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A regular integral equation based on the surface source distribution method is developed to 
solve the exterior acoustic radiation and scattering problems. This integral equation, formed by 
seeking the equivalent mixed-layer potential distributed over an auxiliary surface retracted 
from the actual boundary, is uniquely solvable and has nonsingular kernel function. Hence, it 
is more amenable to numerical implementation and can circumvent the difficulties of 
singularity, nonuniqueness, and slope discontinuity of the conventional integral equation 
formulations. In contrast to the behavior of Fredholm integral equations of the second kind, 
the discretization of a regular integral equation will not result in a diagonally dominant 
coefficient matrix. To overcome the undesirable numerical instability, the optimal selection of 
the interior source surface is investigated through error estimate of the numerical integration. 
The versatility and accuracy of the proposed formulation are demonstrated by numerical 
examples involving spheres, prolate spheroids, and finite cylinders. 

PACS numbers: 43.20.Tb, 43.20.Rz, 43.30.Jx, 43.40. Rj 

INTRODUCTION 

The boundary integral equation method has been widely 
used to solve the problems of acoustic radiation and scatter- 
ing by arbitrarily shaped obstacles. The essence of boundary 
integral equation techniques is the transformation of the 
original partial differential equations to equivalent integral 
equations that involve only the boundary values of the origi- 
nal dependent variables. As such, any discretization scheme 
needed subsequently would only involve subdivisions of the 
boundary surface as opposed to other solution schemes that 
require discretization everywhere in the entire domain of the 
problem. Furthermore, the radiation condition at infinity is 
automatically satisfied in any integral equation formulation 
for the exterior acoustic problem. 

Unfortunately, all the conventional integral equation 
formulations, either by seeking equivalent single- or double- 
layer surface source distributions or by using the Helmholtz 
integral representation, break down at certain discrete fre- 
quencies that match the eigenfrequencies of the adjoint in- 
ternal acoustic problem. 1 This is not a physical difficulty 
inherent in the exterior problem but rather a computational 
difficulty inherent in the integral representation of the solu- 
tion. It is due to the close coupling between boundary inte- 
gral equation formulations of exterior and related interior 
problems, and the so-called fictitious eigenfrequencies are 
associated with the existence of standing wave within the 
region interior to the source surface. 

There are many improved integral equation methods to 
remedy the deficiency of fictitious eigenfrequencies. One of 
the approaches is due to Schenck 2 who suggested a method 

a) Present address: Chung-Shan Institute of Science and Technology, P.O. 
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of overdetermining the system of algebraic equations by im- 
posing additional constraints based on the interior Helm- 
holtz integral relation upon the system of equations genera- 
ted from the surface Helmholtz integral equation. This 
method, called the combined Helmholtz integral equation 
formulation (CHIEF), serves to eliminate the problem of 
nonunique solutions provided that the supplementary interi- 
or points that are used to generate the extra relations do not 
happen to fall on the nodal surface of the internal standing 
waves. The CHIEF method has been implemented numeri- 
cally by Schenck, Tobocman, TM and Seybert et al. 5-7 to mod- 
el acoustic radiation and scattering problems. 

Another approach overcoming the nonunique problem 
is the Burton and Miller integral equation formulation. 8 In 
this method a composite Helmholtz formula is formed by 
coupling the surface Helmholtz integral equation and its 
normal derivative with respect to the field point. A rigorous 
proof of the existence and uniqueness of this approach for 
appropriate function spaces was given by Lin. 9 However, a 
strongly singular integral is introduced by the differentiation 
and must be regularized for the equation to be amenable to 
numerical solution. Numerical implementations of the Bur- 
ton and Miller integral equation formulation has been de- 
scribed by Meyer et al., •ø'•l Terai, 12 and Amini and Wil- 
ton. 13 

In contrast to Schenck's method of interior overdeter- 

mination system, Piaszczyk and Klosner TM developed an ex- 
terior overdetermination method by combining the surface 
Helmholtz integral equation and the exterior Helmholtz in- 
tegral relation. The use of exterior points to generate supple- 
mentary conditions can avoid the possibility of placing inte- 
rior points on an internal nodal surface. However, the 
exterior field cannot be known beforehand, hence an initial 
estimate of the surface values is required and the results must 
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be corrected by successive iterations. Obviously, the numeri- 
cal implementation of this approach is more complicated 
than the previous methods due to the iterative procedures. 

An alternative to removing the breakdown in the Helm- 
holtz integral formulation is the null-field method that is 
based upon the fact that the field vanishes interior to the 
body. Using the bilinear expansion for the free-space Green's 
function in a series of orthogonal functions, the interior 
Helmholtz integral relation may be reduced to an infinite 
system of equations, called the null-field equations. Equa- 
tions of this type were first derived by Waterman for electro- 
magnetic scattering •sand later for acoustic scattering prob- 
lems. •a The null-field equations are uniquely solvable for all 
wave numbers, as shown by Martin, •7 Colton and Kress, •8 
and Brod. •9 In order to solve the null-field equations numeri- 
cally, the infinite set of equations must be first truncated and 
then the unknown surface fields must be approximated by a 
finite series of a complete set of basis functions. However, the 
rate of convergence may be very slow for the bodies with 
larger aspect ratios or at higher frequencies. 2ø 

In the formulation by means of layer potentials, Brak- 
hage and Werner 2• showed that for the Dirichlet problem 
the breakdown can be avoided by employing a suitable com- 
bination of single- and double-layer potentials with the same 
unknown density. This method has been applied to the nu- 
merical computation of the solution of the exterior Dirichlet 
problem by Greenspan and Werner • for two-dimensional 
case, and by Lin :3 for three-dimensional case. In the case of 
exterior Neumann problem, the combined single- and dou- 
ble-layer integral equation may also be used to yield a unique 
solution for all wave numbers, as discussed by Filippi, •4 and 
Colton and Kress. •5 Nevertheless, one has a similar ditti- 

All these improved methods inevitably introduce extra 
complications; one either has to treat the overdetermined 
system, to regularize the strongly singular integral equation, 
or to construct the infinite or finite series. Thus the unique- 
ness is not achieved without cost. The price paid for this 
improvement is the considerable increases in computation 
effort. Recently, the concept of interior auxiliary surface was 
utilized for acoustic integral equation formulations. Cune- 
fare et al. 3ø modified the method of Burton and Miller by 
restricting the field points of the kernels of the integrals with- 
in the interior of the body. Shaw and Huang 3• addressed an 
embedding integral equation by extending the original do- 
main of the problem to terminate at an artificial boundary of 
convenience. Koopmann et al. 3• used the principle of wave 
superposition to compute the acoustic fields of arbitrarily 
shaped radiators. All of them defined the field points and 
source points upon distinct surfaces to avoid the complica- 
tion of dealing with singular kernels. However, the selection 
of interior auxiliary surface becomes a problem. If the interi- 
or points are placed near the boundary surface, erroneous 
results will be obtained due to the singularity. Alternatively, 
if the interior surface and the boundary surface are much 
further away, the system equations may become ill-condi- 
tioned and the accuracy of the results would be adversely 
affected. 

