equations are not linearly independent and the resulted matrix is rank deficient.
In the fictitious-frequency case, the rank of the coefficient matrix is less than the number of the boundary
unknowns. The SVD updating technique can be employed to detect the possible fictitious frequencies and
modes by checking whether the first minimum singular value, is zero or not.
By employing the Fredholm alternative theorem and the SVD updating technique, the degenerate
mechanism for the four numerical problems, degenerate boundary, degenerate scale, spurious eigenvalues
and fictitious frequencies, were studied in a unified manner. This formulation was employed to solve for
rank-deficiency problems. Extension to multiple scattering was done by NTOU/MSV group.
4. MATHEMATICAL TOOLS
Mathematical tools including the hypersingular equation, pseudo-differential operator, Calderon
projector, degenerate kernel, circulant, Fourier series, Fredholm alternative theorem, singular value
decomposition and techniques of updatig term and updating document were required in the unified
formulation. For more detail, please visit the web site http://ind.ntou.edu.tw/~msvlab.
5. CONCLUSIONS
In the past twenty years, the dual BEM as well as the hypersingularity have been well developed in both
theoretical and applied aspects. More than one thousand papers on this topic have been published. Rank
deficiency occurring in the four degenerate problems (degenerate boundary, degenerate scale, spurious
eigenvalue and fictitious frequencies) in the BEM were reviewed. Besides, the roles of hypersingularity in
BEM/BIEM were examined. A unified formulation to study rank-deficiency problems in the BEM was
proposed. Mathematical tools including degenerate kernel, Fourier series, circulant, SVD updating
techniques were utilized. Spurious mode and true mode were found to be imbedded in the left and right
unitary vectors of the influence matrices, respectively. Fredholm alternative theorem was adopted to
obtain the updating documents in the SVD. Numerical examples have been demonstrated to check the
validity of the unified formulation by NTOU/MSV Group.
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Table 1 Nonuniqueness and its treatment in BEM
Nonuniqueness in BEM
Degenerate boundary

Degenerate scale

Fictitious frequency

Spurious frequency

Corner singularity

Treatment
Dual BEM (hypersingularity)
Multi-domain BEM
Conventional BEM + SVD
Addition of rigid body term
Hypersingular formulation
CHEEF method
SVD updating technique
Pseudo-inverse
Burton and Miller approach
CHIEF method
SVD updating technique
GSVD
Burton and Miller method
SVD updating technique
Dual BEM
Subdomain method
GSVD
CHEEF method (simply-connected)
CHIEF method (multiply-connected)
Double node technique
Hypersingular formulation

Table 2 Null fields in the nonuniqueness problem using BEM and BIE
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Table 3 Research topics of NTOU / MSV LAB (1984-2007)
Previous research

(Multiply-connected plate)

Wu Ta-You project

Dual BEM
Navier Equation

Sym. BEM

Interior Problem

Half-plane

Degenerate Problem

Complex Var. BEM

Helmholtz Equation

Interior Problem
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Adaptive BEM

Numerical Problem
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