In this paper, the concept of interior auxiliary surface is 
applied to the hybrid potential method and the problem of 
choosing the appropriate interior surface is investigated 
through error estimate of the numerical integration. A regu- 
lar boundary integral equation is formulated by seeking the 
equivalent hybrid potential distributed on the retracted 
boundary offset toward the interior region. The unwanted 

culty as the method of Burton and Miller due to the normal 
derivative of the double-layer potential that leads to a nonin- 
tegrable kernel. Sayhi et al. • applied the addition-subtrac- 
tion method to reduce the order of singularity and solved the 
general three-dimensional exterior Neumann problems by 
this hybrid potential method. 

A different approach to deal with the existence and 
uniqueness problems is based on the ideas of Ursel127'28 and 
Jones 29 where the layer potential integral or Helmholtz inte- 
gral equation is formulated by using a modified fundamental 
solution that has additional singularities inside the surface of 
interest to replace the free-space Green's function. Ursell has 
shown that the use of a fundamental solution, which is cho- 
sen so as to satisfy a certain dissipative condition in the inte- 
rior region of the body, would lead to uniquely solvable inte- 
gral equations for all values of frequencies. However, this 
fundamental function entails the computation of coefficients 
of an infinite series that has a decreasing rate of convergence 
as the frequency increases, and thus is difficult to construct 
numerically. Jones modified the method of Ursell by replac- 
ing the infinite series with a finite one, but the uniqueness can 
be guaranteed only in a certain range of wavenumbers. Al- 
though the use of a modified Green's function does not 
change the original form of integral equations and analyti- 
cally circumvents the nonuniqueness problem rather ele- 
gantly, there is little reported numerical implementation 
with this approach. 

eigenfrequencies of the resulting integrals are then shifted off 
the real axis by the use of hybrid potential and the numerical 
computations of the method are significantly simplified in 
the absence of singularities. Furthermore, a retracted inte- 
gral equation need not be concerned with the jump condi- 
tions when the field points approach the boundary surface 
and therefore the nonsmooth portion of the boundary can be 
easily tackled. 

I. RETRACTED INTEGRAL FORMULATION 

The problems of acoustic radiation and scattering are 
described as the exterior Neumann boundary value problem 
for the Helmholtz equation. The radiated pressure Pr (X) or 
scattered pressure Ps (x) within an infinite acoustic medium 
E exterior to a finite body with surface S should satisfy the 
Helmholtz equation 

(V 2 d- k 2)p(x) = 0, x•_E, (1) 

in which k is the wave number co/c, where c is the speed of 
sound and co is the circular frequency. Both the Pr and Ps 
satisfy the Sommerfeld radiation condition at infinity, while 
along the interface S the subject boundary conditions are, 
respectively, 

c)er (x) 
= -- icopv, (x), x•.S, (2) 

c9n,, 
and 
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c•P• (x) c•P, (x) 
• = - iro•. (x) - , x•S', (3) 

•9n • •9n • 

where p is the mass density of the fluid, v, (x) is the outward 
normal surface velocity, and Pi (x) is the incident pressure. 
Here, •3/•3n•, denotes differentiation in the outward normal 
direction at x on S. 

It is seen that the scattering problem is different from 
the radiation problem due to the presence of the incident 
wave. We now construct the integral equations for scattering 
problem by the method of source distribution, then the inte- 
grals for radiation problem can be obtained by removing the 
terms of incident pressure. Let G(x,y) be a fundamental so- 
lution of the Helmholtz equation, then the scattered pressure 
can be described by 

Ps (x) = •o G(x,y)h(y)dr(y), (4) +s 

where D denotes the region inside the surface S and h (y) is 
the unknown density function. In general, the integral (4) 
may be considered as the volume, surface, line, or point dis- 
tributions of singularity. Upon invoking the interfacial 
boundary condition (3), an integral equation for h(y) is 
obtained. This approach to the problem requires the density 
function h(y) be first solved, and thus is termed as indirect 
boundary integral formulation. 

Based upon the observation that the surface distribution 
of monopoles or dipoles alone or any combination of these 
will be sufficient to solve the problem, the most commonly 
used indirect formulation adopts the single- or double-layer 
potentials distributed over a surface coinciding with the 
boundary surface. However, only the combined single- and 
double-layer integral equation can be used to yield an unique 
solution for all wave numbers. When the field point ap- 
proaches the boundary surface from the acoustic volume, 
the normal derivative of single-layer potential is undefined at 
a slope discontinuity of the surface and the normal derivative 
of double-layer potential leads to a strong singularity. 
Hence, the use of common surface for source distribution 
and boundary condition cannot work well in the case of Neu- 
mann problem. 

In order to resolve all the difficulties of singularity, non- 
uniqueness, and slope discontinuity, the alternative indirect 
form used here is to place the hybrid sources on a retracted 
boundary S' offset toward the interior region D as shown in 
Fig. 1. The scattered pressure in the exterior region E or on 
the boundary surface S is expressed as 

Ps (x) = fs (g(x,Y') + i*l c•g(x'Y') )h(y')dS(y'), 
x•_E + S, (5) 

where 

g(x,y') = (e-i•'r/4•rr), r--Ix-Y'l, (6) 

is the free space Green's function and •/is a real constant. By 
applying the boundary condition (3) on interface S, one ob- 
tains the following integral equation for h (y')' 

on S 

FIG. 1. Interior singularity distributions for acoustic radiation and scatter- 
ing problems. 

•s ( •gg(x,Y') + i•l •92g(x,Y') )h(y,)dS(y,) , c9n• c9n•, c9%, 
OP i (x) 

= -- iwpv,• (x) -- , xe_S. (7) 
c7n•, 

The proof of the uniqueness of the integral Eq. (7) is 
given in the Appendix A. Obviously, Eqs. (5) and (7) are 
very well suited for numerical implementation as compared 
to the conventional singular equations. They contain no sin- 
gularities and can be simply approximated by ordinary nu- 
merical quadrature and, furthermore, need not be concerned 
with the jump conditions when the field point approaches 
the boundary surface and therefore the corners of the bound- 
ary are no longer a difficulty. 

II. DlSCRETIZATION OF INTEGRAL EQUATIONS 

The discretization of the integral Eqs. (5) and (7) is 
achieved by subdividing the surface of integration into a 
number of small elements of either quadrilateral or triangu- 
lar shape. The integrals over the entire surface are then ap- 
proximated by summations of integrals over each element. 
Within an element, the spatial coordinates or acoustic vari- 
ables are related to their nodal values by appropriate shape 
functions. The numerical evaluation of the element integrals 
is carried out by using appropriately weighted Gaussian 
quadrature formulas. 

Using the quadratic isoparametric surface elements, the 
global coordinates y and the unknown source strength h on 
each element are approximated by 

m 

Y= • NaYa, (8) 
a=] 

m 

h- • Naha, (9) 
where Na are the shape functions, Ya and ha are the nodal 
values of the respective parameters, and rn is the number of 
element nodes. For quadrilateral elements, rn = 8, and the 
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quadratic shape functions are given by 

N1 = 7•(•'1 -]'- 1) (•'• + 1)(•' 1 -]- •'2 -- 1), 

N, =«(1--•12)(•2 + 1), 

S 6 =«(I--C,)(1 
N3 = I(1--•1)(•2- 1)(Cl -+-C2 -+- 1), 

N: =«(• -C•)(• 
N4 = •(•'1 + 1)(•2 -- 1)(•2 -•'1 -•- 1), 

S• =«(L + •)(• 
where •, i = 1, 2 are local coordinates and -- 1 <•l, •2< 1. 
For triangular elements, m = 6, and the quadratic shape 
functions are expressed as 

N, = •, (2L - •), N4 = 4L 

N3 = •3 (2•3 -- •), N6 = 4•3•,, 

where •3 = 1 -- •, -- •2 and 0<•, •2< 1. 
With the isoparametric transformation, the discretized 

system of the integral equations ( 5 ) and (7) can be given as, 
respectively, 

N m 

P• (x) = Z Z •.• (x)n•, x• + s, (•0) 
n=l •=1 

m 

n•l a=l 

and 
N •P, (x) 

G•r/x 
, x•S, (11) 

where Nis the total number of elements used to approximate 
the surface of integration, and 

A.• (x) = 

(13) 

B.• (x) = 

Collocation of Eq. (11) at M boundary points xi, i 
= 1,2,...,M, where M is equal to the total number of nodes 

on the source surface, leads to the linear algebraic equations 
of the form 

I } [B ]{h } = -- i(.op(0n } -- • , (14) 
where lB] is the assembled coefficient matrix formed by 
nodal addition of elemental contributions, {h} is the general- 
ized vector of the values of h at the M nodes, and 

O n X 1 ) 

(On) = On X 2 ) , ß 

v. (x•) 

oe, 

' Opi (Xl) • 

•P, ( x: ) 

•tl x 

0P, (x•) 

. On; • 
Once the source parameters hi, i - 1,2,...,M are solved from 

Eq. (14), the scattered pressure at any point x within the 
acoustic domain can be obtained by means of Eq. (10). 

In contrast to the behavior of Fredholm integral equa- 
tions of the second kind, the coefficient matrix obtained by 
discretization of regular integral Eq. (7) will not be diagon- 
ally dominant. All the terms in the coefficient matrix are 
proportionally smaller when the subdivision is refined. In 
order to avoid the undesirable numerical instability, the dis- 
tance between surfaces Sand S' should be appropriately cho- 
sen. If the sources are chosen very close to the boundary, 
poor results will be obtained due to the singularity of the 
integrand. Alternatively, if the source surface S' and the 
boundary surface S are much further away, the system equa- 
tions may become ill-conditioned since the coefficient ma- 
trix is not diagonally dominant. In the following section, the 
optimal distance between S and S' is investigated through 
error estimate of the numerical integration. 

III. NUMERICAL EVALUATION OF INTEGRALS 

To compute the integrals (12) and (13), the surface 
element is first mapped onto a standard square or triangle 
(see Fig. 2), then the integration in the (•l, •:) plane is 
evaluated using quadrature formulas. As an illustration of 
numerical integration, we rewrite the integral (12) or ( 13 ) 
as the following form: 

I(x) = ;,, K(x,y)dS(y), (15) s 

where AS denotes a typical element. After substitution of the 
transformation, Eq. (8), the integral ( 15 ) expressed in the 
local coordinates becomes, for quadrilateral elements, 

I(x) = K [x,y(•' 1 ,•'2 )]J(•'1,•2 )d•'l d•2, 
--1 --1 

(16) 

or, for triangular elements, 

---- 8 6 --- ½, 

3 • 3- * -4 ? 

2 4 

(a) Global coordinates (b) Local coordinates 

FIG. 2. Quadratic quadrilateral and triangular elements. (a) Global co- 
ordinates; (b) local coordinates. 
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where 

K [x,y(•' 1 ,•'2 )]J(•l ,•'2 )d•'l d•'2, 
(17) 

8Y X •-•- (18) J(•'l '•2 ) = •1 
is the Jacobian of the transformation, Eq. (8). 

Since the field point x is outside of the element of inte- 
gration, the integrand is regular and the product formulas of 
Gaussian quadrature may be directly employed. For integra- 
tion over quadrilaterals, the product Gauss-Legendre for- 
mulas are used, that is, the two-dimensional integration, Eq. 
(16), is numerically evaluated by two independent Gauss- 
Legendre formulas applied in the outer and inner integra- 
tions. In order to estimate the Gaussian quadrature error 
over a triangle, the numerical integration of Eq. (17) is per- 
formed by the conical product Gauss formulas. 33 

A. Numerical integration for quadrilateral elements 

The Gaussian quadrature formula to evaluate an inte- 
gral over the interval [a,b] is given by 

W(x)f(x)dx = wf(x• ) + E. (f), (19) 
i=1 

where the integrand is the product of a fixed admissible 
weight function W(x), which may be finite or infinite on the 
interval [ a,b ], and a regular functionf(x ). The wi and xi are 
the weights and abscissas of the Gauss rules, respectively, 
and E. (f) is the error incurred in Gaussian integration. For 
W(x)= 1, and interval [--1,1], one has the Gauss- 
Legendre integration rule 3• as follows: 

f (x)dx = wf (xi) 
-1 i=1 

22n + l(r/!) 4 f(2n) (•-) 
(2n + i i [ii•)!] 3 ' 

-- 1 <•< 1, (20) 

where x i are zeros of the nth-order Legendre polynomial 
Pn (X), and wi are corresponding Gaussian weights. By a 
direct application of the product rule, the upper bound of 
error for two-dimensional Gaussian quadrature formula can 
be derived as 

m 

f (•1 ,•2 )d•l d•2 -- Z • WiWjf (•1,,•22) 
i=lj•l 

<2(E 1 + E: ), (21) 
where 

2 2m+ l(m!)4 
max 

-l<•'!,•'2<l (2m + 1)[(2m)!] 3 
02f 

2 2n+ l(n!)4 
E 2 = max 

-1<•,,•:<1 (2n + 1)[(2n)l] 3 
02V 

(22) 

Hence, the integral (16) over a quadrilateral element can be 
approximated with the quadrature data of (21 ). 

To estimate the Gaussian quadrature error bounds, we 
note that the factors in the integrand are the shape functions, 

kernel functions, and the Jacobian of the implied mapping of 
a quadratic surface element to planar region. Since the shape 
functions are only quadratic, the primary variation of the 
integrand will be determined by the kernel functions which 
may be characterized by e- ikr/rø, p = 1, 2, or 3 as discussed 
in previous sections. Therefore, the integral 

I = fa e- ikr s •- dS, (23) 
is taken to be representative of the actual integrals in the 
error estimate of numerical integration. 

Based upon the assumptions that the Jacobian is almost 
constant within the element and the distance from the field 

point to the element is not severely varied, the measure of the 
relative error in the integral can be derived as 

el : 2(p -- 1)! 4 i=o l•.(2m -- i)! krmi n 

e 2 • , 
2(p -- 1)• 4 i=o i•(2n -- i)[ krmi n 

(24) 

where Li denote the element size and rmi n is the minimum 
distance between the field point and the element. The de- 
tailed derivation is given in Appendix B. 

From the error estimates, we note that the sufficient 
conditions for the convergence of Gaussian quadrature are 

kLi/4< 1, i = 1,2, (25) 
and 

krmi n > 1. (26) 
Substitution of the wave number k = 2v'/A, where A is the 

wavelength of acoustic wave, the restriction (25) dictates 
that the surface must be discretized such that the dimension 
of each element should be no more than 2/•r of the wave- 

length. Combining (25) and (26) gives 

/'min •Li/4, i = 1,2. (27) 

Therefore, in the retracted boundary integral equations, the 
offset distance between the source surface and the actual 

boundary must be larger than one-quarter of the mesh size. 

B. Numerical integration for triangular elements 

The numerical integration over a triangle can be per- 
formed by introducing the affine transformation: 33 

•'2 = T]2 (1 -- •7• ), (28) 
then we have 

fO fo'-g=f(•,,•: )d•, d•2 
folfo 1 -- (1 -- ;1• ) xf [;]1,7]2 (1 -- 

(29) 

To evaluate the right-hand side, the following quadrature 
data are required: 
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• (1 -- •7• ) f(•/• )d•/• 
m 

-- Z dlif(T]l, ) -3- (m -3- 1)(mI) 4 f(2m)(;1 ) ,=l (2m + 1)2[(2m•1] 3 ' 
O<•'l < 1, (30) 

l f (T]2)dT]2 
= • BJf(TI2• ) + (//!)4 j=l (2n + 1) [(2r/)!] 3f(2n)(•'2 )' 

0<;2<1. (31) 

Equation (30) is a special case of the Gauss-Jacobi quadra- 
ture formula •4 and Eq. (31 ) is the Gauss-Legendre quadra- 
ture formula over the interval [0,1 ]. 

The product of the two formulas (30) and (31) yields 

fl•01 (1--7]l)f(7]l,712)d7]l d712 
-- Z z4iBJf (•]l•'•]2.t) •EI -•- (1/2)E2' (32) 

i=lj=l 

where 

(m + 1) (mI) 4 o2mf 
g 1 -- max , 

o<.,..2<1 (2m + 1)2[(2m)!] 3 Or/• m 
(/,/!) 4 O2nf (33) 

E 2 = max . 
o<•,.•:<l (2n + 1)[(2n)!] 3 c9r/22" 

Hence the integral (17) over a triangular element can be 
numerically evaluated by using the conical product Gauss 
formulas (29) and (32). 

Making the same simplified assumptions, we can obtain 
the same relative error estimates (24) for the integration 
over a triangle as shown in Appendix B. Therefore, the same 
criteria for the mesh size and the offset distance can be also 

applied for the integration over triangles. 

IV. NUMERICAL RESULTS AND DISCUSSION 

The geometric configurations considered for the test of 
numerical implementation are sphere, prolate spheroid, and 
finite cylinder. The analytical solutions for spherical surface 
can be derived by means of the retracted boundary integral 
Eqs. ( 5 ) and (7) as given in Appendix C. However, the exact 
solutions for other geometries are constructed by using the 
substitute problems which are equivalent to those having 
acoustic point source within the given surface. That is, the 
prescribed normal velocity on the boundary surface is pro- 
duced by one or more point sources with described strengths 
located in the interior region of the boundary. For such a 

specified velocity distribution, the radiated pressure must be 
identical to that generated by the point sources alone in the 
infinite medium. 

A. Sound radiation from spherical surface 

We first solve the sound radiation from a uniformly pul- 
sating sphere of radius a. The source surface is chosen to be a 
concentric sphere of radius a', where a'< a, and the retrac- 
tion parameter e is defined as 

e = a'/a. (34) 

The element meshes of a spherical surface are summarized in 
Table I. To investigate the effect of the coupling constant r/ 
in mixed-layer potential, the maximum relative errors in sur- 
face pressure for various r/are depicted in Fig. 3. The maxi- 
mum relative error (MRE) is expressed as a percentage de- 
fined by 

(35) i 
A 

where x• denotes the collocation points and P(x• ) is the 
computed approximation to P(x• ). 

The fictitious eigenfrequencies for single- and double- 
layer solutions are also noted by dashed lines in Fig. 3. The 
results show that the mixed-layer potential suppresses these 
deficiencies and the almost-optimal choice for the coupling 
constant is r/= I/k, which coincides with the investigation 
by Kress 35 in the sense of minimizing the condition number 
of the boundary integral operators. The reason can be ex- 
plained as follows: The mixed or hybrid source in Eq. (5) 
can be expressed as 

g(x,y) + i•l Og(x,y) e-#'• [ ( i) Or ] •=• 1+•/ k-- , 
Ony 4rrr r Ony 

(36) 

where r = Ix-yl. Hence, at higher frequencies the dipole 
source is dominated by k and the choice r/--- 1/k makes the 
monopole and dipole sources have the same order with re- 
spect to wavenumber. As a result, the value of 1/k gives the 
same accurate results in all the frequency range ka> 1. The 
same numerical experiments have been made by Meyer et 
al. 11 and Cunefare et al. 3ø for the choice of coupling constant 
in the Burton and Miller integral equation. 

Next, the effect of retraction parameter e is investigated 
and the criteria derived in previous section is checked. As- 
sumed that the spherical surface of radius a' is discretized 
uniformly by N triangular elements, then the mean mesh size 
L can be approximated by 

L = x/8x/•rr/Na'. (37) 

TABLE I. Summary of parameters used for different meshes of spherical surface. 

Mesh 1 Mesh 2 Mesh 3 Mesh 4 Mesh 5 Mesh 6 

Number of triangular elements 
Number of quadrilateral elements 
Number of nodes 

Order of Gaussian quadrature 
Retraction parameter 

8 24 

0 0 

18 50 

4X4 4X4 

<0.65 <0.77 

48 96 160 240 

0 0 0 0 

98 194 322 482 

3X3 3X3 3X3 3X3 
<0.82 <0.87 <0.89 <0.91 
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FIG. 3. Effect of coupling constant on the computed surface pressure for a 
uniformly pulsating sphere (mesh 2, e = 0.5). 

Therefore, the criterion (27) gives 

a -- a' • L /4 = • •r/xf•N a', (38) 
which yields 

e < (1 + •/•r/x/•N ) -•. (39) 

This restriction on retraction parameter for various meshes 
is given in Table I. Numerical errors in surface pressure of a 
uniformly pulsating sphere at nondimensional frequency 
ka = 10 with various retraction parameters are shown in 
Fig. 4. It can be seen that good accuracy can be obtained by 
using the retracted boundary other than the actual boundary 
if the retraction parameter is appropriately chosen. Al- 
though the discretization of a regular integral equation will 
not result in a diagonally dominant coefficient matrix, the 
undesirable numerical instability can be avoided under the 
control of retraction parameter even for a relatively finer 
mesh of 240 elements. 

10 0 

i i i i i111 [ 

o e=0.5 
', e=0.6 
• e=0.7 
o e=0.8 
ß e=0.9 

,f,,[ I I I f frill 
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FIG. 4. Effect of retraction parameter on the computed surface pressure for 
a uniformly pulsating sphere (ka = 10, •7 = I/k). 

C. Sound radiation from finite cylindrical surface 

We now consider the radiation from a finite cylinder of 
radius a and length l with a boundary condition derived from 
two point sources of opposite strength, - Q and + Q, as 
shown in Fig. 7. The interior source surface is chosen to be a 
smaller cylinder of radius a' and length l' such that 

e = a'/a < 1 and l '/a' = l/a. 

Due to symmetries, only a quarter of the cylindrical sur- 
face is modeled by using both the triangular and quadrila- 
teral elements as given in Table III. To handle the edge 
nodes, we adopt the multiple independent node concept 36 
whereby the corners are represented by multiple distinct 
nodes of identical location. Figure 8 shows the surface and 
far-field pressure patterns of a cylinder of length to radius 

B. Sound radiation from prolate spheroidal surface 

Consider a prolate spheroidal radiator of major semiaxis 
a and minor semiaxis b whose surface velocity is derived 
from two point sources of opposite strength, - • and + •, 
spaced a apart along the symmetric axis (see Fig. 5 ). In the 
spheroidal case, the retracted boundary is chosen to be 
smaller prolate spheroid of principal semiaxes a' and b' such 
that a' < a and a'/b'= a/b. The retraction parameter e is 
also defined by Eq. (34). 

Making use of symmetry, the element meshes of one- 
quarter prolate spheroidal surface are summarized in Table 
II. Figure 6 presents the results for a prolate spheroid of 
aspect ratio a/b = 2 at nondimensional frequency ka = 0.5 
and 2.0. The surface pressure is plotted against the zenithal 
angle 0 and the far-field pressure is calculated at points locat- 
ed at a distance 5a from the center. These results agree well 
with the exact solutions computed by equivalent point 
sources of substitute problems. 

-Q +Q 

FIG. 5. A prolate spheroidal radiator with surface velocity derived from 
two point sources. 
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TABLE II. Discretization parameters of one-quarter spheroidal meshes. 

Mesh 1 Mesh 2 

Number of triangular elements 
Number of quadrilateral elements 
Number of nodes 

Order of Gaussian quadrature 
Retraction parameter 

20 54 

0 0 

53 129 

4X4 3X3 
0.5 0.5 

ratio l/a = 4 for ka = 1.5708 which corresponds to the first 
resonant frequency of the interior Neumann problem. The 
results for the single- or mixed-layer potential are in excel- 
lent agreement with the exact solution, while the double- 
layer solutions provide a large error such that some points 
are out of the bounds of the figure. To show the uniqueness 
difficulty of single-layer potential, results at the interior Dir- 
ichlet eigenfrequency ka = 3.5905 are given in Fig. 9. It can 
be seen that good agreement is attained with the use of dou- 
ble- or mixed-layer potential, but the results obtained by us- 
ing the single-layer potential are less accurate. 

90' 

1 ' 

180' 8:0' 
0.0 0.4 0.8 1.2 

q 

(a) Surface pressure 

90' 

1 ß 

180' -8:0' 
o oo o.o5 o.o o.5 

IPI, 

(b) Farfield pressure (r = 5a) 

FIG. 6. Surface and far-field pressure produced by the prolate spheroid of 
aspect ratio a/b-- 2 at ka--0.5 and 2.0 (e = 0.5, r/= l/k). (a) Surface 
pressure; (b) far-field pressure (r = 5a). 
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FIG. 7. A finite cylindrical radiator with surface velocity derived from two 
point sources. 

D. Scattering of sound by rigid sphere 

Numerical example for scattering problem is the scat- 
tering of plane sound wave by a rigid sphere. The plane wave 
incident from the negative x direction is described by 

Pi = Pi e - ikx, ( 40 ) 

where P• is the amplitude of incident wave. The scattered 
pressure at a distance r from the center of a rigid sphere of 
radius a and at an angle 0 from the direction of propagation 
of the incident plane wave is given analytically by 

Ps ( r,O) = -- P• • (2n+l)(--i)"j; ( ka ) 
,:o h (,2)' (ka) 

xh {,2)(kr)P, (cos 0), (41) 

where j,,h (2) and P,are the spherical Bessel function of 
first kind, spherical Hankel function of second kind, and the 
Legendre polynomial, respectively, and' denotes the deriva- 
tive with respect to the argument. 

The scattered surface and far-field pressure are plotted 
versus median angle in Fig. 10 at ka = 2.0 and 5.0. The nu- 
merical results are computed by using 96 triangular elements 
to model the spherical source surface of radius 0.5a. The 
analytical solutions given in Eq. (41) are also plotted to 
check the accuracy. Relatively good agreement is attained 
between the numerical results and the analytical solutions. 

V. CONCLUDING REMARKS 

The fictitious eigenfrequency difficulty inherent in the 
integral representation of the solution is irrelevant to the 

TABLE III. Discretization parameters of one-quarter cylindrical meshes. 

Mesh 1 Mesh 2 

Number of triangular elements 
Number of quadrilateral elements 
Number of nodes 

Order of Gaussian quadrature 
Retraction parameter 

2 8 

3 10 

30 75 

4X4 4X4 
0.5 0.5 
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C) Single-Layer [P[ a 
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(b) Farfield pressure (r = 10a) 

90' 

60' 

1 30' 

180" ' • ' • ' -" • ,-, ,- 0 
--Exact 0.00 0.06 0.12 0.18 
e Single-Layer iP[ a 
• Double-Layer 
x Mixed-Layer (r/= l/k) Q 

(b) Farfield pressure (r = 10a) 

=0' 

FIG. 8. Surface and far-field pressure produced by the finite cylinder of 
radius a and length 4a at interior Neumann eigenfrequency, ka = 1.5708 
(mesh 1, e = 0.5). (a) Surface pressure; (b) far-field pressure (r = tea). 

FIG. 9. Surface and far-field pressure produced by the finite cylinder of 
radius a and length 4a at interior Dirichlet eigenfrequency, ka = 3.5905 
(mesh 2, e -- 0.8). (a) Surface pressure; (b) far-field pressure (r -- tea). 

physical type of boundary condition. For single-layer poten- 
tial solution of the exterior acoustic problem with either the 
Neumann or Dirichlet boundary condition, the fictitious ei- 
genfrequencies are equal to the characteristic frequencies of 
the interior Dirichlet problem, while for double-layer poten- 
tial solution the fictitious eigenfrequencies are the character- 
istic frequencies of the interior Neumann problem. Since the 
interior Dirichlet and Neumann eigenfrequencies are entire- 
ly distinct, the combination of single- and double-layer po- 
tentials with a purely imaginary coupling constant will rem- 
edy these deficiencies. It has been demonstrated that the use 
of combining monopoles and dipoles distributed on the re- 
tracted boundary provides a versatile tool to tackle the diffi- 
culties of singularity, fictitious eigenfrequency, and slope 
discontinuity. 

If we replace the hybrid source by simple or doublet 
source alone in the retracted boundary integral, the resulting 
integral equation will break down at the eigenfrequencies 
corresponding to the standing wave inside the source surface 
$ '. Now $' is a fictitious surface, so that the location ofeigen- 
frequencies may always be predicted. Hence we can select a 
different source surface to avoid the eigenfrequencies occur- 

ring within the frequency range of interest. However, it is 
preferable to use the hybrid source since it increases the com- 
putation time only by little and one can solve for the entire 
range of wave numbers regardless of the chosen surface 
shape. , 

The selection of interior auxiliary surface is the key to 
the retracted boundary integral formulation. A poor selec- 
tion of the interior surface can yield poor results for a given 
model. For numerical integration purposes, the interior 
source surface should be chosen such that the distance from 

the field points to the source element must be larger than 
one-quarter of the mesh size. Furthermore, through the er- 
ror estimate of numerical integration, it can be seen that the 
sufficient discretization of integral equation is achieved if the 
dimension of each element is no more than 2/rr of the wave- 

length of the problem. 
The retracted boundary integral equation has no singu- 

lar kernels and thus the computational effort for numerical 
implementation can be decreased drastically. This efficient 
and economic integral formulation has been successfully 
coupled with the finite element model of elastic structure for 
the analysis of fluid-structure interaction problems. 37 
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(b) Farfield pressure (r = 5a) 

FIG. 10. Scattered pressure versus median angle for a plane sound wave 
incident on a rigid sphere at ka = 2.0 and 5.0 (mesh 4, e = 0.5, •/= l/k). 
(a) Surface pressure; (b) far-field pressure (r = 5a). 
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APPENDIX A: PROOF OF UNIQUENESS 

The uniqueness of the solutions of the integral Eq. (7) is 
proven by showing that the associated homogeneous equa- 
tion has only trivial solution. Referring to Fig. 1, the interior 
domain D is decomposed into two parts with retracted sur- 
face S' as interface. Let D• be the region inside the surface S ', 
and D2 the region bounded externally by surface S and inter- 
nally by surface $ '. 

To show that the homogeneous counterpart of Eq. (7) 
has only trivial solution h--0 on S', consider the hybrid po- 
tential function 

q•(x)=;s (g(x,Y')+i•7 c?g(x,y') )h(y')dS(y'), •/'/y 
(A1) 

such that Oq•lOn =0 on S, and we shall make use of the fol- 
lowing theorem, which is proven by Leis: 38 

Theorem AI: If U satisfies the Helmholtz equation in 
domain E and the radiation condition at infinity, and its 
boundary values and those of its normal derivative exist on 
S, then 

s c?U+(x o) dS(x o)= --kC, C>/O, Im U+ (Xo) On xo 
(A2) 

where 

U+ (Xo)= lim U(x), x•_E, Xo•-•, (A3) 
X--• X 0 

and ½ is an arbitrary constant and C -- 0 if and only if U 
vanishes identically in E. 

If we apply Green's second identity to ß and its complex 
conjugate ß in domain D2, then 

0=;O (•2 • __ •2•)dV 2 

On On 

--fs (• 0 • •O•)dS. (A4) , On' On' 

But, 

( ) - fs •0 ß •0• dS=2iIm •0 • dS, , On' On' , On' 

and, since O•/On = 0 ß/On = 0 on S, 

fs(• 0 • •O')dS=O, On On 

hence we have 

2i Im fs q• 0 q• dS = 0, (A5) 
which, by virtue of Theorem A 1, implies that 

q•(x) =0, x•E + D2, (A6) 
and thus 

limq•(x) = q• + = 0, x•__D 2, x'•S', (A7) 
, 

x -.--, x 

lim 0q• (x•) = 0q• + = 0, x•__D2, x'•.S'. (A8) 
x•x' On• On' 

Now, consider the function q• in domain D• and the 
jump relations for single and double layer on S', then 

limq•(x) -- q•_ = q•+ -- i•lh, X•--D 1 , x'•.S', (A9) 
, 

x--,x 

0q• (x) 0q• 0q• + 
lim • = -•- = • + h, x•-Di, Xt•-S t. 
x-•x' On• On' On' 

(A10) 

Combining Eqs. (A9) and (A 10) and substituting Eqs. 
(A7) and (A8) lead to 

q•_ + i•/ --0 on S'. (All) 
On' 
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By applying Green's second identity to ß and its complex 
conjugate ß in domain D,, we have 

0 = ;D (klJV2 kI/ -- kI/V2q/)dV I 

( - ) fs • q• = q• - - q• - dS 
, - 8n' - 8n' 

fs 8• = 2i Im q• - dS 

fs 8•_ 2 = - 2i•7 , •n' dS. (A 12) 
If r/%0 then o9•_/Sn'= 0 on S' and Eq. (A11) yields 
V_ = 0 on S' also. From the jump conditions (A9) and 
(A 10) it is concluded that h = 0 on $ '. Hence, the solution of 
the integral Eq. (7) is unique provided that the coupling 
constant r/exists. 

APPENDIX B: ERROR ESTIMATE OF NUMERICAL 
INTEGRATION 

We first estimate the Gaussian quadrature error bounds 
on the integral (23) over a quadrilateral element. When the 
surface of integration is sufficiently discretized, the element 
will not be severely distorted, and thus the Jacobian can be 

assumed to be constant within the element, that)s, we can 
take the approximation 

J(• ,•2 ) = AA/4, ( B 1 ) 

where AA is the area of the quadrilateral element. In order to 
simplify the error bound estimates, it is further assumed that 
the variation of the distance from the element to the field 

point x is constant, that is, 
8r Or 

8•-•-= const; •-•-• = const; 
which are reasonable if the distance is considerably larger 
than the element size. Furthermore, we have 

at' L 1 

L• -- max(L•2,L34 ), 

•F 

r 

L 2 (B2) 
2 

L 2 = max(L23,L4• ), 

where L 0 are the side-lengths of the element (See Fig. B 1 ). 
Based upon the assumptions above, we can obtain 

82'• ( 1 ) (2re+P--I)! ( 8r ) 2m 
(2m +P-- 1)! (__•_) 2m < •,+ 2.• . ' (B3) 'min (p-- 

and 

O9•2m 1 

ik 
2 

(B4) 

FIG. B 1. Geometry and Gauss-point distribution of surface elements. 

where rmi n is the minimum distance between x and the ele- 
ment. Hence, 

02m(e --ikr ) 
• (2m)! a' ( I ) a 2m-' i=o t!(2m --i)! •; 7 •-•F n•--'i (e--ikr) 

2m 

<• (2m)! 
i=o t!(2m - i)! 

8i 1 

•2rn--i (e--irk) 1 

.m ( ) < • (2m)! (i+p-- 1)! L, ,=o t!(2m- i)! rt'mi+n'(p -- 1)! -•- 

(2m)! (kL•) 2m PPmin (P -- 1 )! 2 

X• (i+p-1)!( 1 ) i, /=o t!(2m - i)! krmi n 

and, similarly, 

i(kL• )2m--i 2 

(B5) 

O•'92. n (2n)! (mr2) 2n •'min (P -- 1 )! 2 

.n ( ) X E (i-'I-/O-- l)! 1 i tl(2n -- i)! krmin . (B6) i=0 

Then the error bounds in (21 ) for the integral (23) are 

• 2(m!) 4 (kL•)2m 
E 1 = 

4 (2m + 1)[(2m)!] 2 Pømin( p -- 1)! 

X• (i+p--1)!( 1 ) ', i=o t!(2m -- i)! krmi n (B7) 

AA 2(n!) 4 (kL2)2n 
4 (2n q- 1)[(2n)!] 2 rømin(P -- 1)! 

X• (/+p-- 1)! 1 i, 
i=o t!(2n-- i)! krmi n 

and the relative error, which is defined as the ratio of an 
upper bound for error and an upper bound for integral itself, 
in each direction is given by 

2E• 
e 1 = 

AA/•'min 

(m!)'* (kL1)2m 
(2m + 1)[(2m)!] 2 (p-- 1)! 
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•m (i+p--1)!( 1 ) •, X •0 •.(2m i)• krm• • 

•A/PPmin (B8) 

(n•) 4 (kL2)2n 
(2n+l)[(2n)!] 2 (p--l)! 

2• (i+p--1)' ( 1 ) ' • • a(2n i)• krmi n 
where •/Pmi. is the upper bound of the integral (23). 

The error coe•cients in the foregoing relations can be 
further simplified by using the Stirling's approximations: 39 

In m• = (m + •)ln m -- m + In d2w + O(m-'), 
ln(m + 1) = In m + O(m- •), (B9) 

from which 

( ,m,,4 ) In (2m + 
= In w- (4m + 1)ln 2 + O(m- •), (B10) 

then 

(m!) 4 
=•. (Bll) 

(2m + 1) [(2m)!] 2 24•+• 

Hence the relative error estimates can be rewritten as 

rr kL• (i + p -- 1 )! 1 
e• = 2(p 1)• 4 •.(2m 1)• krmin 

2(p--l)! 4 •=o a(2n--1)I krmin 
(B12) 

Next, the error estimate of the numerical integration 
over a triangular element is made when the conical product 
Gauss formulas are adopted. Making the same simplified 
assumptions as before, the Jacobian within a triangular ele- 
ment is approximated as 

) (B3) 

where • is the area of the triangular element, and the varia- 
tions of the distance over the element are given by 

=const•L•, L• = max(L•2,L•), 
0• (B14) 
0r 

=const<L2, L 2 = L23. 

Hence, the error bounds in (32) for the integral (23) over a 
triangular element can be obtained by 

E• -- 2• (m + 1) (ml) • (kL• )2m 
(2m + 1)2[ ('2m)•]2 •min (P -- ] )• 

•= a(2m -- i)l krmi n 
(B15) 

E2 = 2• ( n! ) 4 ( kL2 ) 2• 
(2n + 1)[ (2n)l] 2 •min (• -- ] )[ 

•" (i+p--l),( I )', a(2n krmin i=0 • ß 

and the relative error estimates become 

/•A/PPrnin 

2(m + 1) (m!) 4 (kL1)2m 
(2m + 1)2[ (2m)!]2 (p _ 1)! 

X• (i+p--1)'( 1 ) i, •=o a(2m -- i)• krmi n (B16) 
E•/2 

•2 • 
•/Pmi• 

(n•) 4 (kL2)2• 
(2n+l)[(2n)I] 2 (p--l)! 

ti+p- 1 . i=o •](2n -- i)I krmi n 

By using the Stirling's asymptotic relations (B9) again, 
we have 

ln( ,m+l,,m,,4 t2m + 1¾k 
Xln 2 + O(m-1), 

(B17) 

and thus 

(•n -4- 1 ) (m!) 4 • 
•. (B18) 

(2m + 1)2[(2m)!]2• 24m+2 
Substitution of the approximations (B 11 ) and (B 18) into 
(B16) gives 

•(kL•) 2m 2(p - 1)• 4 

½2 = 
2(p -- 1)• 4 

• (i+p-1)I ( 1 ) i, i= o t•. (2m - 1 )! krmi n 

•= o t•. (2n -- 1 )! krmi n 
(B19) 

APPENDIX C: ANALYTICAL SOLUTIONS OF 

SPHERICAL RADIATOR 

This section solves analytically the sound radiation 
from a vibrating sphere of radius a by means of the retracted 
boundary integral Eqs. ( 5 ) and (7) where the terms of inci- 
dent pressure are absent. The source surface S' is chosen to 
be a concentric sphere of radius a', where a' < a. In terms of 
spherical coordinates, the surface integral over S' can be ex- 
pressed as 

fs ...dS = (a') 2 ... sin O'dO'dqY, (C1) 
, 

and the free-space Green's function may be expanded in 
spherical wave functions 4ø as 

e - ik Ix-y'l 
g(x,y') = 

4rrlx-y'l 

_ ik • (2n+l) 4•r =o 
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x • e• (n-m)! -4' •=o (n + m)! cos[m(4 ) ] 
Xp•m(cos 0)P ,re(COS O')j,, (ka')h •2) (kr), 

(C2) 

where 

and em is the Neumann factor which equals 1 for m = 0 and 
2 for m > 1 and the functions P m j, and h (2) are the asso- ' n, , n 

ciated Legendre polynomial, spherical Bessel function of 
first kind, and spherical Hankel function of second kind, 
respectively. Similarly, the normal derivative of the Green's 
function can be written as 

o•g(x,y') 

O• Yl y, •-• = o ,,:, = o 

(n-m)! 
X em cos[m (4 - 4') ] 

(n + rn)! 

XPT(cos O)p.m(cos O')f, (ka')h (2) (kr) 
(C3) 

where f, denotes the derivative ofj• with respect to its argu- 
ment. 

By virtue of the orthogonality properties of the cosine 
and associated Legendre functions, the given normal veloc- 
ity distributed on the surface of the sphere $ can be expanded 
as 

v,, (x) -- • V(")pm(COS 0)cos(m 4) mn--n , 

n=Om=O 
x = a, 

(C4) 

where 

V (a) em(2n+l)(n--m)'fo2•fo• = ' P•(cos 0) 
m. 2w 2 (n + m)! 

X cos (m•b) v, (x) sin 0 dO d4. 

The unknown source density on S' can be also expanded as a 
double series in associated Legendre functions of the latitude 
0, and in cosines of the longitude •b: 

h(y') - • h (a')pm(COS 0')cos(m•b') ly'l = a'. rnn --n , 

n=Om=O 

(C5) 

Substituting Eqs. (C 1 )-(C5 ) into Eq. (7) with the incident 
pressure absent and using the following orthogonal relations 

m 

P7(cos O')Pa (cos 0')sin O'dO' 

--(2)(n--m)!6m•6.• ' 2n + 1 (n + m)! (C6) 

oZ'r cøs[rn (4 -- 4')] cos(m4')d4' 
= (2/e•) 6m• w cos (rn4), 

yield the solution 

h ("') pw V • mrt mn -- . (C7) 
(ka')2[j• (ka') + i,lkj; (ka') ]h (•2)'(ka) 

Hence, the acoustic pressure can be obtained by substituting 

Eqs. (C2), ( C3 ), and ( C5 ) into Eq. ( 5 ) and performing the 
integrals (C 1 ) and (C6) so that we have 

P( r,O,•b ) = -- ik( a' )2 • h (,•) [j• (ka') + i•71•; ( ka' ) ] 
n--Om=O 

X h (•2) ( kr)p •m( cos 0)cos(rn 4) 

-- ipc • =o m=O h •2),(ka) 
h (.2)(kr) 

XPT(cos 0)cos(m4). (C8) 

Furthermore, Eq. (C7) indicates that the singular fre- 
quency condition occurs as the denominator of right-hand 
side vanishes. Hence the fictitious eigenfrequencies for sin- 
gle-layer potential (r/= 0) are such that 

j, (ka') = 0, n = 0,1,2,..., (C9) 

and the fictitious eigenfrequencies for double-layer potential 
satisfy 

j; (ka') = 0, n - 0,1,2,..., (C10) 

while for mixed-layer potential (•/-•0) there are no ficti- 
tious eigenfrequencies since the denominator cannot vanish 
for real k and nonvanishing •/. 
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